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Abstract

In previous work we proposed a combinatorial algorithm to “locally repair” the
cubical complex Q(I) that is canonically associated with a given 3D picture
I. The algorithm constructs a 3D polyhedral complex P(I) which is homotopy
equivalent to Q(I) and whose boundary surface is a 2D manifold. A polyhedral
complex satisfying these properties is called well-composed. In the present paper
we extend these results to higher dimensions. We prove that for a given n-
dimensional picture the obtained cell complex is well-composed in a weaker
sense but is still homotopy equivalent to the initial cubical complex.

Keywords: Digital topology, discrete geometry, well-composedness, cubical
complexes, simplicial complexes, cell complexes, manifolds.

1. Introduction

Ensuring that the boundary of an object in a discrete image is constructed
from closed surfaces in R? allows to implement surface parameterization [10].
This is crucial for certain applications in geometric modeling [30] and computer
graphics [11]. For example, texture mapping can be used to enhance visual
quality of polygonal models. Also, as discussed in [12], the computation of ho-
mology groups [16] and, in particular, the computation of homology generators
on a surface [7, 8, 9], can be helpful for topology repairing, model editing and
feature recognition. In discrete geometry, it is well-known that the multigrid
convergence of some geometrical estimators is slowed when there are “pinches”
in the boundary of an object in a discrete image [21, 23]. Requiring that the
boundary surface be a manifold avoids such problematic situations. For all
these reasons, well-composedness [4, 24, 25, 26] (meaning that the boundary of
a set is a topological manifold) is a good topological property to be required.
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Thereafter, strong results such as the Jordan Curve Theorem can be applied
on the connected components of the boundary [19, 33] in 2D. Moreover, the
Jordan-Brouwer separation property [20, 22] can be applied in nD. Since nD
signals appear more and more frequently in applications such as 3D Magnetic
Resonance Imaging and 4D Computerized Tomography scans, it is important
to extend the theory of well-composedness to higher dimensions.

In digital topology, two main families of methods are used to make 2D and
3D binary images well-composed: topological reparation, which does not preserve
the topology of the initial image in general; and well-composed interpolation,
which typically preserves the topology but requires an increase of resolution of
the whole domain of the image. Regarding topological reparations, the first 2D
method was introduced by Latecki et al. [26], the first 3D method by Siqueira et
al. [35] and the first nD method by Boutry et al. [3]. Regarding well-composed
interpolations, one has to mention the 3D method of Stelldinger et al., called
Magjority Interpolation [36], the nD min/maz method of Mazo et al. [29], and
the nD self-dual in-between method of Boutry et al. [2]. In the midst of these
two families, Gonzalez-Diaz et al. [13] proposed a 3D method to construct well-
composed cell complexes that are homotopy equivalent to the 3D cubical com-
plex canonically associated to the given image. This can be very useful when
computing (co)homological information of a set only based on its surface (see
[17]). Furthermore, the cell complex resulting from this method, that is, the
positions of the cells, their geometry, and their boundary face relationships, can
efficiently be stored into 3D binary images [14, 15]. This method is strongly
related to boundary extraction methods, such as the marching cubes of Lorensen
et al. [27] and its nD extensions, due to Daragon et al. [6] (which ensures that
the boundary is a discrete surface), and Lachaud et al. [22] (which ensures that
the resulting boundary is a (pseudo-)manifold). However, whether or not these
methods preserve the topology is unknown and a procedure for efficiently storing
the resulting complex into an nD binary image is also unknown.

Finally, some other definitions of well-composedness such as the one based on
the equivalence of connectivities (2], digital well-composedness [2], well-composed-
ness in the sense of Alexandrov [2, 5, 32], or well-composedness on arbitrary
grids [1, 4, 37] exist, but they do not ensure that the boundaries consist of
surfaces in R™ and their parameterization may not be possible.

In this paper, we extend to any dimension the method presented in [13, 14,
15]. In brief, given an nD binary image I (also called an nD picture), the nD
cubical complex Q(I) canonically associated with I is constructed and stored
as an nD binary image J = (Z", F;). Each point in the foreground F; of J is
the barycenter of a cell of Q(I) (see Section 4.1). Then, using Procedure 1, we
detect the critical points of F); that correspond to critical cells of Q(I) (i.e., cells
that are involved in critical configurations). By applying the repairing process
given in Procedure 5, we replace each critical point p of F; by a suitable set S(p)
of points (that depends only on the coordinates of p), to obtain a new nD binary
image L = (Z™, F',). By applying Procedure 6 to the points of F,, we construct
a simplicial complex Pg(I) such that Q(I) is a deformation retraction of Ps(I).
Finally, we prove that there always exists a face-connected path in Pg(I) of
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Figure 1: Graphical diagram of the method: we start from an nD picture I = (Z", Fy) (then
Fy C 4Z™). The set Fj of points in Z™ encodes the cells of the associated cubical complex
Q(I) (blue is used for 0-cells, red for 1-cells and green for 2-cells). In this example, the set
R of critical points is composed by the points encoding the vertex v and all the cells of Q(I)
incident to v. Now, we “repair” F'; to obtain a set F';, of points in Z™. Then, we compute the
simplicial complex Pg(I) whose set of vertices is F,. Observe that for any two n-simplices
o and o’ incident to a common vertex v’ in Pg(I), there exists a face-connected path 7 of
n-cells in Pg(I) incident to v’, joining o and o’; therefore, Ps(I) is weak well-composed.

n-simplices incident to a common vertex v’, joining any two n-simplices o and
o’ incident to v, that is, Pg([) is what we call weakly well-composed (wWC).
Figure 1 graphically illustrates the basic stages of our method. At the end of
the paper we include a table with main notations used.

2. nD Well-composed pictures

Latecki et al. introduced in [24] the notion of well-composedness for 2D
pictures as those sets not containing any critical configuration. Later, well-
composedness was extended to 3D sets in [25] defining again forbidden subsets
that make the continuous analog of the picture have a boundary surface that
is not a manifold. In [2], the concept of critical configurations (i.e., forbidden
subsets) was extended to nD. In this section, after introducing some notations
and definitions, we recall how we can characterize critical configurations in nD.

Definition 1 (nD picture). Let n > 2 be an integer and Z™ the set of points
with integer coordinates in nD space R™. An nD binary image is a pair I =
(Z™, Fy) where Fr is a finite subset of Z™ called foreground of I. If Fr C 4Z"
(i.e., coordinates are multiples of 4), we will say that I is an nD picture.

We need the foreground F included into 4Z™ (and not Z™) because, as we will
see later, in a first step we add new points between the elements of F; to obtain
F;, encoding the cubical complex associated to I, which justifies a scale factor
of 2; in a second step, during the reparation, we add new points between points
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Figure 2: Examples of blocks: in pink, B((0,4),0); in red, B((4,4),{e'}); in blue,
B((12,0),{€®}); in green, B((16,0), {e', e*}).

of Fj to obtain Fp, encoding the repaired complex, which justifies a second
factor of 2. In fact, any given nD binary image image Iy = (Z", Fy,) can be
transformed into an nD picture I = (Z", F) by setting Fy := 4F},.

Notation 2. Forintegers k < k', [k, k'] denotes the set {k,k+1,... . K'—1,k'}.

Let B = {e!,...,e"} denote the canonical basis of Z". Given a point z € 4Z"
and a family of vectors F = {f!,..., f¥} C B, we define the block of dimension
k associated to the couple (z, F) (see Figure 2) as:

B(z,F)=Qz+ Y N[ \e€{0,4},Vi€[1,k]
i€[[1,k]

A subset B C 4Z" is called a block if there exists a couple (z, F) € 4Z" x P(B)?
such that B = B(z,F). We will denote the set of blocks of 4Z™ by B(4Z™).

Two points p, ¢ belonging to a block B € B(4Z") are said to be antagonists
in B if their distance equals the maximum distance using the L'-norm? between
two points in B. The antagonist of a point p in a block B € B(4Z™) containing
p exists and is unique. It is denoted by antagg(p). Note that when two points
(z1,...,zn) and (y1,...,y,) are antagonists in a block of dimension k € [0, n],
then |z; —y;| =4 for i € {iy,...,ix} C[1,n] and x; = y; otherwise.

Now, let I = (Z", Fr) be an nD picture and B € B(4Z") a block of dimension
k € [2,n]. We say that I contains a primary critical configuration of dimension
k in the block B if F;y N B = {p,p'}, with p,p’ being two antagonists in B. We
say that I contains a secondary critical configuration of dimension k in the block
Bif FrNnB = B\ {p,p'}, with p,p’ being two antagonists in B. More generally,
a critical configuration (CC) of dimension k € [2,n] is either a primary or a
secondary critical configuration of dimension k.

Definition 3 (DWC). An nD picture is said to be digitally well-composed
(DWC) if it does not contain any CC.

The 2n-neighborhood of a point p € 4Z™ is the set Nay,(p) = {p L 4e’ : i €
[1,n]}. A sequence (p',...,p*) of elements of 47Z" is said to be a 2n-path in
47" if, for any i € [1,k — 1], p* € Na, (p'+1).

2The expression P(B) represents the set of all the subsets of B.
3The L'-norm of a vector a = (x1,...,2n) is ||a|]1 = Zie[[l nl |z



Proposition 4 ([2]). Let I = (Z™, Fr) be an nD picture. If I is DWC then, for
any pair of points p,p’ of Fr which are antagonists in some block B € B(4Z"),
there exists a 2n-path in Fr N B joining p and p'.

Proposition 5. Let I = (Z™, Fy) be an nD picture. If I is DWC then, for any
block B € B(4Z") and for any two points p,q € Fr N B, there exists a 2n-path
in Fy N B joining p and q.

Proof. Let B € B(4Z™) be a block such that F; N B is non-empty. For any two
points p, ¢ € FrN B, there exists a block B’ C B such that ¢ = antagg, (p). Then
by Proposition 4, there exists a 2n-path joining p and ¢ in F;N B’ C FrNB. O

3. nD wWC cell complexes

Roughly speaking, a regular cell complex K is a collection of cells (where
k—cells are homeomorphic to k-dimensional balls) glued together by their bound-
aries (faces), in such a way that a non-empty intersection of any two cells of
K is a cell in K. When the k-cells in K are k-dimensional cubes, we refer to
K as a cubical complex. When they are k-dimensional simplices (points, edges,
triangles, tetrahedra, etc.), we refer to K as a simplicial complex. Regular
cell complexes have particularly nice properties, for example, their homology is
effectively computable (see [28, p. 243]).

Definition 6 (Face-connected path). Let ¢ € [1,n]. Let S be a set of £-cells
of K. We say that two £-cells o and o’ are face-connected in S if there ewists
a path n(o,0') = (01 = 0,09 ...,0m—1,0m = 0') of L-cells of S such that for
any i € [1,m — 1], o; and 041 share exactly one (£ — 1)-cell of K. The set S
is face-connected if any two L-cells o and o’ in S are face-connected in S.

The set of cells incident to a cell ¢ in K is denoted by Ak (o) and the set of
{-cells incident to o, by A%)(O’). A k-face p of a cell o is a k-cell that is face
of o; it is a proper face of o if k < £ and a mazimal face of o if k = ¢ — 1.
A cell of K which is not a proper face of any other cell of K is said to be a
mazimal cell of K. An external cell of K is a proper face of exactly one maximal
cell in K. A regular cell complex is pure if all its maximal cells have the same
dimension. The rank of a cell complex K is the maximal dimension of its cells.
The boundary surface of a pure regular cell complex K, denoted by 0K, is the
regular cell complex composed by the external cells of K together with all their
faces. Observe that 0K is also pure.

Definition 7 (nD cell-complex). An nD cell complex K is a pure regular cell
complez of rank n embedded in R™. The underlying space (i.e., the union of the
cells as subspaces of R™) will be denoted by |K|.

An nD cell complex K is said to be (continuously) well-composed if |0K| is an
(n — 1)-manifold, that is, each point of |0K | has a neighborhood homeomorphic
to R"~! into |0K].



Definition 8 (WWCness). An nD cell complex K is weakly well-composed
(wWC) if for any 0-cell u in K, Ag?)(,u) is face-connected.

We will see later, in Section 4, that if an nD picture I is DWC, then the
cubical complex Q(I) canonically associated to I is wWC.

Definition 9 (Cubical complex Q(I)). The nD cubical complex Q(I) canon-
ically associated to an nD picture I = (Z", Fy) is composed by those size-4 n-
dimensional cubes centered at each point in Fr whose (n — 1)-faces are parallel
to the coordinate hyperplanes, together with all their faces.

Roughly speaking, two topological spaces are homotopy equivalent if one
can be continuously deformed into the other. A specific example of homotopy
equivalence is a deformation retraction of a space X onto a subspace A which
is a family of maps f; : X — X, t € [0,1], such that: fy(z) = z, Vo € X
f1(X) = 4; fi(a) = a,Va € Aand t € [0,1]. The family {f; : X — X}icjo,q
should be continuous in the sense that the associated map F' : X x I — X,
where F(z,t) = fi(z), is continuous. See [18, p. 2].

Definition 10 (Cell complexes over nD pictures). A cell complex over an
nD picture I is an nD cell complex, denoted by K(I), such that there exists a
deformation retraction from K(I) onto Q(I).

4. The cubical complex canonically associated to an nD picture I

In Section 4.1, we explain how to compute an nD digital image J = (Z", Fy)
encoding the nD cubical complex Q(I). We use this codification to prove that
if I is DWC then Q(I) is wWC. Later, in Section 4.2 we give a procedure to
obtain the points in F; encoding the critical cells of Q(I) responsible of Q(I)
not being wWC. Finally, in Section 4.3, we compute a simplicial complex Qg(I)
which is, in fact, homeomorphic to Q(I), and prove that Qg(I) is also weak-
well-composed if I is DWC.

4.1. The nD binary image J = (Z", Fy) encoding Q(I)

We say that J = (Z", Fy) encodes Q(I) if F; is the set of barycenters of the
cells in Q(I)*. We say that p € F; encodes o € Q(I) if p is the barycenter of o.
In that case, we denote o as og(r)(p)-

Notation 11. Let N, M € Z such that0 < N < M. Letp = (x1,...,2z,) € Z".
Then Nas(p) denotes the set of indices {i € [1,n] : x; = N mod M}.

Now notice that 2Z™ can be decomposed into the disjoint sets & := {p € 2Z™ :
Card(04(p))® is £}. For example &, = 4Z™ and &y = 272" \ 4Z™.

40bserve that F; C 2Z".
5Card(S) is the cardinality of the set S.



Proposition 12. The set of points of Fy encoding the faces of ooy (p) is:

Dr,(p) :=Df, (0) \ {p} where Df (p) = qp+ > Ajel : A €{0,+2}
Jj€04(p)

The subset of points encoding the i-faces of oo(p)(p) will be denoted by Dy (p).

For example, if p € F;y N &y then Dp,(p) = 0. If p € FyNE, then D, (p) =
{p' € F; such that |[p — p'||c = 2}°.

Proof. The following procedure computes the set of points encoding the faces
of 0 = o1y (p), for a point p € Fy with 04(p) = {i1,...,ic}.

Initialization (¢ = 0): Then p € & and ’D;J (p) = {p} encodes o plus its faces.
Heredity (£ € [1,n]): We assume that for any point ¢ € &, N Fy, with m €
[0,¢ —1], D;CJ (q) encodes o plus its faces. Then the set of faces of ¢ is the set
of cells {0, }m covered” by o and encoded by {gm }m = {p+\* e : k€ [1,/]
and \* € {£2}}. Thanks to the induction hypothesis:

Di(gm) ={p+A" "+ > Ne 1 A €{0,+2}
re[1,6]\{k}

Therefore, the cell o and its faces are encoded by the points in the set:

{PYulUDE (am) =p+ D A€ o X €{0,£2} » =D (p).
m j€l1,4]

By induction on ¢, for any p € Fy, D;I (p) encodes o1y (p) plus its faces. O

Proposition 13. Ifp encodes an l-cell o € Q(I), then the set of points encoding
the cells in Q(I) incident to o is:

Ar, (p) == A, (P)\{p} where A (p) = A p+ D Ajel i)y € {0,£2} pnFy.
Jj€24(p)

Besides, the set of points encoding the n-cells incident to o in Q(I) is Ap (p) :==

F;n {p + 2 jer.m N el i\ € {:I:Z}} . In general, the (-cells incident to o in

Q(I) are encoded by the points in the set A% (p) := Ap, (p) N &

Proof. Let p € £ N F;. Each point g = p+zj€24(p) \j €7, where \; € {0, 42},

lies in &4¢, being k the number of non-null coefficients A;. If ¢ € F);, then ¢
encodes a (k + £)-cell incident to p in F; since p € Dp,(q). O

5The L*-norm of a vector y = (x1,...,2n) is |[7|lco = max;e[1,n] |2il-
7A cell o' is covered by a cell o2 if ¢! is a maximal face of 2.



Lemma 14. For any p,p’ in 2Z", we have the following equivalences:

PeEAL (D)o =p+ Y Nel, )\ €{0,£2}
Jj€24(p)
sSp=p + Z Niel, N € {0,4+2} & p € DE (p).
J€04(p’)

Proof. Only thg central equivalence needs to be proved. Assume that p’ =
P+ D jea, A€y Aj € {0,£2}. Then 04(p') = Oa(p) U {j € 24(p) : A; # 0}
Define the coefficients A}, j € 04(p'), such that A} := 0 when j € 04(p) and
N i= —)j when j € 24(p) and A\; # 0. Then p = p' + 3 ))\}ej. The
reasoning is dual for the converse implication. O

€04 (p’

Remark 15. Let p, p', p”’, p' € F; such that p' € Dg,(p). Then, (1) if p” €
Dr,(p'), then p” € Dr,(p); (2) if V', p” € Dr,(p) N Ap,(p"), with

P=p+ Y. N and p"=p+ > Nel, where Nj,\] € {0,+2}
J€04(p) J€04(p)

and if Ny # 0 # N, for some index j € 04(p), then N = A/.

Proposition 16. If two points p and p’' encoding two n-cells o and o' of Q(I)
are 2n-neighbors, then o and o’ share exactly one (n — 1)-cell.

Proof. Since p, p’ € &, are 2n-neighbors then p’ = p + Ae® for some i € [1,7n]
and A € {+4}. Then ¢ = £(p+p') € &,—1 encodes the common (n — 1)-face. [J
Now we are ready to prove the main result of this subsection.

Proposition 17. If an nD picture I = (Z™, Fy) is DWC then, the associated
nD cubical complex Q(I) is wWC.

Proof. We assume that F; is DWC. Let p € F; be a point of 2Z™ encoding
a cell o of Q(I). Then the set of points of 4Z™ encoding the n-cells in Q(I)
incident to o is A% (p). Since Fy is DWC, it means, by Proposition 5, that
for any two points ¢ and ¢' belonging to A% (p), there exists a 2n-path (¢ =
php?, .. PP pF = ¢/) of points in A% (p) encoding n-cells of Q(I) incident
to o such that, for each i € [1,k — 1], p* € Na,(p'*!). By Proposition 16,
(O'Q(I)(pl), . ,GQ(I)(pk)) is a path of n-cells such that, for any 7 € [[1,k — 1],
oo (p") and og(p (p'*t) share exactly one (n — 1)-face of Q(I). Since this is
true for any pair of n-cells incident to og(r)(p), for any p € F;, then Q(I) is
wWC. O

4.2. Critical cells in Q(I)

In this subsection, we define the notion of critical cells of Q(I) that are
derived from the notion of critical configurations given in Section 2 and give a
procedure to compute the points in F; that encode them.
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Figure 3: Left: a critical vertex (in red) resulting from a 2D CC in a 2D space. Middle: a
“full” critical edge resulting from a 2D CC in a 3D space and its corresponding critical vertices
(in red). Right: a critical vertex (in red) resulting from a 3D CC in a 3D space.

Definition 18 (Critical cells). Let I = (Z™, Fy) be an nD picture and Q(I)
its associated cubical complex. At each block B € B(4Z™) such that Ff N B is a
primary or a secondary critical configuration, let p and p' be two antagonists in
B. Then, the cell centered at %p, is defined as a full-critical cell of Q(I), its
vertices as critical vertices, and each cell containing at least one critical vertex
will be called critical.

We say that a point p in F); is critical if p encodes a critical cell of Q(I) (see
Figure 3). Procedure 1 computes the set R of critical points in Fy: starting from
the nD picture I, for each block B € B(4Z") in the domain of the image, it checks
if there exists a couple of antagonists {p, p'} € B such that either F;NB = {p,p'}
(primary configuration) or B\ Fr = {p,p’} (secondary configuration). Then the
intersection of the continuous analogs of the cells encoded by p and p’ is a
“pinch” (in the sense that the boundary of the continuous analog will not be
homeomorphic to R"~1). This pinch, encoded by p* = %p/, is then a full-
critical cell of Q(I). Consequently, all the vertices of Q(I) contained in DY, (p*)
are critical, and all the cells of Q(I) containing a critical vertex are critical cells.
We obtain then that V' encodes the critical vertices of Q(I) and R encodes the
critical cells of Q(I). Note that a discussion about the complexity of a similar
algorithm, able to verify that an image is DWC, is discussed in [1]; summarily,
the complexity of this algorithm is linear with respect to the number of blocks
contained in the smallest hyperrectangle containing Fj, and is particularly fast
in small dimensions.

Procedure 1: Obtaining the critical points in F;.

Input: The picture I = (Z", Fr) and the binary image J = (Z", Fy).
Output: The set R of critical points in F)j.
V:i=0; R:=0;
for B € B(4Z") of dimension k € [2,n] and p € B do

p' := antagg(p);

if (FrNB={p,p'} or B\ Fr = {p,p'}) then

‘ p* = %p/; V=V UuDy (p*)
end

end

for q € F; such that D%J(q) NV #0 do
| R:=RU{q}

end
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Figure 4: Three examples of cone joins.

Remark 19. If a point p € £, N R, with ¢ € [0,n], then any point p’ € Ar,(p)
is in R. Conversely, if a point p € & \ R, then no point p’ € Dg,(p) lies in R.

4.3. Computing the simplicial complex Qg(I) over I

In this subsection we explain how the simplicial complex Qg(I) (which is,
in fact, a subdivision of (1)) is constructed.

Definition 20. [31] The cone (join) on a simplicial compler K with vertex
v, denoted by v x K is the simplicial complexr whose simplices have the form
(vo,...,ve,v) (where (vg,...,ve) is a simplex of K spanned by the set of points
{vo,...,ve}), along with all faces of such simplices.

Some examples of cone joins are depicted in Figure 4.
The simplicial complex Qg (I) is constructed using Procedure 2 recursively
with the cone join operation.

Procedure 2: Obtaining the simplicial complex Qg(I).

Input: The point set F;.
Output: The simplicial complex Qg(I).
Qs(I) =={(p) : €& NFy};
for ¢ € [1,n] do
forpe &N Fjydo
compute the subcomplex Kp,. (p) of Qs(I) formed by the
simplices of Qs(I) such that all their vertices lie in Dp, (p);
Qs(I) :==Qs(I)U(p* Kp,, (p))
end
end

Observe that |Qg))(l)| = Fy and |Qs(I)] = |Q(I)|. By construction, any
l-simplex o € Qg(I), with £ € [0,n], can be defined by an (ordered) list of its
vertices (v, .. .,vy) satisfying that v; € D} (v;) for 0 <@ < j < £. Besides, if o
is an n-simplex of Qg(I) then there always exists a set of points {v; € &N FEy :
i € [0,n]} such that o = (vg, ..., v,).

Remark 21. Neaxt tips help to construct simplices incident to a given simplex:

10
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Figure 5: Let Qg (I) be the simplicial subdivision of a 4-size 2-dimensional cube. Starting
from two simplices o = (vg,v1,v2) (in dark blue) and o’ = (v, v}, v2) (in light blue) in Qg ([)

sharing a vertex vy € &2, we look for a face-connected path joining o and ¢’ in A(QQ;(I) ((v2)).

Using Procedure 3, we define an intermediary simplex a = (v{J,v{,v2) (in green) since we are
in the case r = r’/. Then we reiterate the procedure on (¢, ) and on (a,c’) defining p (in

yellow) and p’ (in orange) to get the path 7 = (o, u, @, 1/, ¢’) joining o and ¢’ in Ag;(j) ((v2)).

s

Vi

Figure 6: A path in Ag;(n((vg)) (light gray) induces a path in A(Ql;(l)((vl)) (dark gray).

o Letv € & withl € [0,n—1]. Ifw = v+2e’, withi € 24(v), thenw € Epy 1.
Furthermore, when w belongs to Fy, then v € D%J (w). Additionally, when
Ce1,n], if 2= v+ 2, with j € 04(v), then z € Dﬁﬂ;l(v).

o Let vy € E N Fy with £ € [1,n]. Then, there exist subindices 1 < iy <
<o < ip < n, such that {i1,...,i¢} = 04(ve). For j decreasing from £ — 1
to 0, define vj := vjp1 + Ajp1e"+, where \; € {£2}. Then, og ) (ve) =
(vo,...,ve) is an L-simplex in Aggr)({ve)).

o Letle[l,n], k € [0,n—{], vitre € EkreNFy and vy € D’;J(ka). Then,
there exist subindices 1 < igq41 < -+ < fppe < n with i; € 24(vy) (md
A; € {£2}, for j € [k+1,k+{], such that vy = kaije[[kH,kH]] Ajets.
For j increasing from k+1 to k+{—1, define vj := vj_1 + Xje'/. Then,
0Qs(1) (U, Vktt) = (Ui, - -+, Veee) 48 an L-simplex in Agg (1) ((Vk, Vkte))-

Example 22. Let us consider I = (Z*, Fy) such that F; = {(0,0,0,0)}. Then
Q(I) consists in a 4-size 4-dimensional cube centered at (0,0,0,0) and Qs(I)
18 a subdivision of the cube in 4-simplices, all of them incident to vertex v =
(0,0,0,0). Let k=0, £ =3, vo = (2,-2,2,~2) € & N Fy and v3 = (2,0,0,0) €
E3N Fy. Then, vs = vy + 2e? — 2e3 + 2e*. Define v1 = vy + 2€2 and vy =
vo + 2e2 — 2e3. Then, Q1) (vo,v3) = (vo,v1,v2,v3) € Qs(I).
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An example of Procedure 3 computing a face-connected path in Agl(l) ((ve)),
joining two different ¢-simplices o and ¢’ is depicted in Figure 5.

Procedure 3: Obtaining a face-connected path in Ag)s(l)«’l)g», for a
given vertex vy € & N Fy, £ € [1,n], joining two different ¢-simplices

0 = (Vo,..., V-1, vg) and o’ = (v(,...,vy_1,0¢) in Qg(I), where v;,v] €
ENFyforief0,£—1].
Input: 0 = (vo,...,v—1,v0) and 0’ = (vp,...,v)_1,v¢) in Qs(I) with

v €& NFyand o # 0.
Output: A face-connected path in Ag)s(l)(@g)) joining o and o’.
Let j € [0,£ — 1] such that v; # v} and for each s € [j + 1,/], vs = vg;
if 5 =0 then
| o and o’ share exactly the (£ — 1)-face (v1,...,vs)
else
vj = vj41 + Ae” and 119 =11+ Ne” for some r,7" € 04(vj41) and
AN e {£2};
if r # 7’ then

Vi = vj 4+ Al + Ne' e Dgl(vj) N Dfp;l(v;);

Let 0gq(r)(vj_1) = (vg,...,v]_;) obtained using Remark 21;
e 1 " /. 11 1 !
= (vy ..., 07 1,05,0541,...,00) and & = (vg, ..., 07, vl
. " " .
Vjt1,---,ve) share the (£ — 1)-face (v, ..., v7_1,vj41,...,00);

if o and a (resp. o and o') do not share an (£ — 1)-face then
| repeat the process for o and « (resp. o and o’)
end
else
r=r"and A # X. Take A\* € {£2} and "’ € 04(vj11), " # 7, 7';
’U;-/ = Vj41 + )\*ETN € D‘Zp] (Uj+1);

0qs(n(vj) = (vg,...,v}) obtained using Remark 21;
R " .
Q= (Vs V] Ve V)

if o and o (resp. o and o’) do not share an (¢ — 1)-face then
| repeat the process for o and « (resp. « and o)
end

end

end

Proof of Proc 3. Let v, € £ N Fy, with £ € [1,n]. Let o = (vg, ..., ve—1, vs),
o' = (v vy v0) €AY ((0e) with o # 0.

Let us prove property (Py): “there exists a face-connected path 7(c,0¢’) in
Ag)s(l) ({ve)) joining o and o’ and whose vertices are all in D;J (ve)”.

Initialization (¢ = 1): two different 1-simplices o = (vg, v1) and o’ = (v{), v1) are

joined by the face-connected path (o, ') in A(Ql;(l)((m)).
Heredity (¢ € [1,n]): assume that (P,,) is true for m € [0,£ — 1]. Let j €
[0,¢ — 1] such that v; # v} and for any i € [j + 1,£ — 1], v; = vj. Now, let
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A A€ {2} and r, 7" € 04(vj41) such that v; = v +Ae” and v = vjq +Ne
Then, two cases are possible:

(1) When 7 # 7', we define v7_; := vj 11+ Ae” +XNe" and deduce vf, . .. S U7 g
such that o 1) (v/_1) = (vg, ..., v]_1). Wedefine then a:= (v, ..., v7_4,
Vj, Vjt1s -+, 0) and o = (v, ..., 071, 0% w541, v0). Since a and o
share the face (vg, ..., v} ,vj41,...,v¢), then w(a, @) := (a, a’). By (P;)
(j <€) there exists a face-connected path m(u, 1) in Ag;(”((v]-» joining
p = (vo, ..., vj-1,v;) and p' = (vg, ..., v7_;, v;). We can rewrite each
ith element of 7(y, p') such that: 7(u, p')(i) = (&5, ..., ;-71,11]-), where for

each i, £} € &, where k belongs to [0, — 1]. From this path, we can de-
duce (see Figure 6) a face-connected path (o, a) in Ag)s(l)(@g}) joining
o and « based on 7(u, pu'): Vi, (o, a)(i) :== (&, ..., ;_171]_]‘71)_]‘_5’_17 c V).
The reasoning is similar for o and o/, so we can obtain 7(a/,¢’). Using
the concatenation operator A, we obtain that a face-connected path in

4O

QS(I)(<W>) joining o and ¢’ is 7(o, @) A (e, o) A(d/,0’).

(2) When r =1/, between o and « (respectively, a and ¢'), we can apply (1),
from which we deduce 7 (o, ) and 7(a,0’) in Ag)s(l)(<w>), and then a

path joining o and ¢’ in Ag)s(j)(@g)) is (o, @) Am(a,0’).
By induction on ¢, we deduce that (P) is true for any ¢ € [1,n]. O

Example 23. Let I = (Z*, F;) and Fr = {(0,0,0,0)}. Let v3 = (2,0,0,0),
v = (2,2,2,2), v1 = (2,2,2,0), vy = (2,2,0,0), v, = (2,-2,-2,2), v| =
(2,-2,0,2) and vy = (2,—2,0,0). Let us apply Procedure 3 to obtain a face-
connected path in AS;(I)(<’03>) joining o = (vg, v1,v2,v3), and o’ = (v}, v}, vh, v3).
e Take o and o', then j = 2, vy = vz + 2€2 and vh = vz — 2e%. We are in case
(2): r =2 =17 Let v = v3 —2e3 = (2,0,-2,0), vi = (2,2,-2,0) and
vy = (2,2,-2,2). Let ag := (v, v, v, v3).

e Take o and oy, then j = 2, vo = vz + 2€% and vi = vz — 2e>. Let vil =
vg + 22 — 2e3 = (2,2,-2,0) = vi, vi = v, az = (v, v}, v9,v3) and afy =
(vh, v, v, v3) = a1, then as and ay share a 2-face.

o Take o and ao, then j = 1, vy = vy + 2e and vi = vy — 263, Let vi“ =
vy + 2et = (2,2,0,2), vi = (2,2,2,2) = vy and az = (vg, Vi’ va,v3), then o
and ag share a 2-face.

o Take asz and asg, then j = 1, vi“ = vy + 2¢* and vé = vy — 2e3. Let
Vi = vg + 2et — 2e3 = (2,2,-2,2) = vi’, ag = (v§, 08 vy, v3) and o) =

(i, v v, v3) = g, then az and ay (Tesp. ay and az) share a 2-face.

o Take oy and o', then j = 2, vi = vz — 2e3 and vh = vz — 2e?. Let v¥ =
vy — 23 — 2e? = (2,-2,-2,0), vy 1= (2,-2,-2,2) = v}, as := (v}, vV, v, v3)
and o := (vg, VY, v, v3), then as and ag (resp. o and o') share a 2-face.

o Take ay and as, then j = 1, vi = vl + 2e% and v} = vi — 2e%. Let
V= b +2et = (2,0, -2,2), 03 = (2,2, —2,2) = v§ and ag = (v, v} V5, v3),
then aq and ag share a 2-face.
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o Take ag and as, then j = 1, vV = vl + 2e* and v} = vl — 2e%.  Let
vyl = v 4 2et — 2e? = (2,-2,-2,2) = v, ay = (v}, vV, v, v3) and of =
(v}, v¥, v}, v3) = as, then ag and oy (resp. oz and as) share a 2-face.

Finally, the resulting face-connected path is (o, as, aq, ag, o1, ag, a7, 05, 0, 0 ).

Procedure 4: Obtaining a face-connected path in Ag)s(l) ({(vg, Vgte)), with
Le2,n], k € [0,n—{_], vire € Ekye N Fy and vy, € D%J(U;H_g), joining
two different simplices o and ¢’ in Aglm«vk, Vkte))-

Input: o = (g, Vkt1,. - Vkpo—1, Vkte) and 0" = (U, V) 500, Vs g1,
V) in Qg (1), with o # o’.

Output: A face-connected path in Agl(l)(@"” Vg+e¢)) joining o and o”.

Let j € [k + 1,k + £ — 1] such that v; # v} and vs = v; for each
selj+1,k+£—1];

if j =k+1 then
| o and o’ share the (¢ — 1)-face (vg, Vkt2, .-, Vkte—1, Vk+e)

else

Vj = Vj41 + Xe” and 'U; = Vj41 + )\’eT/ for some T, r O4(’Uj+1) with
r# 1 and A\, N € {£2} (by Remark 15);

’
Vi = vj e 4+ Nel

let ogqr) (Vks U;'Ll) = (Vky U5+ -+ U;‘Lﬁ obtained using Remark 21;
— " " ! . 1
Q= (U, V) gy, V) 15055 Uik 1y -+ o, Ue) and o i= (vg, vy, 4,
" / .
UGy Uy Vi ey V)

if o and a (resp. o' and o’) do not share an (£ — 1)-face then
| repeat the process for o and « (resp. o and o’)

end

end

Proof of Procedure 4. Let 0 = (vg, ..., V101,V 4¢) and o' = (vg, v} 1, ..,
Vipo_1s Ukte), 0 # o'. Let us prove property (P;) : “there exists a face-
connected path 7(o,0’) in Ag)s(l) (v, vkre)) whose vertices are all in A} (vg)N

19

D;J (Vk+e), joining o and o'”.
Initialization (¢ = 2): Observe that o = (v, Vg1, Vgy2) and 0’ = (Vk, vy, |, Vkt2)
share the 1-face (vg,vp42). Then 7(0o,0’) = (0,0").

Heredity (¢ € [3,n]): we assume that (P),) is true for m € [2,¢ — 1]. We want

to prove that (7)) is true. We define o := (vg, vy, 1, ..., 71,05, V41, -+, Vkte)
and o' == (U, V), 1, V1, Vs Vg1, -, Vkpe) . It follows that o and o' share
an (¢—1)-face. Since j € [k+1, k+¢—1], then j—k < £—1. Then (by (P;_,)), the
(j —k)-simplices pp = (v, V41, - - -, vj—1,05) and ' = (vg, vy, ..., v, 0;5) are
joined by a face-connected path 7(p, 1') in Ags_(kl))((vk, v;)). By rewriting each
it element of m(p, pt'): w(p, ') (i) = (vr, &4 q, - o i v;), we deduce the ith el-
ement of a new path (o, a): m(0, @) (%) = (Vk, §f 1558515V, Vi1, -+, Vktt),

in Ag)s(l)(@k, Vg+¢)) joining o and a. We proceed similarly with o/ and ¢’ to

14



0 0
n n

BReEEREE 0. 5[(T)

o ©)
V, VvV, 1\20)
L ¢
9 @+)
e —_— —_—

Figure 7: From left to right: an nD picture I = (Z",Fy); its corresponding simpli-

cial complex Qg(I); two 2-simplices o and o' of Qg(I) incident to a vertex vy and a

2n-path o, = (v3,vk v2) of points in .A’}?J (vg); the face-connected path of 2-simplices

(007) 6(01) 5(1,7) (L+) 5(2:7) 5(2:1)) (in light gray, yellow, orange, red, green, and

light gray) in AgLS)(I)(<W>) computed from 72, using Remark 24.

obtain m(a/, ') in Ag)s(l)«“kv Vk+¢)). We obtain the path we were looking for,
using the concatenation operator A: 7(o,0’) := 7(0, @) A7(a, o) An(a/,0’).
By induction on ¢ € [2,n], (P;) is true for any £ € [2,n] and k € [0,n—¢]. O

Remark 24. Given vertices vy € £ N Fy and vy, v), € A%, (ve), there exist
subindices 1 < i3 < -+ < ip <mand 1l < ipyq < -+ < iy < n, such that
{i1, ... ie} = 04(ve) and {ivy1,...,0in} = 24(ve). We have

Up = Vg + Z Ajel and vl = v+ Z )\;-eij, where \j, \; € {£2}.
jele+1,n] Jj€le+1,n]

For j € [0,¢— 1], define v; 1= vj41 + Aj1€+t, being N\; € {£2}. We have
v; € Dy (vjt1), for all j € [0,£—1].

(P1) If vy, v, are 2n-neighbors, then there exists r € [€+1,n] such that A, # X,
and \; = )\;-, for all j # r. Suppose, without loss of generality, that
r = n. Define v,_1 := (v, +v},). For j € [+ 1,n — 2], define vj :=
Vi1 + A€+ Then o := (vg,...,Un—1,0n) and o’ = (vo, ..., Vp_1,V))
are n-simplices in Aggr)((ve)) sharing a common (n — 1)-face.

(P2) Any two n-simplices p and p' in Qs(I) incident to v, are face-connected
in 'A(C;s)( I)(<vn>) by Procedure 3.

(P3) Any two n-simplices i = (Vo, ..., V6—1,00, V441, Un—1,0p) and ' :=
(VG -y Vp_ 1,00,V 15+ 5 Upy_1,Vp) are face-connected in Ag;(l)((vg, Un)):
Let p" := (v(,...,Vp_1,V0,Vo41;- -, Un_1,Vn). By Procedure 3 (resp. by

Procedure /), pu and p”" (resp. 1" and u') are face-connected in
ALy (v, vn)).

Now let us prove the main result in this subsection (depicted in Figure 7).

Proposition 25. If I is DWC then Qs(I) is wWC.
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Proof. Assume that I is DWC. Let £ € [0,n] and v, € & N Fy. Let
o = (U0, Ve—1,00,V041,---,Vn) and o' = (v4,...,vp_1,00,Vp,q,...,0;,) be
two different n-simplices of Qg (I) incident to v,. We want to prove property
(P): “there exists a face-connected path in Ags)(l)(@g)) joining o and o'”.
When ¢ = n, then v], = v, and (P) is true by Remark 24.(P2).

Now, when £ € [0,n—1], since I is DWC, then there exists a 2n-path in A% (ve)
denoted g, = (v0 ! m=1 ym .= ¢! ) joining v, and v/,. For each

n = Un, Uy oo, O 5,0

pair (v:,viT1), where i belongs to [0, m — 1], we obtain, using Remark 24.(P1),

the n-simplices o(»*) and o+~ in Agls)(l) ({v¢)) sharing an (n—1)-face. Since,
by Remark 24.(P3), there are face-connected paths:

(o = 0'(0’_), 0(0’+)) in -Agls)([)«vb'vg»’
(o), o) in Agg(l)(@wm, for i € [1,m — 1],
,/T(O_(m,*)’o-(mf‘r) = O'/) ln Ang(I)(</Ue) U’:Ln>)’

(where 7(a,b) means that there is a face-connected path of n-simplices joining
a and b). Then o and ¢’ are face-connected by a path resulting from the
concatenation of the paths described above:

m(0,0") == w(0® ", ") AT (e o TIA AT (@™ o™ T AT (0™, 0™ ),

in Ags)(I)(<W>)' Since (P) is true for any pair of n-simplices o and ¢’ in
A(Qns)([)(@g)) and for any v, in Qg(I), then Qg(I) is wWC. O

5. Combinatorial method to obtain the weak well-composed simpli-
cial complex Pg(I) over an nD picture I

The aim of this section is to compute a wWC simplicial complex Ps(I)
over I. For doing this, we first “enlarge” the nD binary image J = (Z", F),
encoding Q(I), around the critical points and compute a new nD binary image
L = (Z™, Fy). Then, we construct the simplicial complex Pg(I) and prove later
that Ps(I) is a wWC simplicial complex over I. For the sake of clarity, the
proofs of the results presented in this section are given in an annex at the end
of this document.

5.1. Computing the nD binary image L = (Z™, Fr)

In this subsection we give a procedure to obtain the nD binary image L =
(Z™, Fy,) that will be used later to compute the simplicial complex Pg(I).

Notation 26. The set Z™ \ 2Z"™ can be decomposed into the disjoint sets:
Op:={peZ™\ 272" : Card(02(p)) is ¢},

where £ € [0,n —1]. Then, Z" = (Uicjo,n&:) L (Wiefo,n—170:)-
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Figure 8: Computing Fr, from F;, where F; (showed on the left) encodes two 2-cubes sharing
a vertex (as in Figure 1). The blue, red and green points on the left figure belong, respectively,
to &, £1 and &2. Black points in the middle are critical. The blue, red and green points on
the right belong, respectively, to (o \ R)UOo) N FL, ((E1 \R)UO1)NF, and (E2NFL)UR.
Note that each red rectangle, admitting a center called p, encloses the set S(p).

Definition 27 (S-Block). Let p € 2Z™. The S-block S(p) is the set:

S(p):=<p+ Z Ajel o\ e {0,+1}
J€24(p)

Observe that if p € & then S(p)\ {p} C L;cpo,q O: and, for any point g € S(p),
it is satisfied that ||p — q|loc < 1. For example, if p encodes a 0-cell, then
S(p)={q€Z" : ||p—qlloo <1}. If p encodes an n-cell, then S(p) = {p}.

The following result establishes that Z" = | | ,,. S(p)-

Remark 28. For any point ¢ € Z" the only p € 2Z"™ such that ¢ € S(p) is:
p=gq-+ Z wiel, where uj =1 if j € 14(q) or —1 if j € 34(q).
Jj€l2(q)

Procedure 5 is used to compute the nD binary image L = (Z", F1,), by adding
the S-block S(p) to J = (Z", Fy), for each critical point p (see Figure 8).

Procedure 5: Computing the nD binary image L = (Z", FL).

Input: The nD binary image J = (Z™, F;) encoding Q(I) and the set R
of critical points of F);.
Output: An nD binary image L = (Z", Fp).
Fr, := F; // initial points are preserved;
foreach p € R do
| Fp:=F,US(p) // we enlarge J around the critical points
end

Observe that since p C S(p), initial points are preserved, and, since S(p) N
S(q) = 0 if p # q by Remark 28, then the entire set S(p) is added to Fp,.

5.2. The intermediary sets Dp, (p) and Ap, (p) for any p € Fy,

In this subsection, we first define a partition of F, into the sets C; for ¢ €
[0,7n]. Second, for each point p € Cy, we define the sets Dg, (p) (used to compute
Ps(I)) and Ap, (p) (used to prove that Ps(I) is wWC).
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Figure 9: From left to right: The set Fy, from Figure 8; computation of Dp; (p) (blue points)
for a (red) point p € &1 \ R; D};L (p) (in red) for a (green) point p € E2 N R; Dp, (p) (in blue)
for a (red) point p € O;.

In [13, 14, 15], in 3D context, C; would encode the ¢-cells of a 3D polyhedral
complex over I; D, (p) would encode the set of faces of the cell encoded by p;
and Ap, (p) would encode the set of cells incident to p.

Remark 29. The set Fy, can be decomposed into the disjoint sets:

Crn:=(E,NFL)UR and Co := ((E¢\ R) UOy) N F, for £ € [0,n —1].

Definition 30. For p € Fy,, define the set Dp, (p) := D}L (p) \ {p} where:
o IfpeCy then D}L (p) = {p}.
o Ifpe & \ R, for £ € [1,n], then p € C; and DFL (p) == D;J(p);

e Ifpe & NR, forl €[l,n], then p € C,, and

D}, (p) = S)U(Dr, () \B)U || (S(r)nN(p)).

r€Dr,; (p)NR

o Ifpe Oy, fort € [1,n—1], then p € C, and 3g € R s.t. p € S(q). We
have:

Df, (0) = (S(@NNT@)U(Dr, (@ \R)U || (SC)NNp),

r€Dr,; (9)NR
with Nt (p) = {p + 2 ic0am M€+ Ay €10, :tl}} and N (p) := N*(p) \ {p}.
ForpeCy, £ €[1,n] and j € [0,¢— 1], D%L(p) denotes the set Dp, (p) NC;.

Notice that if p € 2Z™ then N (p) = {g € Z" : ||p — ¢|| = 1}
The intermediary steps for computing Dp, (p) are depicted in Figure 9.

Proposition 31. Ifp € C; then Dp, (p) C Llie[[o e-17Ci-

Example 32. Let p € C; with £ € [1,n].
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o Suppose p = (0,.£.,0,2,7742) € & \ R. Then D;L(p) = {(z1,..., e,
2,17£,9) : a; € {0,£2}}.

e Suppose p = (0,.%.,0,2,77£,2) € E N R. We have S(p) = {(0,.%.,0, 041,
vy Ty) @ €42,24+1}} and D, (p) \ R = {(z1,...,2,2,7752) : x; €
{0, £2}} \ R.

Now, if, for example, r = (0,.£.,0,2,77¢ 2) € D, (p) N R, with {' < ¢,
then S(r) NN (p) = {(0, 0L L, an) @ € (2,24 1}}.

e Suppose p = (0,.%.,0,2, 475 21,770 1) € Op, k € [0,£] and £ < n. We
have q¢ = (0,.%.,0,2,4=5,2,2 7L 2) € & is the only point such that p €
S(q). We have S(q) NN *(p) = {(0,.5.,0, p41,..., 2, 1,77 1) : z; €
{2,2+1}} and Dp,(¢) \ R = {(z1,...,2,2,%7F,2) : z; € {0,£2}} \ R.
Now, if, for example, r = (0, .X'.,0,2,k=K 2 2 n7k 2) € Dp (q) N R, with
E <k, then S(r) N N(p) = {(0,%.,0,1,5=K 1, xp41,..., 20, 1,774 1) :
v € {2,2£1}).

Remark 33. Let p € Fp.
o Ifpe &\ R thenpeCy. A pointyp lies in Di{l(p) (for £ € [1,n]) iff:

p =p+ e, with A € {£2} and j € 04(p).

o Ifpe &NR thenp e C,. A pointp liesin D}f{l(p) iff one of the following
cases holds for p' (corresponding to each of the sets in Definition 30):

p = p+Xed, with A € {£1} and j € 24(p);
P = p+ e, with A€ {£2} and j € 04(p) s.t. p+ e € &1 \ R;
p = pH+Xed, with A€ {+1} and j € 04(p) s.t. p+21e € R.

o Ifp € Oy then p € C; and g € 2Z™ s.t. p € S(q) (by Remark 28).
Therefore, a point p’ lies in D%zl(p) (for £ € [1,n — 1]) iff one of the
following cases holds (corresponding to each of the sets in Definition 30):

p = pH+Aed, with A € {£1} and j € 24(p);
P = q+ e, with \j € {£2} and j € 04(p) s.t. ¢+ el € E1 \ R;
P = p+Ael, with Aj € {1}, and j € 04(p) s.t. q+2Xe? € R.

Definition 34. Define the set Ap, (p) :== A}, (p) \ {p} for p € Cq, where:
o If{ =n then A;L (p) = {p}.

o Ift <nandpe&\R then A} (p) := (A, (p) \ R) U quAFJ(p)mR S(q).

o Ift <nandp € Oy then AL, (p) := FLﬂ{p—i— 2 jeta(p) N el N\ € {O,il}}.
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The set Ap, (p) N Cpq1, for p € Cp and £ € [0,n — 1], is denoted by Ai{l (p).
Example 35. Let p € Cy for £ € [0,n — 1].
e Suppose p = (0,.%.,0,2,77£,2) € & \ R. Then A;J(p) = {(0,.4.,0, w041,
cey Tp) X € {2,212}
Now, if, for example, ¢ = (0,.£.,0,2,%~¢ 2) € Ap,(p) N R, with {' > ¢,
then S(q) = {(o, 0, T, ) T € {2,2 £ 1}} :

e Suppose p = (0,.%.,0,2, 4% 2 1,770 1) € O, we have A;L(p) =Fr N
(00,.%.,0,2,655,2, g1, an) -z € {1,1+1}}.

Proposition 36. Ifp € C; for £ € [0,n — 1], then Ap,(p) € |;icos1,,) Ci and
P € Ap,(p) iff p € Dr, (p)-

Remark 37. Let p € C; and p” € D}, (p), where £ € [1,n] and k € [0, —1].
The expression of a point p' € Dﬁil(p) ﬂAf{Ll(p”) can be deduced from Remark
33 and Definition 34:

o Ifp" € O, thenp € Op_y andp € Op orp € EpNR, for some ' (this last
case only if £ = n). In any case, since p' € D?zl(p), then p' = p + e/,
for X € {£1} and j € 02(p). Now, since p' € Afm_Ll(p”), j € La(p").
Therefore, p' = p+ Xe? for A € {£1} and j € 02(p) N 12(p").

e Else p’ € & \ R. Since p' € Df,zl(p), by Remark 33, p' = z + \é? for
z € {p,q} (being q the point in 27" such thatp € S(q)), A € {£1,+2} and
j € 02(p). Moreover, p' € .Af;Ll (p""), so, necessarily j € 02(p) N 24(p").

5.3. Computing the wWC simplicial complex Ps(I) over I

The aim of this section is to compute a simplicial complex Pg(I) whose
vertex set is F, and prove that it is wWC over 1.

First, Ps(I) is constructed using the cone join operation as follows.

Procedure 6: Obtaining the simplicial complex Pg([).

Input: The point set FT.
Output: The simplicial complex Pg([).
Ps(I) :={{p) : p € Co};
for ¢ € [1,n] do
for peC, do
let Kp, (p) be the set of simplices whose vertices lie in Dp, (p);
Ps(I) := Ps(I)U (p* Kpy, (p))
end
end

As in the case of Qg(I), any simplex o € Pg(I) is given by an (ordered) list
its vertices (vo, ..., v,) such that v; € D, (v;) for 0 <i < j < n. In particular,
if o is an n-simplex, then o = (vg, ..., v,) where v; € C; for all i € [0,n]. An
example of computation of Ps(I) from FJ is given in Figure 10.
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Figure 10: From left to right: the set Fr; the corresponding set Cp (in blue); adding (p *
KDFL (p)) for each (red) point p € C1; adding (p * KDF‘L (p)) for each (green) point p € Ca.

Remark 38. [31, p. 12] Let K1, Ky be simplicial complexes and f : K{O) —

KZ(O) a map such that if (vo,...,vk) in Ky then f(vo),..., f(vg) are vertices of
a simplex of Ko. Then f can be extended to a continuous map g : |K1| — |Ka|.

Proposition 39. There exists a deformation retraction of | Ps(I)| onto |Qs(I)|.

Proof. The maps f; : |Ps(I)| — |Ps(I)|, t € [0, 1], are defined as follows:
For any v € I, let fi(v) := v+ t(p — v), where p € F; is such that v € S(p).
We have that:

o fi(v) =wv for any v € Fy and ¢ € [0,1] (because if v € Fy then v € S(v)).

e Let us see that if 0 = (vg,...,v;) is a simplex of Ps(I) then fi(vo),...,
f1(vi) are vertices of a simplex of Qg (I): Since o € Ps(I), then v; € C; for
¢ € [0,k] and v; € Ap, (v;) for 0 <i < j < k. Now, given i € [0,k — 1]:

— Ifv; € &\ R then fi(v;) = v;.

— If v; € O; then there exits p; € R such that v; € S(p;). Moreover,
* If k < nthen v; € O;NS(p;) for j € [0,k] and p; € RNAp, (p;)-
x If k =n, then v, € Ap,(p;) and f1(v,) = vp,.

Then, fi : F, — Fj can be extended to a continuous map f; : |Ps(I)| —
|Qs(I)| by Remark 38.

o fo(z) =z and fi(z) € |Qs(I)]|, for any x € |Ps(I)|;

e fi(y) =y, for any y € |Qs(I)| and for any t € [0, 1].

Then, F' : |Ps(I)| x [0,1] — |Ps(I)|, given by F(x,t) = fi(z), is a deformation
|

retraction of |Ps(I)| onto |Qs(I) O
Proposition 40. Let ¢ € [1,n] and k € [0,n — {].
e For any vy € Cy, there exists an (-simplex opg(r)(ve) = (vo,...,ve) such

that v; € C; for all i € [0, 4].

e For any v, € Cr, and vp4q € A’H‘é(vk), there exists an (-simplex o pg (1) (v,
Vgtt) = (Vk, . . ., Upte) such that v; € C; for alli € [k, k + £].
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Procedure 7: Computing a face-connected path in Ag;m(@@) for v, €

Cy, and ¢ € [1,n], joining two different simplices o and ¢’ in Ags)(l)((v@).

Input: Two different ¢-simplices o = (vg, ..., vi—1,v¢) and o’ = (v, ...,
Vy_q, ve) in Ps(I) s.t. v;,v] € C;, for all i € [0,¢ — 1] and v, € Cy.

Output: A face-connected path in Agf;(l)(@@) joining o and o’.

Let j € [0,¢ — 1] such that v; # v and for each s € [j + 1,/], vs = v(;
if j =0 then
| o and o’ share the (¢ — 1)-simplex (vy,...,v¢)
else
vj+1 € S(w,) for some w, € & and r € [0, + 1];
v; =z+ e and v =2/ + N ", where i,i’ € 0g(vj11),
AN € {£1,£2} and 2,2’ € {vj11,w,} (by Remark 33);
if 4 # ¢ then
if |A\| = |V then ‘ .
| W = s Ae £ N el € DI (vy) N D ()
else
(suppose [A| =1 and [N| = 2) w}_; == w, +2Xe" + X el
if w]_, €Cj_1 then
j—1 j—1
| W = € D () DR )
else ' _
| ) = FAe 3N e € DY () N DY, ()
end
end
By Proposition40, there exists vy’ € Cy, t € [0,j — 2], s.t.
= (Vs ey V) 1,05, V541, -, 0) and o = (g, ., 0]y, 0],
Vji1,..., ve) are f-simplices in Apg()({ve)) sharing a common
(¢ — 1)-face;
if o and a (resp. o and o') do not share an (£ — 1)-face then
| repeat the process for o and « (resp. o and o)
end
else
34" € 02(vj1), i #1, st v 1= 2" + Nel' e Dy, (vj41) for
some 2" € {vj41,w,} and N € {£1,£2} (by Remark 33) ;
By Proposition 40, there exist vy’ € Cy, t € [0, — 1], such that
o= (Vg5 V], Vi1, -0, vp) B8 an L-simplex in Apg 1) ((ve));
if o0 and a (resp. a and o’) do not share an (¢ — 1)-face then
| repeat the process for o and « (resp. « and o)
end

end
end

Procedure 7 is depicted in Figures 11 and 12.
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Procedure 8: Computing a face-connected path in Agfg(l)(@k, Vgte)), for

Vi1t € Chye, Uk € D’}L (Vkte), £ € [2,n] and k € [0,n — £], joining two

different simplices o and ¢’ in AEQ(I)“U’“ Vkte))-

Input: Two different ¢-simplices o = (Vg, Vk41, .-y Vgtr—1, Vk+¢) and
’r_ / / . (@]
0" = Uk, Vop1s -+ 5 Vg1 Uke) I Al ) (U Vi)

Output: A face-connected path in Agfgu)(@k, Vg+e¢)) joining o and o”.
Let j € [k + 1,k + ¢ — 1] such that v; # v} and for each
seEff+1L,k+L0—1] vy = vl;
if j =k +1 then
| o and o’ share the (¢ — 1)-simplex (v, Vgt2, ..., Vgte)
else
vjt1 € S(wy) N .A%tl(vk) for some 7 € [0,7 + 1] and w, € &;
v; =2+ Ae' and v =2+ N ¢! where \, N € {#1,+2},
i,3" € 24(vk) N02(vj41) and 2,2’ € {vj11,w,} (by Remark 37);
if i # 4 then
if |A| =|N| then

1

‘ vy = Z4 et + Net

else
‘ (suppose [A| = 1 and [X'| = 2) v/_ = w, +2Xe' + N e”

end

by Proposition 40, there exists vy’ € Cy, t € [k+1,j — 2], such that
Q= (U, VY g5 e ey V)15 V5 Uity e ooy Ug) and @ = (Ug, V)
VY1, Vi, Vi, ..., Ukte) are in .AEQU)((vk,kar@);

if o and a (resp. &' and o') do not share an (¢ — 1)-face then
| repeat the process for o and « (resp. o and o’)

end

else

by Remark 37, 3" # i s.t. vf = 2" + Nel" e D%L (vj41)N
A%L (vg) for some 2" € {v;y1,w,} and X\ € {£1,+2};

if v, € O, then
| i € 02(vj41) N 12(vk)

else if v € & \ R and vj41 € £j41 \ R then
| i € 04(vj41) N 24(vx)

else
| i € 02(vj41) N 24(vx)

end

by Proposition 40, there exists v}’ € Cy, for t € [k + 1,5 — 1], such
that a := (v, v, 1, -+, V5, Vjs1, -, Vkpe) I8 iD

AR 1y (ks V)

if o and a (resp. a and o’) do not share an (¢ — 1)-face then
| repeat the process for o and « (resp. « and o)

end

end
end 23
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Figure 11: Computing a face-connected path (using Procedure 7) joining two simplices of
Pg(I) which are incident to v; € C;. Blue points belong to Co, red points to C; and green
ones to C2. In Case A and Case B, we start from o = (vg,v1) and ¢’ = (v{j, v1) and we deduce

directly the face-connected path © = (o,0’) in Agjs)a)((vl)), since o and ¢’ share v;.

v, v \._/ﬁl& 3o
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Figure 12: Computing a face-connected path (using Procedure 7) joining two simplices of
Pg(I) incident to vy € C2. Blue points belong to Cp, red points to C1 and green ones to Ca.

Case A: let 0 = <vo,v1,vz) and o/ = (v),v],v2). Then z = w2 = v2. Since z' = 4/, there
exists t € 04(v2). Let wl =uv + Ne o , from which we compute vl, and then v . We obtam
then o = (vf,v{,v2) and o' = (v ,vl, v2) which share a 1-face. Since o and « do not share

a 1-face, we again apply the procedure to obtain the face-connected path joining them. Case
B:let o = <vo,v1,vg> and o/ = <vo,vl,v2) Then 2z = wo = v2. Since % 76 i and A # X, we
compute wy € Co, and then v = w(/. We deduce a = (v{j,v1,v2) and o = (v{,v},v2). We

obtain the face-connected path (o, «,a’,0’) joining o and ¢’ in .A< I)((U2>)

Let £ € [0,n — 1] and v, € C;. We have the following results.
Remark 41. Any two n-simplices are face-connected in AE;;)(I)((vg,vn)).

Proposition 42. Let v,,v;, € A%, (ve) such that v, € E,NR and v, € Af,(v,)
for some k € [0,n—1]. There exist two n-simplices (one incident to v,, and the
other incident to vy, ) in Apg1y((ve)) sharing a common (n — 1)-face.

Proposition 43. Let wy,w;, € £, N A%, (ve). If w, and w;, are 2n-neighbors,
then there exist two n-simplices (one incident to w, and the other incident to

w!, ) face-connected in ASJ"S)(I)((w)).
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Figure 13: From left to right: an nD picture I = (Z", Fy); its corresponding simplicial
complex Pg(I) (blue points belong to Co, red points to C; and green ones to C2), a vertex v

and two n-simplices o and o’ of Ps(I) incident to v; looking for a path in Ags)(l)(@)) joining

o = (v,v1,v2) and o’ = (v,v],v}): since v2 € &1 N R and v} € £&1 N R then k = k' = 1; since
Card(04)(v) is 0 then ¢/ = 0 and there exists only one w € £ N R such that v € S(w); we
deduce the path (0(%7) = 5, 6(01) (1,7) (1L+) 5(2:7) 5(2:4) = 5/) joining o and o.

’ Remark 33 H Remark 37‘ Prop. 40 }1—{ Proc. 6 ‘

Figure 14: Diagram of the proof of Th. 44.

Finally, the main result of the paper ensures that the simplicial complex
Pg(I) previously constructed is always wWC. This proof is illustrated in Fig-
ure 13.

Theorem 44. The simplicial complex Ps(I) is always wWC.

In Figure 14 a diagram of the proof of Th. 44 is given. A 4D example is depicted
in Figure 15 (in fact, the projections on the fourth coordinate ¢, from ¢t = —2 to
t=06).

6. Complexity

Starting from an nD binary image Iy = (Z", Fy,) whose domain is contained
in an nD rectangle of M, pixels, we scale it by a factor of 4 to obtain the new
image I = (Z", Fy) contained in an nD rectangle of M = 4™ - M pixels.

The time complexity of {E¢}rcfo,n], {Or}ecfo,n—1] and the 04, 24, 02 and 1
operators is f(n - M). With p € Z", when 02(p) = [1,n], we obtain N *(p) by
setting all the values \; to {0, %1} in the expression p+ Ajel +---+ \,e". The
time complexity of N (p) is O(3" - n?). We can compute the values of N'*(p)
only for p € [-1,2]" (by periodicity). This way, we obtain a time complexity
of O(3™ - n? - 4™) for computing N7. The same reasoning holds for S and
Dr,. Let us now estimate the complexity of Procedure 1. As detailed in [1],
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Figure 15: A primary 4D CC X = {p,p’}, with p = (0,0,0,0) and p’ = (4,4,4,4), repaired
into a wWC cell complex by the implementation of the method proposed in the paper.

detecting CCs in an nD image of M pixels can be done in O(5" - M) and a slight
modification of this method will give the coordinates of the center p* of each
CC in I. The union of V' and DY, (p*) needs at most 3" - M operations, which
means a total of O(3" - M2 - 5™) operations for the first loop of Procedure 1.
Concerning the second loop, we have to check if D%J (¢) NV is empty, which
means a maximum of 3™ - M operations for each ¢. The time complexity of
the second loop is O(3™ - M?). The time complexity of Procedure 1 is then
O(15™ - M?). Since Dp,(p) and S(p) are known, the computation of F; and of
Fy, can be done in O(M) each. The time complexity of Cyefo,, is O(M -n) and
the time complexity of Dp, is O(3™ - M? + 27" - M). About the computation
of Ps(I) in Procedure 6, for each ¢ € [1,n] and p € Cy, we have a maximum of
A(n) simplices in Ps(I), which is less or equal to 22" - M and a maximum of
3™ vertices in D, (p). Since we check if the vertices of each simplex of Pg(I)
belong to Dp, (p), we proceed to make at most A(n) - (n+1)-3™-n operations.
The time complexity of p+ Kp, (p) is O(3" -n), and the one of the union with
Ps(I) is O(3™ - A(n)). The time complexity of the computation of Pg(I) is
then O(A(n) - 3" -n%- M). The time complexity for computing Ps(I) is then
Teomp(Mo,n) = O(22" - 48™ - n? - MZ + 108" - My).

In terms of storage, Fy, Fjy, and Fp are matrices of size M. The sets
{€}eeo,ng and {Or}refo,n—1] need one matrix of size 4" each. By periodic-
ity, the 04, 24, 02 and 15 operators can be stored as matrices of lists, and then
will use an amount of space not greater than 4™ - n. Then, the sets N (p)
and Dp,(p) can be stored using matrices of 4" lists, which makes an amount
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of 4" - 3" - n bytes. The sets V, R, and the elements of the family {Cr},cpo.
will be stored in one matrix of size M each. For each p, the sets D, (p) will be
stored as matrices of size 3" of elements of n coordinates, which means a total
of M -3™-n bytes at most. Finally, the set Pg(I) uses an amount of memory not
greater than A(n) simplices times a maximal number of (n + 1) points made of
n coordinates. Then, the final storage cannot be greater than A(n)-(n+1) - n.
The total amount of memory needed is then Tyo (Mo, n) = O(22n n?-4". My).

When the dimension n is a constant, the time complexity and the amount of
memory needed to compute Ps(I) are, respectively, quadratic and linear w.r.t.
the number of pixels of I.

7. Conclusion

The method presented in this paper extends a 3D method presented in [13,
14, 15] to any dimension. Starting from an nD cubical complex Q(I) that is not
well-composed, we “topologically repair” it by computing a simplicial complex
Pg(I) which is homotopy equivalent to Q(I) and wWC. In subsequent work,
our goal is to prove that Pg(I) is (continuously) well-composed. One way is to
prove that Ps(I) is a subdivision of a cell complex P(I) that generalizes the one
computed in [13, 14] and that can be efficiently stored as an nD binary image
by storing one point per n-cell, as in the 3D case studied in [15].

Acknowledgments. We thank both reviewers for their valuable suggestions.
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Annex: Proofs of the results presented in Section 5

Proof of Proposition 31. If p € & \ R, the assertion is true by Proposition
12. If p € £&NR, then p € C, and S(p) \{p} € Uicpe,n—170i- If ¢ € D, (p), then
q € Uiepo,n—11& and S(q) \ {q} C Uie[o,i—17O;. Finally, if p € Oy, £ < n, let
k € [0,£] be Card(04(p)): If p € S(q), then q € & and Dr,(q) C Uicpo,k—1]Ei-
Besides, S(q) C & U (Uiek,n—170i) and N(p) C Uieo,e—170i, s0 S(q) N N(p) C
Uiek,i—1]Oi- In the case that k = ¢, one can check that S(q) N N(p) = 0. Since
Dr,(q) C Uicpo,k-11&, if v € D, (q) then S(r) C (Uiepo,x1€i) U (Wjefin-110;)
and then S(’I") n N(p) - uje[[k_l,g_l]]oj'. O

Proof of Proposition 36. For each p € Cy, let p’ be a point in Ag, (p).
Let us prove first that p’ € [ |;c(s4 1, Ci and that p € Dp, (p).
Ifpeé& \ R:

o Ifp’ € Ap,(p)\ R, then p’ = p+ Zj€24(p) A;j €7 for some \; € {0, £2}, not
all null, so p’ € &4 (k is the number of coefficients A; # 0). By Lemma 14,
p € Dp,(p'). Since p' € R, Dp,(p’) = D, (p'). Hence p € Dp, (p').

o Ifp' € Ugenr, )nrS(@); let g =p+ 30, () Af ¢’ be the point in &5 N
R such that A7 = 2 or —2 for specific subset of k indices in 24(p) and
A7 = 0 for the rest. The points in S(g) are those with the form p +
Zj€24(p) /\;k el + Zj€24(q) /\j e’ with /\j S {O,:l:l}, so they lie in 5k+g if
all the coefficients A; are null (the point ¢ itself) or in O,,_x/, with &’
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being the number of non-null coefficients A;. Since 1 < K <n—{4—k, we
know S(q) C Exqe U |_|¢e[[k+£,n—1]] O;. In the case that p’ = ¢ € Exar N R,
the point p’ + Zj€04(p,)024(p) —N\; e’ is p, which is, therefore, a point in
Dr,(p)\ R C Dr,(p'); if p € S(q) \ {¢}, with ¢ € Ap,(p) N R, then
p € Dp,(q) by Lemma 14, and hence, p € Dg,(q) \ R C D, (p).

If p € Oy, let g be the point such that p € S(q). Let ¢; := Card(04(p)), then
q € &, and {1 < L. Let p’ be a point in Ap, (p). Then, p" =p+3°,c1,,) A el
with A; =1 or —1 for a specific subset of k indices in 12(p) (1 <k <n—{) and
Aj = 0 otherwise. For 1 <k <n—/£—1,p" € Opyy, that is, p’ € Uicpet1,n-17Ci-
For k =n — ¢, p' € & where ¢/ is Card(04(p")), which satisfies that ¢; < ¢/,
since some of the odd coordinates in p may have become congruent with 0 mod
4 in p’. Notice that, in this case, p’ € Ap,(q), since both p’ and ¢ are points in
27" and 04(q) C 04(p’), but then, p’ € R by Remark 19, since ¢ € R. Hence,
p' € &y N R C C,. Let us prove now that p € D, (p').

e If1<k<n—L—1,p € Okys. Let ¢’ be the point such that p’ € S(¢’).
Notice that ¢’ € &, 4k, , for some 0 < ky < n—~f—1, which is Card(04(p"))\
Card(04(p)). If p and p’ lie in the same S-block, that is, ¢ = ¢’ (which
happens when k; = 0), then p € S(¢') N N(p'), so p € Dg,(p'). On
the other hand, if ¢ # ¢ then ¢’ € &y 4k, with 1 < k; < k. Since
q € &, N R, by Remark 19, ¢’ € &, 1%, N R and 3 r € Dp,(¢') N R such
that p € S(r) N N(p'), which is r = ¢q. So p € Dp, (p').

e Ifk=n—4{ p € &y with £1 < ¢'. There are two cases: if £/ = {1, then

p’ = q and since p € S(q), p € Dp, (p'); it ¢ > {1, then by Remark 19,
p € E N R since p’ € Ap,(q) and ¢ € R. Also, p € N(p') and there
exists a point ¢’ € Dg, (p’) N R such that p € S(¢’), which is ¢ = ¢. So
pE DFL (p/)'

Now, let us prove the converse.

If p’ € &\ R, then Dp, (p) = Dp,(p') C & \ R, with k < ¢ (by Remark 19). If

p € Dp, (p'), then p" € Ap, (p) \ R C Ap, (p).

Ifp’ € & N R and p € Dp, (p'), we have the following cases:

o p € SO\ /), then p = + Xy, Ay, with Xy € 0,1}, not
all null, so p € O,_, k being the number of coeflicients A\; # 0, k €
[t,n — €]. Then points in A, (p) are under the form p + 3>, #; e,
with p; € {0,£1} not all null. Since {j € 24(p') : A; # 0} = 12(p), we
have p' =p+ 3 ,c1,(,)(—A;) €/ and hence p’ € Ap, (p).

e p€Dp,(p) \ R, then p=p" + 370,y Aj el for some coefficients \; €
{0, £2}, not all null, such that p € R. Then p € &_i \ R, k being the
number of coefficients A; # 0, 1 < k < £. Since p’ € Ap,(p) N R, then
S(p') C Ap, (p) and hence, p" € Ap, (p).

®*pc UTGDFJ(p,)ﬂR(S(r) NN(p)). Let r = p/ + Zj€04(p,) NS e/, with
A7 € {0,£2}, not all null, be a point in Dp,(p’) N R, such that p =
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P+ 0. : rel + D je24(p) N e, for some coefficients \; € {0, +1}.

Hence p € O,,__1/, where k and k' are, respectively, the number of coef-
ficients A7 # 0 and A; # 0. Thus p’ =p+3_.cy, ) 1y €, with p; = —%)\}‘
for the indices j such that A} # 0, and p; = —A; for those j such that
Aj # 0, what means that p’ € Ap, (p) (being p € Op_p—i/).

If p' € Oy let ¢’ be the point such that p’ € S(¢). We have ¢ = p' +

EjEIQ(p’)M; e/, with pj = 1, if j € 14(p') and pj = —1if j € 34(p’). For a
point p € D, (p’), we have the following cases:

o Ifpe S(¢)NN(p'), thenp = p’+zj€24(p,) \;j €7, for some coefficients \; €

{0, £1}, not all null. Now, p € Oy_y, k being the number of coefficients

Aj # 0. Now, p’ can be expressed as p’ = p+zj€12(p) py el with pj = —\;

(and p; = 0 for the indices j for which A; was not defined), so p’ € Ap, (p).

e If p € Dp,(¢") \ R, then ¢’ € Ap,(p) (by Lemma 14); or, since p’ € S(¢'),
q¢ € R. Hence, ¢ € Ap,(p) "R and p' € S(¢'), so p’ € Ap, (p).

o Ifpe I—lrerJ(q’)ﬂR(S(T) NN(p)). Let r =q"+3,c0,0n A) el , with )\; €
{0, £2}, not all null, such that r € R. Then p = p’ + Zj€04(p,) %Aj el +
2 jeaup) i€, for some coefficients A; € {0,+1}. Then p € Op—p—ps
where k and k' are, respectively, the number of coefficients A # 0 and
Aj # 0. Then p' = p+37c1,,) K€, with p; = —%)\; for the indices
J such that A7 # 0 and p; = —A; for those j such that A; # 0, so
P’ € Ap, (p) (being p € Op—p—p'). O
Proof of Proposition 40. Let ¢ € [1,n] and k € [0,n — £].
Let us see how to construct opg(r)(ve). Let w, € &, r € [0,£], s.t. v € S(w,).
There exist subindices 1 < i3 < - <4 <nmand 1 < ippy < - < iy < n
such that {i1,...,4-} = 04(ve) and {ir41,...,0¢} = 24(ve). From j = £ —1 to
Jj=r,let v; = v + Ajp1 e, Ny € {£1}. From j =7 —1to j =0, let
wj = Wji41 + )\j+1 ettt )\j+1 S {:|:2} Then:
o If w; & R, let v; := wj.
e Else, wj = wr + 3 cpjp1, As e's where \* € {42}, for s € [j + 1,7]; let
Vi = U+ Xy 20 €

j ‘
Then v; € D}L (vj41) and opg(p)(ve) := (vo, ..., ve) € Pé )(I).
Let us see now how to construct opg(r)(Vk, Vkie)-

o If vy, € O then there exist subindices 1 < ij41 < -+ < ig4¢ < n such that
{ik+1,- - tkre} = O2(vpge) N 1a(vg) and vy, = vgye + Zje[k+1,k+£]] ,u;‘fe”,
where pi5 € {£1}. From j = k+£—1to j = k41, let vj := vj11+pj, €9+

o If iy € Exie \ R, then there exist subindices 1 < iy < -+ < ige < n
SuCh that {ig+1, - .- igre} = 04(vi1e)N24(vg) and vy, = Uk+é+zj6[[k+l,k+€]}
Aje's, where i € {£2}. From j = k+/(—1toj =k + 1, let v; =
Vjr1 + /\;ﬁr1 eli+t,
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e Else, vy € & \ R, and there exists unique w, € &, with r € [k, k + /],
such that viye¢ € S(w,) and subindices 1 < i1 < -+ < 4, < n and
1 <ipy1 <o+ <igpe < m, such that {igy1,...,0} = 04(vgte) N 24(vg),
and {iry1, .. ipge} = 24(vpge) N24(vi). Then v = wr+3 1,0 Al
where A7 € {£2}. From j =k +/{—1to j =7, let vj := vj11 + pj41 eli+1
where p € {£1}. From j =r—1to j=k+1, let wj 1= wj1+Aj e+
If wj € Cj, let vj := w;. Else, v; :=v, + >

. Lyxets
selj+1,r] 27T -

, . .
Then vj € Dy, (vj+1)NAR, (vk) and o pg (1) (Vk, Vke) == (Vks - - - Vitp) € Pé()I)D
Proof of Procedure 7. Let ¢ € [1,n], vp € Co, 0 = (vo,...,Ve—1,0p),
o' = (vp,...,vp_1,v¢) in Ag;(l)((vﬁ) Let us prove property (Pe): “there exists

a face-connected path 7 (o, 0’) in APS(I ({ve)) joining o and o””

Initialization (¢ = 1): two different 1-simplices o = (vg,v1) and o’ = (v}, v1) in
Pg(I), with v1 € Cy are joined by the path w(o,0’) := (0,0’) in Agg(l)((m)).
Heredity (¢ € [2,n]): we assume that (P,,) is true for m € [1,¢ — 1], let us
prove that (P) is true. Let us define j € [0,/ — 1] such that v; # v} and for
any ¢ € [j +1,¢—1], v; = v}. Then, we have o = (vo, ..., vj,Vj4+1,...,0) and
o' = (vg, ..., V50541, ..., v0). Now, vjy1 € S(w,) for some r € [0,j + 1] and
wy € & Let \, N € {£1,£2}, i,i" € 02(vj41) and 2, 2" € {vj41,w,} such that
vj =z + X' and v = 2/ + Ne''. Then, the following cases hold:

(1) If @ # i, then we define v}_; € Dgl(vj) N D};l(vg) and we deduce
O'ps(] (v ) (vo s++> Vj_q) € Ps(I) by Proposition 40. We then define

= (v, .y VF_1,05,0541,. ., 00), and o = (v, ..., VT, V)44,

vg). Then (o, o) := (a, ') is a face-connected path in Agf;(l)(@@).

By (P;) where j < ¢, we know that there exists a path m(u, ) joining
= (vo,.--,vj—1,v5) and p' = (vg,...,v] 1,v;) in .Ags)(j)(@j)). From
this path, we can deduce a path m(o, @) in Agfg(l)(@g)) joining o and «.
Similarly, we obtain 7(a/,0’) € .Agp % ({vg)). By concatenation, we obtain

a face-connected path in .APS(I)(@@) joining o and o”.

(2) When i = 7', we define v € D{,L (vj+1). We deduce opyq)(v]) =
(vg, ..., v}) € Ps(I) by Proposition 40, and define a := (vf, ..., v}, vjt1, . ..
vg) joining o and « (respectively joining o and o’). We Can apply (1) to
obtain two face-connected paths (o, a) and 7(«, 0’) in AP (n({ve)), and

then a face connected path in Ag;(l)(@g)) joining ¢ and o”.
By induction on ¢, the property (P;) is true for any ¢ € [1,n]. O

Proof of Procedure 8. Let ¢ € [2,n], vkie € Crye and v, € DX L (Vkre)-
Let 0 = (v, ..., V1) and o' = (Vg, U} 1, Vppp_1, Vkte) De two £- snnphces
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of Agf;(l)(@k, Uk4e)). Let us prove property (P;): “there exists a face-connected
path 7(o,0’) of £-simplices in Apg (1) ((vk, Vry¢)) joining o and o'”.
Initialization (¢ = 2): The 2-simplices 0 = (vg, Vg11,Vkt2) and o' = (v, v},
vg+2) share the 1-face (v, Vky2).

Heredity (¢ € [3,n]): we assume that (P},) is true for m € [2,¢—1], and we want
to prove that (7P}) is true. By hypothesis, we have the four following ¢-simplices:

g = <Uk,Uk+1, sy U5—1,U5, Vjgdy - ,’Uk+z>, Q= (vk,vg+1, N 7U3'/—1avjvvj+17 ey

Vkte)s & 1= (Uky Uy g5 oo oy V1,05, V1, ooy Vkt)y 0 = (Uky Uy g5 e+ 5 V1,5 V),

Vj+1,--., Ug+s). Then o and o share an (¢ — 1)-face. Now, since j belongs to

[k+1,k+£—1] then j—k < £—1. From that, we can deduce by (P;_, ) that the

(j — k)-simplices: p = (v, Vkt1,...,vj-1,v5) and p' = (v, v/ 1, ..., 071, 05)
(3—F)

are joined by a face-connected path m(u, p’) in APS(I)( (vg,vj)). By rewriting

th

each i*" element of 7(u, ') we can deduce the i*" element of a new path 7 (o, a)

in Agf;m(<vk,vk+g>) joining o and . We proceed similarly with o/ and o’ to

obtain 7w (a’,0’) in Agf;(l)(@k, Vg+¢)). We finally obtain a face-connected path
joining ¢ and ¢’ concatenating the previous paths.
By induction on ¢ € [2,n], (P;) is true for any £ € [2,n] and k € [0,n—¢]. O

Proof of Proposition 42. First, since vy € Cp, there exists an f-simplex
(voy ..., ve—1, vg) in Pg(I) by Proposition 40. Second, since v, € & N R
and v, € Ap,(vn), v, € & N R for some k' € [k + 1,n] and v, = v;, +
> etk Aj€7, where AT € {42} and {if ;... i} € O4(vy,). There exist
subindices 1 < tpry1 < - < 1, < mand 1 < 441 < --+ < iz < n such
that {ig 41,00} = 24(v)) and {igs1, ..., 0%} = 24(v,) N 04(v},). Now, since
¢ € Dy, (vn) N Dr, (v)):

o If vy € Op then vy = vy + 3 icprs1,0] pj€e' where: if £ € [0,k — 1] then
pj € {#£1} when j € [(+1, kJU[K' +1,n] and p; = A5 when j € [k-+1,K];
if ¢ € [k, k' — 1] then pu; € {£1} when j € [’ +1,n] and p; = %)\;‘ when
Jel+1,k];if £ € [K',n—1] then p; € {£1} when j € [{+1,n].
From j=n—1toj="0+1,let v; :==vj11 + prjr1€9+1.

o If vy € & then v, ¢ R since { < n. Therefore, ¢ € [0,k — 1] and
Ve =Un+Dicqet1,k] Aje'i where \; € {£2} when j € [¢+1,k]. Addition-
ally, there exist subindices 1 < iy < --- < iy < n such that {i1,..., i¢} =
04(ve). For j € [0+ 1,k —1], let wj :=vn + 3 cpj41.0] Atels where A €
{£2}. Now, if w; € Cj, then vj := wj;. Else vj ==} 11 1 TAsels +
Dose[k+1,n] usezsl, where ps € {il}. For j € [k, k' — 1], let v; =
D seli+1,k] FAiels + Ese[[klﬂ’n]] use's where ugs € {£1}. For j € [K',n],
let v =3 cpjy1.n) K€’ Where pg € {£1}.

!
Then (vo, ..., V=1, Ve, Vog1, -« Un—1,Vn) and (Vg ..., Vo1, V0, Vp1s -« -y Vne1,Uly)
are two n-simplices incident to vy in Pg(I) sharing a common (n — 1)-face. O
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Proof of Proposition 43. Let w,_1 := %(wn +w.,). Then w,_1 € E,_1NFJ,.
We have to consider two cases:

If wy,—1 & R then w,_1 € C,,—1 and D, (wp—1) = Dp,(wp—1). Following the
process given in Remark 24.(P1), one can compute an (n — 1)-simplex p :=

(Voy -« Ve—1,00, Vpg1s+ -y Un—2,Wp—1) € Ps(I). Then p is shared by the two
o ,
n-simplices o = (Vg ..., V—1,Vp, Vg1, -5 Up—2,Wn_1, Wy) and ¢’ = (vg,...,
R
Ve—1, ’Ufavf+17 ceey Un727wn717wn> m APs(I)(<U€>)'

If w,,_1 € R then w,,_1 € C,. Therefore:

e There exist two n-simplices, o (incident to w,) and p := (v, ..., ve—1, Ve,
Veg1s -+, Un1,Wp—1) (incident to wy,_1), in Apgp)({ve)) sharing a com-
mon (n — 1)-face by Proposition 42.

e There exist two n-simplices, p' := (vg, ..., Vy_1, V0,V 1,55 Vy_1,Wn_1)
(incident to wy_1) and o’ (incident to wy,), in Ap,()(ve) sharing a com-
mon (n — 1)-face by Proposition 42.

e By Remark 41, there exists a face-connected path of n-simplices (u° =

/huﬂ~~,um‘ﬂum==uﬂh1A¥ZD(®mumfﬂ)ﬁﬂmnguandu4

Finally, the face-connected path joining o (incident to w,) and ¢’ (incident to
/

w,) in AR (0) is (0,10 = oo p™ = o). O

Proof of Th. 44. Let v € Fy. We have v € C; for some ¢ € [0,n]. Let
us prove property (P): o = (vg,...,U—1,0,Vp41,-..,0pn) and o’ = (v},...,
Vy_1,0,Vp, 1, --,Vp) are face-connected in AET:S)(I)(<U>)' If £ = n then o and o’

are face-connected in Agfs)(l)(@)) by Procedure 7. Else, ¢ € [0,n — 1]:

ke . (0.
joiningvandv— If v € & \ R.

Since vy, v, € Ap, (v) then v, € & N F; and v;, € & N F; for some
kK €[+ 1,n].

Therefore, there exist wy,,w!, € &, N F; such that v, € Dp,(w,) and
v, € Dp,(w;,). Then wy,,w;, € A% (v).

Since v € & \ R then there exists a 2n-path 7 := (p
p™ = wy,) in A% (v) joining w,, and wy,.

By Prop. 42, 43 and Remark 41, one can find a face—connected path in

AE?S)(I)(@}) between o and o”.

0 m—1

— 1
= WPy o5 P ’

e Else, v € Op. Let ¢ := Card(04(v)). Then v, € &N R, v, € & N R
for some k, k" € [¢,n] and there exists unique w € &y N R such that
v € S(w). Since v € Dp, (v,) NDp, (v),) then w € D;J (vn) QD}'J (v],). Let

7= (p° i= vp, pt 1= w,p? = )).

Now, for i € [1,m]:
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o If p'~1 p’ are 2n-neighbors, then by Proposition 43 there exist simplices
o=1F) (incident to (p*~')) and o(»~) (incident to (p')) that are face-
connected in .Ag;)m ((v)).

o If pi~t € Dp,(p')NRor p'~! € A, (p*) N R then, by Proposition 42, there
exist simplices o~1+) (incident to (p'~1)) and ¢(*~) (incident to (p')) in
Apg(r)((v)) sharing a common (n — 1)-face.

Finally, let () := ¢ and ¢(™™*) := ¢’. Then, each pair (¢(»=),a(®1)) for
i € [0,m] is face-connected in ‘Agls)(f)(@» by Remark 41. Since (P) is true for
any v in Ps(I) and o, 0’ in Ag;)(l)(@)), then Pg(I) is wWC. O
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| NOTATION | DEFINITION/EXPLANATION

| K| Underlying polyhedron of the cell complex K
A%) (o) Set of ¢-cells incident to the cell o in K
oxo' Cone join of the simplices o and o’
N (p) {ie[l,n] : z; = N mod M}
Nay (p) {pt4e’ : ie[l,n]}

N+(p) {p + ZjEOz(I)) )\jej : >‘j S {0, il}}

S-block S(p) | {p+ e, X e+ A € {0,#1}]

B(z,F) Block associated to the point z and the family of vectors F

I =(Z",Fr) | An nD binary image (called picture when F; C 4Z")

Q) Cubical complex associated to [
Vv The set of critical vertices in Q(I)
Qs(I) The simplicial subdivision of Q(I)
Ps(I) Weakly well-composed simplicial complex over the picture I
J = (Z",Fy) | nD binary image encoding the vertices of Qg(I) (i.e, the cells of Q(I))
R The set of critical points in F; (which encode the critical cells of Q(I))
L = (Z™ Fr) | nD binary image encoding the vertices of Pg(I)
ok (p) simplex in K encoded by p (K = Qg(I),p € Fy; or K = Ps(I),p € Fy)
& {p € 2Z™ : Card(04(p)) is £}, being ¢ € [0, n]
Oy {pez™\ 22" : Card(02(p)) is £}, being £ € [0,n — 1]
C,, (E-NFL)UR
Ce ((Ee\ R)UOy) N FL, being ¢ € [0,n — 1]
D} (p) {p + 2 je0u(p) N el N\ € {0, :i:Q}} encodes the faces of o 1) (p)
At (p) {p + 2 jeoup) N el \j €0, :I:Q}} encodes the simplices incident to og 1) (p)
D;L (p) Set of points used for the construction of Ps(I). See Definition 30
A}LL (p) Set of points used to prove that Ps(I) is weakly well-composed. See Definition 34
X(p X+(p)\{p} for‘XE{N7DFJ7AFJ7DFL7AFL}

)
(p) Subcomplex of Qg(I) formed by the simplices whose vertices lie in Dg, (p)

Kpp, (p) Subcomplex of Pg(I) formed by the simplices whose vertices lie in D, (p)

Table 1: Notations used throughout the paper.
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