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Résumé : Ce mémoire porte sur la vérifica-
tion quantitative, c’est-a-dire la vérification des
propriétés quantitatives des systemes quantitatifs.
Ces systemes se retrouvent dans de nombreuses
applications, et leur vérification quantitative est
importante, mais aussi assez complexe. En par-
ticulier, étant donné que la plupart des systéemes
trouvés dans les applications sont plutot larges, il
est alors essentiel que les méthodes soient compo-
sitionnelles et incrémentielles.

Afin d’assurer la robustesse de la vérification,
nous remplacons les réponses booléennes de la
vérification standard par des distances. Selon le
contexte de 'application, de nombreux types de
distances différentes sont utilisées dans la vérifi-
cation quantitative. Par conséquent, il est néces-
saire d’avoir une théorie générale des distances de
systeémes qui puisse s’abstraire des distances con-
cretes, et de développer une vérification quanti-
tative qui est indépendante de la distance. Nous
sommes de ’'avis que dans une théorie de la véri-
fication quantitative, les aspects quantitatifs de-
vraient étre traités, tout autant que les aspects
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Abstract: This thesis is concerned with quan-
titative verification, that is, the verification of
quantitative properties of quantitative systems.
These systems are found in numerous applica-
tions, and their quantitative verification is impor-
tant, but also rather challenging. In particular,
given that most systems found in applications are
rather big, compositionality and incrementality of
verification methods are essential.

In order to ensure robustness of verification, we
replace the Boolean yes-no answers of standard
verification with distances. Depending on the
application context, many different types of dis-
tances are being employed in quantitative verifi-
cation. Consequently, there is a need for a general
theory of system distances which abstracts away
from the concrete distances and develops quan-
titative verification at a level independent of the
distance. It is our view that in a theory of quanti-
tative verification, the quantitative aspects should
be treated just as much as input to a verification

Une approche générique a la vérification quantitative

vérification quantitative, compositionnalité, incrémentalité, robustesse

qualitatifs, comme des éléments d’entrée d’un
probleme de vérification.

Dans ce travail, nous développons de la sorte une
théorie générale de la vérification quantitative.
Nous supposons comme entrée une distance en-
tre traces, ou exécutions, puis utilisons la théorie
des jeux a objectifs quantitatifs pour définir des
distances entre systémes quantitatifs. Différentes
versions du jeu de bisimulation ( quantitatif ) don-
nent lieu a différents types de distances : distance
de bisimulation, distance de simulation, distance
d’équivalence de trace, etc., permettant de con-
struire une généralisation quantitative du spec-
tre temps linéaire—temps de branchement de van
Glabbeek.

Nous étendons notre théorie générale de la véri-
fication quantitative a une théorie des spécifica-
tions quantitatives. Pour cela nous utilisons des
systeémes de transitions modaux, et nous dévelop-
pons les propriétés quantitatives des opérateurs
usuels pour les théories de spécifications. Tout
cela est indépendant de la distance concrete entre
les traces utilisée.

A Generic Approach to Quantitative Verification

quantitative verification, compositionality, incrementality, robustness

problem as the qualitative aspects are.

In this work we develop such a general theory
of quantitative verification. We assume as in-
put a distance between traces, or executions, and
then employ the theory of games with quantita-
tive objectives to define distances between quan-
titative systems. Different versions of the quan-
titative bisimulation game give rise to different
types of distances, viz. bisimulation distance, sim-
ulation distance, trace equivalence distance, etc.,
enabling us to construct a quantitative general-
ization of van Glabbeek’s linear-time—branching-
time spectrum.

We also extend our general theory of quantitative
verification to a theory of quantitative specifica-
tions. For this we use modal transition systems,
and we develop the quantitative properties of the
usual operators for behavioral specification theo-
ries. All this is independent of the concrete dis-
tance between traces which is utilized.
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Introduction

This thesis is concerned with quantitative verification, that is, the verification
of quantitative properties of quantitative systems. These systems are found
in numerous applications, and their quantitative verification is important, but
also rather challenging. In particular, given that most systems found in appli-
cations are rather big, compositionality and incrementality are essential. That
is, quantitative verification should be applied as much as possible to subsys-
tems and at as high a level as possible, and then verified partial specifications
should be composed and refined into an implementation.

Much work has been done in the area of compositional and incremental
design, but robust quantitative frameworks are lacking. This thesis presents
work published between 2009 and 2020 by the author and various co-authors
which attempts to introduce such a framework. Much remains to be done,
in particular in applications to real-time and hybrid systems, but we believe
that the foundations laid out here will be useful in this endeavor.

Motivation

Quantitative Verification

Motivated by applications in real-time systems, hybrid systems, embedded
systems, and other areas, formal verification has seen a trend towards modeling
and analyzing systems which contain quantitative information. Quantitative
information can thus be a variety of things: probabilities, time, tank pressure,
energy intake, etc.

A number of quantitative models have been developed: probabilistic au-
tomata [SL94|; stochastic process algebras |[Hil96]; timed automata |[AD94|;
hybrid automata |[ACH™95[; timed variants of Petri nets [MF76,[Han93|; con-
tinuous-time Markov chains [Ste94]; etc. Similarly, there is a number of spec-
ification formalisms for expressing quantitative properties: timed computa-
tion tree logic [HNSY94]; probabilistic computation tree logic [HJ94]; metric
temporal logic [Koy90]; stochastic continuous logic [ASSB00|; etc. Quanti-
tative model checking, the verification of quantitative properties for quanti-
tative systems, has also seen rapid development: for probabilistic systems in
PRISM [KNP02| and PEPA [GH94]; for real-time systems in Uppaal [LPY97],

1
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x =0 | close z := 0| close x := 0| close

x > 60 | train x > 58 | train x > 1| train

A B c

Figure 1.1: Three timed automata modeling a train crossing.

RED [WME93|, TAPAAL [BJS09] and Romeo [GLMRO5]; and for hybrid sys-
tems in HyTech [HHWT97|, SpaceEx [FGD™' 11| and HySAT [FHO7|, to name
but a few.

Quantitative model checking has, however, a problem of robustness. When
the answers to model checking problems are Boolean—either a system meets
its specification or it does not—then small perturbations in the system’s pa-
rameters may invalidate the result. This means that, from a model checking
point of view, small, perhaps unimportant, deviations in quantities are indis-
tinguishable from larger ones which may be critical.

As an example, Figure shows three simple timed-automaton models of
a train crossing, each modeling that once the gates are closed, some time will
pass before the train arrives. Now assume that the specification of the system
is

The gates have to be closed 60 seconds before the train arrives.

Model A does guarantee this property, hence satisfies the specification. Model
B only guarantees that the gates are closed 58 seconds before the train arrives,
and in model C, only one second may pass between the gates closing and the
train.

Neither model B or C satisfy the specification, so this is the result which
a model checker like for example Uppaal would output. What this does not
tell us, however, is that model C is dangerously far away from the specifica-
tion, whereas model B only violates it slightly and may be acceptable given
other engineering constraints, or may be more easily amenable to satisfy the
specification than model C.

In order to address the robustness problem, our approach is to replace
the Boolean yes-no answers of standard verification with distances. That is,
the Boolean co-domain of model checking is replaced by the non-negative real
numbers. In this setting, the Boolean true corresponds to a distance of zero,
and false corresponds to any non-zero number, so that quantitative model
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checking can now tell us not only that a specification is violated, but also
how much it is violated, or how far the system is from corresponding to its
specification.

In the example of Figure[I.T]and for a simple definition of system distances,
the distance from A to our specification would be 0, whereas the distances
from B and C to the specification would be 2 and 59, respectively. The
precise interpretation of distance values will be application-dependent; but in
any case, it is clear that C' is much farther away from the specification than
B is.

Specification Theories

One of the major current challenges to rigorous design of software systems
is that these systems are becoming increasingly complex and difficult to rea-
son about [Sifl1]. As an example, an integrated communication system in
a modern airplane can have more than 109 distinct states [BBB*10|, and
state-of-the-art tools offer no possibility to reason about, and model check,
the system as a whole. One promising approach to overcome such problems is
the one of compositional and incremental design. Here the reasoning is done
as much as possible at higher specification levels rather than with implementa-
tions; partial specifications are proven correct and then composed and refined
until one arrives at an implementation model. Practical experience indicates
that this is a viable approach [Str,SPE].

Specifications of system requirements are high-level finite abstractions of
possibly infinite sets of implementations. A model of a system is considered
an implementation of a given specification if the behavior defined by the im-
plementation is implied by the description provided by the specification.

Any practical specification formalism comes equipped with a number of
operations which permit compositional and incremental reasoning. The first
of these is a refinement relation which allows to successively distill specifi-
cations into more detailed ones and eventually into implementations. In an
implementation, all optional behavior defined in the specification has been
decided upon in compliance with the specification. Also needed is an opera-
tion of logical conjunction which allows to combine specifications so that the
systems which refine the conjunction of two specifications are precisely the
ones which satisfy both of them. Refinement and conjunction together permit
incremental reasoning as specifications are successively refined and conjoined.

For compositional reasoning, one needs another operation of structural
composition which allows to infer specifications from sub-specifications of in-
dependent requirements, mimicking at the implementation level for example
the interaction of components in a distributed system. A partial inverse of
this operation is given by a quotient operation which allows to synthesize a
specification of missing components from an overall specification and an im-
plementation which realizes a part of that specification.
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deliver
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Figure 1.2: Modal transition system modeling a simple email system, with
an optional behavior: Once an email is received it may e.g., be scanned for
containing viruses, or automatically decrypted, before it is delivered to the
receiver.

Over the years, there have been a series of advances on specification the-
ories [dAHO05,|(CdAHMO02, DLL " 10, Del10, LT89, Nym08, Thr11]. The predom-
inant approaches are based on modal logics and process algebras but have
the drawback that they cannot naturally embed both logical and structural
composition within the same formalism [Lar89]. Hence such formalisms do
not permit to reason incrementally through refinement.

In order to leverage these problems, the concept of modal transition sys-
tems was introduced |Lar89]. In short, modal transition systems are labeled
transition systems equipped with two types of transitions: must transitions
which are mandatory for any implementation, and may transitions which are
optional for implementations. It is well established that modal transition
systems match all the requirements of a reasonable specification theory, and
much progress has been made in this area, see for example [Nym08,GLSO0S,
GHJO01,|GLLS05] or [AHL™08] for an overview. Also, practical experience
shows that the formalism is expressive enough to handle complex industrial
problems [Str, SPE].

As an example, consider the modal transition system shown in Figure [I.2]
which models the requirements of a simple email system in which emails are
first received and then delivered. Before delivering the email, the system
may check or process the email, for example for en- or decryption, filtering of
spam emails, or generating automatic answers using an auto-reply feature (see
also [Hal00]). Must transitions, representing obligatory behavior, are drawn as
solid arrows, whereas may transitions, modeling optional behavior, are shown
as dashed arrows: hence any implementation of this email system specification
must be able to receive and deliver email, and it may also be able to check
arriving email before delivering it. No other behavior is allowed.

Implementations can also be represented within the modal transition sys-
tem formalism, simply as specifications without may transitions. Here, any
implementation choice has been resolved, so that implementations are (isomor-
phic to) plain labeled transition systems. Formally, for a labeled transition
system to be an implementation of a given specification, we require that the
states of the two objects are related by a refinement relation with the prop-
erty that all behavior required by the specification has been implemented, and

4
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deliver

deliver cbec\‘
receive
— b—> c hec k

\_/Q

deliver

Figure 1.3: An implementation of the simple email system in Figure [1.2] in
which we explicitly model two distinct types of email pre-processing.

deliver, [1,4]

deliver, [1,2]

Figure 1.4: Specification of a simple email system, with integer intervals
modeling time constraints for performing the corresponding actions.

that any implementation behavior is permitted in the specification. Figure|l.3
shows an implementation of our email specification with two different checks,
leading to distinct processing states.

Quantitative Specification Theories

In recent work [JLS12, BJL™12a,BJL"12b,[ BKL"12], modal transition sys-
tems have been extended by adding richer information to the usual discrete
label set of transition systems, permitting to reason about quantitative as-
pects of models and specifications. These quantitative labels can be used to
model and analyze for example timing behavior [HMPO05, DLL™ 10|, resource
usage |[RLS06,BJLT12b], or energy consumption |[BFLM11,FJLS11].

In particular, [JLS12] extends modal transition systems with integer inter-
vals and introduces corresponding extensions of the above operations which
observe the added quantitative information, and [BJL™12a] generalizes this
theory to general structured labels. Both theories are, however, fragile in the
sense that they rely on Boolean notions of satisfaction and refinement: as
refinement either holds or does not, they are unable to quantify the impact of
small variations in quantities.

An example of a quantitative specification is shown in Figure [I.4 The
intuition is that any concrete implementation must be able to receive and
deliver email, within one to three and one to four time units, respectively; but
it also may be able to check incoming email, e.g., for viruses, before delivering
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deliver, 3 deliver, 3
receive, 2 receive, 4
L T ek, 1 (e
(a) (b)
deliver, 3 deliver, 3
deliver, 3

(c) (d)

Figure 1.5: Four implementations of the simple email system in Figure [I.4]

it. No other behavior is permitted.

Figure [I.5] shows four different implementation candidates for the speci-
fication of Figure The first candidate, in Figure has an error in
the discrete structure: after receiving an email, it may check the email in-
definitely. Hence it does not satisfy the specification. The second candidate,
in Figure is also problematic: not implementing the checking part of
the specification is entirely permissible, but it takes too long to receive email.
Thus, if the timing constraints are abstracted away, it is a perfectly good
implementation; but the quantitative timing constraints are off. The imple-
mentation candidate in Figure has similar problems, as it takes too long
to deliver emails after checking them. The transition system in Figure
is, finally, a true implementation of the specification.

An important observation is, now, that even though the systems in Figs.
[L.5(b)[ and [1.5(c)| strictly are not implementations of the email system spec-
ification, they conform much better to it than the system in Figure
Intuitively, they “almost” comply with the specification; given some other
engineering constraints, they might indeed be considered “good enough” com-
pared to the specification. It is, then, this “almost” and “good enough” which
we shall attempt to formalize in this work.

Our point of view is, more generally speaking, that any quantitative spec-
ification formalism falls short with a Boolean notion of satisfaction and re-
finement. If the specification formalism is intended to model quantitative
properties, then it is of little use to know that a proposed implementation
does not precisely adhere to a specification; much more useful information
is obtained by knowing how well it implements the specification, or how far
it is deviating. Of course, the answer to this “how far” question might be
oo, due to discrete errors as in Figure but in case it is finite, useful
knowledge may be gained, for example as to how much more implementation
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effort is needed, or whether one can satisfy oneself with this slightly imperfect
implementation. Our approach will hence again be to replace satisfaction and
refinement relations by satisfaction and refinement distances.

Related Work

The distance-based approach to quantitative verification has been developed
the furthest for probabilistic and stochastic systems. Panangaden and De-
sharnais et.al. have worked with distances for Markov processes in [DGJP04,
FPP05,DGJP99,DLT08,DJGP02, Pan09, LMP12,BBLM13] and other papers,
and van Breugel and Worrell et.al. have developed distances for probabilistic
transition systems in [vBW05,vBWO01,vBWO06|. De Alfaro and Stoelinga et.al.
have worked on distances between probabilistic systems and specifications
in [dAFHT05,dAHM03,dAMRS07,CdAFT06,(CdAMR10,dAMRS08,dAFS04]
and other papers.

For real-time and hybrid systems, some explicit work on distances is avail-
able in [HMPO5,|CHP11,|QFD11]. Otherwise, distances have been used in ap-
proaches to robust verification [LLTW11,BLM ™11}, and Girard et.al. have de-
veloped a theory of approximate bisimulation for robust control [ZG09,GP07].

Also general work on distances for quantitative systems where the precise
meaning of the quantities remains unspecified has been done. Van Breugel
has developed a general theory of behavioral pseudometrics [vB01,[BvBR9S|
vB96|[vB05]. Henzinger et.al. have employed distances in a software engineer-
ing context in [CHR12,/CHR10] and for abstraction refinement and synthesis
in [CHR13, CH11,|CCH* 11, CCHR14, CAAF*06].

Common to all the above distance-based approaches is that they introduce
distances between systems, or between systems and specifications, and then
employ these for approximate or quantitative verification. However, depend-
ing on the application context, a plethora of different distances are being used,
motivating the need for a general theory. This is a point of view which is also
argued in [CHR13,/CdAF*06].

To be more specific, most of the above approaches can be classified ac-
cording to the way they measure distances between erecutions, or system
traces. The perhaps easiest such way is the point-wise distance, which mea-
sures the greatest individual distance between corresponding points in the
traces. Theory for this specific distance has been developed in [dAFS09,
dAFHT05,|dAFS04, BLM™11] and other papers. Sometimes discounting is
applied to diminish the influence of individual distances far in the future, for
example in [dAFS09,|dAFH ™05, dAFS04].

Another distance which has been used is the accumulating one, which
sums individual distances along executions. Two major types have been con-
sidered here: the discounted accumulating distance e.g., in [CHR10,dAHMO03,
AT11,dAFHT05] and the limit-average accumulating distance e.g., in [CHR10,

7
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AT11]. Both are well-known from the theory of discounted and mean-payoff
games [EM79,/ZP96|.

For real-time systems, a useful distance is the mazimum-lead distance
of [HMPO5| which measures the maximum difference between accumulated
time delays along traces. For hybrid systems, things are more complicated,
as distances between hybrid traces have to take into account both spatial and
timing differences, see for example |[QFD11}/Gir10,ZG09,GP07].

A General Theory of Quantitative Verification

Depending on the application context, many different types of distances are
being employed in quantitative verification. Consequently, there is a need for
a general theory of system distances which abstracts away from the concrete
distances and develops quantitative verification at a level independent of the
distance. It is our view that in a theory of quantitative verification, the
quantitative aspects should be treated just as much as input to a verification
problem as the qualitative aspects are.

In this work we develop such a general theory of quantitative verifica-
tion. We assume as input a distance between traces, or executions, and then
employ the theory of games with quantitative objectives to define distances
between quantitative systems. Different versions of the (quantitative) bisimu-
lation game give rise to different types of distances, viz. bisimulation distance,
simulation distance, trace equivalence distance, etc., enabling us to construct
a quantitative generalization of the linear-time—branching-time spectrum.

We also extend our general theory of quantitative verification to a theory
of quantitative specifications. For this we use modal transition systems, and
we develop the quantitative properties of the usual operators for behavioral
specification theories. All this is independent of the concrete distance between
traces which is utilized.

Contributions

In the following chapters we present work based on eight papers, published
between 2009 and 2020 by the author of this thesis with different co-authors,
on quantitative verification and quantitative specification theories. The first
three, Chapters[2]to[d] are each concerned with properties of three specific sys-
tem distances: the point-wise distance, the discounted accumulating distance,
and the maximum-lead distance. The next Chapter [5] develops our general
theory of quantitative verification and shows basic properties. Chapters [0]
and [7] then extend this theory to specification theories, first for the discounted
accumulating distance in Chapter [6] and then for the general setting in Chap-
ter [l In Chapter [§ we take a break from the quantitative setting in order
to introduce an extension of modal transition systems and show that the so-
obtained specification theory is closely related to other popular specification
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formalisms. The final Chapter 9] extends these results to general quantitative
and develops their properties.

Compared to their sources, all chapters have been heavily redacted in
order to correct errors, unify notation, and smoothen the presentation. Any
remaining errors are the sole responsibility of the author of this thesis.

Geometric Preliminaries

Before we can give an overview of our contributions, we recall a few standard
notions from geometry and topology which we will use throughout. Let R>qU
{o0} denote the extended non-negative reals.

A hemimetric on a set X is a function d : X x X — R>¢ U {oo} which
satisfies d(x,z) = 0 and d(z,y) +d(y, z) > d(x, z) (the triangle inequality) for
all z,y,z € X. The hemimetric is said to be symmetric if also d(z,y) = d(y, x)
for all x,y € X; it is said to be separating if d(z,y) = 0 implies z = y.

A symmetric hemimetric is generally called a pseudometric, and a hemi-
metric which is both symmetric and separating is simply a metric. The tuple
(X, d) is called a (hemi/pseudo)metric space.

Note that our hemimetrics are extended in that they can take the value
oo. This is convenient for several reasons, cf. [Law73], one of them being that
it allows for a disjoint union, or coproduct, of hemimetric spaces: the disjoint
union of (X1,d;) and (Xo,ds2) is the hemimetric space (X1, d;)W(X1,ds) =
(X1W X5, d) where points from different components are infinitely far away
from each other, i.e., with d defined by

dl(l',y) ifxayeXla
d(z,y) = {da(z,y) if 2,y € X,

00 otherwise.

The product of two hemimetric spaces (X1,d;) and (X2, d2) is the hemimetric
space (X1,d1) x (X2,d2) = (X1 X Xo,d) with d given by d((z1,z2), (y1,42)) =
max(dy (21, 1), d2(72,92))-

The symmetrization of a hemimetric d on X is the symmetric hemimetric
d: X x X — Rsg U {oo} defined by d(x,y) = max(d(x,y),d(y,z)); this is
the smallest among all pseudometrics d’ on X for which d < d’. The topology
generated by a hemimetric d on X is defined to be the same as the one
generated by its symmetrization d; it has as open sets all unions of open balls

B(z;r) ={y € X |d(z,y) <r}, for z € X and r > 0.

A continuous function f : X — X on a pseudometric space (X, d) is called
a contraction if there exists 0 < o« < 1 (its Lipschitz constant) such that
d(f(z), fy)) < ad(zx,y) for all z,y € X.

Two pseudometrics di, do on X are said to be
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e topologically equivalent provided that for all z € X and all ¢ € R4,
there exists 6 € Ry such that di(z,y) < ¢ implies da(z,y) < € and
da(z,y) < 6 implies dy(z,y) < € for all y € X,

o Lipschitz equivalent if there exist m, M € Ry such that md;(z,y) <
do(z,y) < Mdyi(z,y) for all z,y € X.

Hemimetrics are topologically or Lipschitz equivalent if their symmetrizations
are.

Topological equivalence is the same as asking the identity function id :
(X,d1) — (X, d2) to be a homeomorphism, and Lipschitz equivalence implies
topological equivalence.

Topological equivalence of di and dsy is also the same as requiring the
topologies generated by d; and ds to coincide. Topological equivalence hence
preserves topological notions such as convergence of sequences: If a sequence
(x) of points in X converges in one pseudometric, then it also converges in
the other. As a consequence, topological equivalence of hemimetrics dy and
do implies that for all z,y € X, di(z,y) = 0 if, and only if, da(z,y) = 0.

Topological equivalence is the weakest of the common notions of equiva-
lence for metrics; it does not preserve geometric properties such as distances or
angles. We are hence mainly interested in topological equivalence as a tool for
showing negative properties; we will later prove a number of results on topo-
logical inequivalence of hemimetrics which imply that any other reasonable
metric equivalence, such as Lipschitz equivalence, also fails for these cases.

The Hausdorff hemimetric associated with a hemimetric d : X x X —
R>o U {co} is the function d : 2% x 2% — R>q U {oo} given for subsets
A, B C X by

d%(A, B) = sup inf d(z,y).
r€AyeEB

This is a well-known construction for metric spaces, cf. [Mun00,/AB07]; there
it is usually symmetrized and defined only for closed subsets, in which case

it is a metric. The following alternative formulation follows straight from the
definition:

Proposition. For a hemimetric d on X, A,B C X, and ¢ € Ry, we have
d(A,B) < e if and only if for any © € A there exists y € B for which
d(z,y) <e.

A sequence (z;) in a metric space X is a Cauchy sequence if it holds that
for all & > 0 there exist N € N such that d(z,,z,) < e for alln,m > N. X
is said to be complete if every Cauchy sequence in X converges in X.

Finally, we recall the Banach fixed-point theorem: Any contraction on a
complete metric space has precisely one fixed point.

10
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Chapter [2] “Quantitative Analysis of Weighted Transition Systems”

In Chapter [2] we introduce the point-wise, accumulating and maximum-lead
trace distances, all in a discounted version which allows to diminish the in-
fluence of future differences. In a notation which is simpler than the one
used in Chapter [2| and follows the one of later chapters, these are given
as follows. Let IK be a set of symbols together with an extended metric
dg : K xK — R>oU {oo}. A trace o0 = (09, 01,...) is an infinite sequence of
symbols in IK. Let A € R>g with A <1 be a discounting factor and o and 7
traces.

e The point-wise trace distance between o and 7 is

d.T(U7 T) = sup /\idk(ai, i) -
i>0

e The accumulating trace distance between o and 7 is

di(o,7) = Ndk(os, 7).
i>0

e The mazimum-lead trace distance between o and 7 is

dl(o,7) = sup /\i‘ Z (o; — 1) -
20 o<j<i

Note that the definition of the last distance requires extra structure of addition
and subtraction on K; generally this is only used for K = Z or K = RR.

We then use these trace distances to define point-wise, accumulating and
maximum-lead linear distances between states in weighted transition systems.
If d7 is any of the above trace distances, then the linear distance between two
states s and t of a transition system is defined to be

d-(s,t) = sup inf d'(o,7),
c€E€Tr(s) T€Tr(t)

where Tr(s) denotes the set of traces emanating from s, similarly for Tr(t).
This is thus the Hausdorff distance from Tr(s) to Tr(¢); note that the definition
is independent of which particular trace distance is used.

Example. We show a computation of the different distances between the
states s; and ¢; in the transition system in Figure Edges without specified
weight have weight 0, and the discounting factor is A = .90.

It is easy to see that supremum trace distance is obtained for the path
from s; which always turns left at so, 7.e., takes the transition s ELN s4, and
then for the point-wise and accumulating trace distances, that the matching

11
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S1 3]
3 K
3 /
to ts
S2
y K 5 15
S4 S5 ty t5

Figure 1.6: Two example transition systems

trace from t; giving infimum trace distance in turn is obtained for the path
which always takes the transition ¢; 4 t3. Hence we can compute

ds(s1,t1) = sup { max(1,4-.90) - .90} = 3.60,
A

d5 (s, t1) = (1+4-.90).90% ~ 17.0.

2

For maximum-lead trace distance the situation is more involved. It can
be shown that for this distance, an infimum trace 7 from t; follows the path
which takes t1 4, ts, followed by 1 3, to three times, and then repeats t; 4, t3
indefinitely. Using this trace, we obtain

d%(s1,t) = 13-.90" ~ 4.53. O

The definition of branching distance is not independent of which trace
distance is being used. We only give the definitions for the first two of our
example trace distances. They are defined as least fixed points to the following
equations:

dS(s,t) = sup inf max (dx(z,y), \ds(s',t'))
s—rs! tot!

d%(s,t) = sup inf di(z,y) +\d5(s', 1)
s—rs! tot!

1.3 Example. Continuing the previous example, repeated application of the def-
inition yields the following fixed-point equation for d2(s1,#;) (note that there

12
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is only one transition from si, to and t3, respectively):

x (13 — 3|,.90dB (s, t2))

(

B

dg (s1,t1) = lnf{ (13 — 4],.90 d2 (s9, t3))
(0,

(

ma
aX
ax (0,.90 [11 — 5[,.90%dB (s4,t4), .90 |5 — 5|,.90%dB (s5,4))
- { ax (1,.90 [11 — 15[,.90%d5 (s4, t5),.90 |5 — 15[,.90%dE (s5, t5))
o { max (5.4, 90%dB(s1, t1))
max (9, 90348 (s1,t1))

which has least fixed point dB(sy,t1) = 5.4. For the accumulating distance,
we calculate:
13 — 3| +.90d% (s2, t2)
‘3 — 4| + .90 dE(SQ, tg)
11 — 5| + .90 d® (s4,t4)
90 sup 5
|5 — 5] 4 .90d3 (s5,t4)

d?_(sl,tl) nf{

=it 111 — 15| + .90 dB (54, t5)
— +. 84,1
1+ .90sup B+ b
‘5—15’+.90d+(85,t5)
6+ .90%d2 (s1,t1)
.90 sup 5 .8
. .90 d+(51,t1)
= inf

4+ .90%d8 (s1,t1)

10 +.90%d% (s1,t1)

= inf (.90(6 4 .90%d% (51, 1)), 1+ .90(10 + .90%d® (s1,11)))
=5.4+.90%d% (s1,11)

14 .90sup {

Hence d& (s1,t1) =~ 19.9. O

Linear distances generalize trace inclusion for transition systems, whereas
branching distances generalize simulation. We show that the linear distance
between two states is always bounded above by the corresponding branching
distance (Theorem , a generalization of the fact that simulation implies
trace inclusion.

We also show that the point-wise linear and the point-wise branching dis-
tances are topologically inequivalent, that is, one may be zero while the other
is infinite. This is a quantitative generalization of the fact that trace inclusion
and simulation are not equivalent. We show the same topological inequiva-
lence for the accumulating and maximum-lead distances (Theorem [2.14)).

When discounting is applied, then the point-wise, accumulating and max-
imum-lead linear distances are Lipschitz equivalent (Theorem ; similarly,

13
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the three branching distances are Lipschitz equivalent (Theorem . With-
out discounting, the distances are topologically inequivalent. Lipschitz equiva-
lence means that one distance is bounded by the other, multiplied by a scaling
factor; hence properties of one distance may be transferred to the other.

Chapter [2] is based on work by the author’s PhD student Claus Thrane,
Kim G. Larsen, and the author, which has been presented at the 20th Nordic
Workshop on Programming Theory (NWPT) |[TFLO§| and subsequently pub-
lished in the Journal of Logic and Algebraic Programming (now the Journal
of Logical and Algebraic Methods in Programming) in 2010 [TFL10].

Chapter [3] “A Quantitative Characterization of Weighted Kripke Structures
in Temporal Logic”

In Chapter |3| we consider the discounted point-wise and accumulating dis-
tances and introduce corresponding semantics for weighted CTL. In these se-
mantics, the evaluation of a formula in a state is not a Boolean true or false,
but instead a non-negative real number (or infinity) which, intuitively, charac-
terizes how well the state satisfies the formula. Our syntax for WCTL extends
the one of CTL |CES81] as follows:

(I):::p’—!p’q)l/\q)2|¢’1\/¢)2 ’ E\I/|A\I/
U= X, ® | Go® | Fod | [@1U.Ps)]

Here, as usual, ® generates state formulae whereas W generates path formulae,
p is an atomic proposition, and ¢ € R>( is any non-negative real number.

Semantically, formulae are interpreted in states of a Kripke structure with
labels in K, and the result of such an interpretation is a non-negative real
number. First, the semantics of state formulae is given as follows:

_Jo ifpeL(s) l(s) —
Ip)(s) = {oo otherwise [=rl(s) = {

[e1 vV @2l(s) = inf {[ea](s), [l ()} [o1 A 2D(s) = sup {[pr][(5), [ie2](s) }
[Ev](s) = inf {[¥](c) [0 € Tr(s)}  [AP](s) =sup{[¢](o) | o € Tr(s)}

0 ifpe AP\ L(s)

oo otherwise

In the last two formulae, [1](o) is the semantics of the trace o with respect
to v, which depends on whether the point-wise or the accumulating distance

14
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is used. For example, the point-wise path semantics is given as follows:

[¢l(o) = [¢l(o0)
[Xe) (o) = max (dxc (o0, ), Al (o) |

[Fee)(o) = inf (max (max (Vdx(o;,)), N[e](0"))

0<j<k
[Gel () = sup (max (max, (Ve (o5, ), X[ ("))

[1Uep2](0) = inf (max ( max (W ([e1](07), ), A2l (7)) )
Here 0% = (0,041, ...) denotes the k-shift of the trace o = (0g, 01, ...).

We then show in Theorems[3.1T]and 3.13]that with these semantics, WCTL
is adequate for the corresponding bisimulation distances. That is, the bisimu-
lation distance between two states is precisely the supremum, over all WCTL
formulae, of the absolute value of the difference of the formula’s evaluation in
these two states.

We also show, in Theorems and that with the corresponding
semantics, WCTL is expressive for the discounted point-wise and accumulating
distances. This means that given a state in a Kripke structure, there exists a
WCTL formula which characterizes the state in the sense that the bisimulation
distance to any other state is precisely the evaluation of the formula in that
state.

Our notions of adequacy and expressiveness are standard quantitative gen-
eralizations of Hennessy and Milner’s definitions from [HMS85|.

Chapter [3] is based on work by the author’s PhD student Claus Thrane,
Kim G. Larsen, and the author, which has been presented at the 5th Confer-
ence on Mathematical and Engineering Methods in Computer Science
(MEMICS; best paper award) [FLT09] and subsequently published in the
Journal of Computing and Informatics [FLT10].

Chapter [d] “Metrics for Weighted Transition Systems: Axiomatization”

In Chapter [4]we develop sound and complete axiomatizations of the point-wise
and the discounted accumulating distances for finite and for regular weighted
processes. In this context, a finite weighted process is given using the grammar

E:=0|nE|E+E| neclk,

where KK is a finite set of weights, with a metric dik, and 0 denotes the empty
process. A regular weighted process is given using the grammar

E:=U|X|nE|E+FE|uX.E neK,XeV,

where V is a set of variables, U is the universal process, and uX.E denotes a
minimal fixed point.
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Figure 1.7: Axiomatization of point-wise and discounted accumulating dis-
tance for finite weighted processes

We then give axiomatizations of the point-wise and the discounted ac-
cumulating distances for finite weighted processes, as shown in Figure
These differ only in one proof rule: for the point-wise distance, rule (R1°®)
applies, for the discounted accumulating distance, rule (R17). We show the
axiomatizations to be sound and complete in Theorems [4.8] [£.9] and [4.10]

For regular weighted processes, we develop similar axiomatizations, which
we then show to be sound and e-complete in Theorems [£.12], [£.16] and [4.17]
Here, e-completeness means that a distance of d can be proven within an
interval [d — e,d + €], for any positive real €.

Chapter [ is based on work by the author’s PhD student Claus Thrane,
Kim G. Larsen, and the author, which has been published in Theoretical
Computer Science [LFT11].

Chapter [f], “The Quantitative Linear-Time—Branching-Time Spectrum”

Chapter [5| presents a generalization of the work in Chapter [2|along several di-
rections. Instead of developing theory separately for different trace distances,
we treat the trace distance as an input and develop a general theory of linear
and branching distances pertaining to a given, but unspecified, trace distance.

Let again KK be a set of symbols, and denote by K* = K* U K% the
set of finite and infinite traces in K. A trace distance is, then, a function
d: K® xK* — Rx>oU{oo} which satisfies d(o,0) = 0 and d(o, 7) +d(7, x) >
d(o,x) for all o,7,x € K*, and additionally, d(o,7) = oo if o and 7 have
different length.
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Given such a general trace distance d, we can define the linear distance
between two states s and ¢ of a transition system by
dttrace(s t) = sup inf d(o,7)
o€Tr(s) TETr(t)
as before. As this generalizes the standard trace inclusion preorder, we now
call this the (1-nested) trace inclusion distance.

Using a quantitative Ehrenfeucht-Fraissé game, we can then define a cor-
responding (1-nested) simulation distance d*>™ and show that d'"'"3(s,t) <
dm (s, t) for all states s, t. Similarly, we can define the (1-nested) trace
equivalence distance between s and t by

dltraceed (g 1) = max ( sup inf d(o,7), sup inf d(o, T))
o€Tr(s) T€Tr(t) TETr(t) o€Tr(s)
and use a different quantitative Ehrenfeucht-Fraissé game to define the bisim-
ulation distance d”*'™, with the property that d'-trace-ed(s t) < dPim (s, ¢) for
all s, t.

In Chapter 5], we generalize these considerations to define linear and branch-
ing distances for most of the preorders and equivalences in van Glabbeek’s
linear-time—branching-time spectrum [vGO1]. Hence we can define nested
simulation distances, ready simulation distances, possible-futures distances,
readiness distances, and others, all parameterized by the given-but-unspecified
trace distance. The resulting quantitative linear-time—branching-time spec-
trum is depicted in Figure [1.8

We also show that if the trace distance has a recursive characterization
in a lattice L above R>¢ U {oo}, then all distances in the quantitative linear-
time—branching-time spectrum have a fized-point characterization over L. As
an example, if d : K> x KK* — R> U {oo} is the point-wise distance, then

d(o,7) = F(09,0,d(c", "))

for all o,7 € K> (recall that oy denotes the head of o and ol its tail),
where F' : K x K x (R>¢ U {o0}) = R>o U {oo} is given by F(z,y,a) =
max (di (z,y), Aa). (In this case, the lattice L = R>o U {oo}.)

The simulation distance is then the least fixed point to the equations

d"S™m(s,t) = sup inf F(z,y,d"5™(s',t)).
s—>s! t5t!
If, instead, d is the discounted accumulating distance, then the above equations
hold for F replaced by F(z,y,a) = dk(x,y) + .

Chapter [b| is based on work by the author’s PhD student Claus Thrane,
Kim G. Larsen, Axel Legay, and the author, which has been presented at the
9th Workshop on Quantitative Aspects of Programming Languages (QAPL)
[FTL11] and the 31st IARCS Conference on Foundations of Software Technol-
ogy and Theoretical Computer Science (FSTTCS) [FLT11]| and subsequently
published in Theoretical Computer Science [FL14b].
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Figure 1.8:  The quantitative linear-time—branching-time spectrum. The
nodes are different system distances, and an edge di — do or di --» do
indicates that di(s,t) > da(s,t) for all states s, ¢, and that d; and do in
general are topologically inequivalent.
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Chapter [0} “Weighted Modal Transition Systems”

Chapter [6] presents a lifting of our work on quantitative verification to quan-
titative specification theories. Fundamental to specification theories is the
refinement relation which permits to successively refine specifications until an
implementation is reached. Here implementations are the models with which
previous chapters were concerned, i.e., transition systems. In the context of
quantitative verification, we have in previous chapters replaced equivalence
relations and preorders between models by linear and branching distances.
Similarly in spirit, we replace in this chapter the refinement relation with a
refinement distance, in order to be able to reason quantitatively about quan-
titative specifications.

In Chapter [6] we treat a special case of quantitative specification theory,
using models which are transition systems whose transitions are labeled with
symbols from a discrete alphabet 3 and with integers. We also use one partic-
ular distance, the discounted accumulating one. In the following Chapter
we generalize this setting to arbitrary models and specifications and arbitrary
distances.

In the specifications of Chapter [6] integer weights are relaxed to integer
intervals and, as usual in modal specifications, transitions can be of type must
or of type may. Hence we define a weighted modal transition system (WMTS)
to be a structure S = (.9, 5", --», —) consisting of a set of states S with an
initial state s° € S and transition relations —s, --» C S x Spec x S such that
for every (s, k,s’) € — there is (s,¢,s') € --» where k < {. Here

Spec = X x {[z,y] |z € ZU {—o0},y € ZU {oo},z < y}

is the set of (weighted) specification labels, and the partial order < on Spec is
defined by (a,I) < (¢/,I') ifa=da" and I C I'.
A WMTS S as above is an implementation if — = --» C § x Imp x S,
where
Imp =X x {[z,2] |z €Z} ~ T x Z

is the set of (weighted) implementation labels in Spec: the minimal elements
of Spec with respect to <.

Now in a standard modal refinement &1 <., So, must-transitions in S
must be preserved in S1, whereas may-transitions in &; must correspond to
may-transitions in Ss. Using the accumulating distance with a discounting
factor A < 1, and our work in Chapter [f], we extend this to a modal refinement
distance which is defined as follows. First, a distance on specification labels
is introduced by dspec((a, I), (¢/,I")) = o0 if a # o’ and

dSpec((aa [.CC, y])? (a7 [xla y/D) = Ssup inf ’Z - Z/’
z€[zy] 2’ €’ Y]

=max(z' —z,y —y,0).
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The modal refinement distance between the states of weighted modal tran-
sition systems S; = (51,5}, --+1, —1) and Sy = (S9,5), -+, —>2) is then
defined to be the least fixed point of the equations

sup  inf  dspec(k1, k2) + Adm(t1,12),

k1 ko
s1--+1t1 S2--22t2

sup inf dSpec(kla k?) + Adm (tla t2) s

ko k1
So—rat2 sS1—>111

and then dp,(S1,S2) = dm(sY, s9).

We show in Theorem that the modal refinement distance bounds the
so-called thorough refinement distance: for any implementation Z; <, S,
there is an implementation Zs <., Sy such that d(Z1,Z2) < dm(S1,S2). Hence
the modal refinement distance between two specifications can serve as an over-
approximation of how far respective implementations can deviate from each
other.

Modal specifications come equipped with a logical operation of conjunc-
tion and with structural operations of composition and quotient. Conjunction
is the greatest lower bound in the modal refinement preorder. We show that
such a conjunction exists in our formalism, but that it does not satisfy a nat-
ural quantitative generalization of the greatest lower bound property; in fact,
Theorem [6.24] shows that there is no operation A on WMTS which satisfies
that for any € > 0, there exist £1,e2 > 0 such that whenever dy,(S5,51) < &1
and dm (S, S2) < ey for some WMTS S, S, 53, then dy(S,S1 A Se) <e. Con-
junction is thus, in this sense, discontinuous; we shall see in the following
Chapter [7] that this is a fundamental problem with any quantitative specifi-
cation theory.

For structural composition, we use CSP-style synchronization on labels
and addition of intervals. That is, synchronization (a,I) @ (a/,I") on Spec is
undefined if a # d’, and otherwise

(a,[z,9]) @ (a, [, ]) = (a, [z + 2",y +9]).

Using this label operation, we show in Theorem that there is a struc-
tural composition operator || for WMTS which satisfies dm(S1]|Ss, S2||S1) <
dm (81, 82) +dm(Ss, Sq) for all WMTS Sy, Sa, S3, S4. This property of indepen-
dent implementability ensures that composition preserves distances. We also
show in Theorem [6.29] that structural composition admits a partial inverse, a
quotient operation / such that dpy(Ss3,S1/S2) = dm(S2||S3,S1) for all WMTS
81, 89, 3 whenever Sy is deterministic. The quotient operation can hence be
used to synthesize partial specifications also in this quantitative context.

Chapter [6] is based on work by Sebastian S. Bauer, Line Juhl, Claus
Thrane, Kim G. Larsen, Axel Legay, and the author, which has been pre-
sented at the 36th International Symposium on Mathematical Foundations of
Computer Science (MFCS) [BFJT11] and subsequently published in Formal
Methods in System Design [BFJT13].

dm(Sl, 82) = Imax
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1.2.7 Chapter , “General Quantitative Specification Theories with Modal
Transition Systems”

In Chapter [7] we develop a general setting for quantitative specification the-
ories. Combining the work in Chapters [5] and [f], we work in a setting of
modal transition systems which are labeled with elements in a partially or-
dered set Spec of specification labels. The set of implementation labels is then
Imp = {k € Spec | ¥ < k = k' = k}, and implementations are Imp-labeled
transition systems.

We assume given an abstract trace distance d : Spec™ x Spec®™ — IL, where
L = (R>oU{0o})™, for an arbitrary set M, is the lattice of functions from M
to R>o U {oco}. We also assume that there exists a distance iterator function
F : Spec x Spec x I — IL such that d(o,7) = F(0g,79,d(c!, 7)), similarly to
the recursive characterization developed in Chapter

We can then introduce an abstract modal refinement distance between
the states of two such structured modal transition systems (or SMTS) S =
(S, s09,--+5,—s) and T = (T, tg,--+1,—1) to be the least fixed point, in
L, to the equations

sup inf F(k, £, dn(s,t)),
s—lf-)ssl t—féTt/
sup inf  F(k,l,dn(s, 1)),

£ k
t—spt! s—rgs’

dm(s,t) = max

and let dm(S,T) = dm(s0,to)-

For conjunction of SMTS, we introduce a property of conjunctive bound-
edness on labels in Spec which implies, c¢f. Theorem that conjunction of
SMTS is uniformly bounded in the sense that the modal refinement distance
from an SMTS U to a conjunction S AT is bounded above by a uniform func-
tion of the distances dm(U,S) and dm (U, T). Unfortunately, it turns out that
common label conjunction operators are not conjunctively bounded, hence
we propose another property of relaxed conjunctive boundedness which does
hold for common label operators, and show in Theorem that it implies a
similar property for SMTS conjunctions.

For structural composition, we generalize the work in Chapter [6] by intro-
ducing an abstract notion of (partial) label composition ® on Spec. Assuming
that this operator is recursively uniformly bounded in the sense that there
exists a function P : IL x IL — IL such that

FkoK Lol ,P(a,d)) Cr, P(F(k, 4, ), F(K, 0, d))

for all k,¢, k", /' € Spec and «, o’ € IL for which k @ ¥ and £ @ ¢’ are defined,
we can then show in Theorem [7.23] that independent implementability holds,
ViZ.

A (S|IS", TIIT') B P(dm(S, T), dm(S', T'))
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for all SMTS S, 7, &', 7'. In examples, we expose several different label
composition operators and show that they are uniformly bounded. We show
that the quotient operator / from Chapter |§| has a similar generalization to
SMTS.

We also show in Chapter [7] that quantitative refinement admits a logi-
cal characterization, generalizing the work in Chapter We use standard
Hennessy-Milner logic, with formulae generated by the syntax

¢, 01,02 :=tt [ | (()d | [{]o | p1 A2 | 1V h2 (¢ € Spec)

and with quantitative semantics S — L, for an SMTS § = (5, sg, --+5, —5)
given as follows:

[tt]s = L [ff]ls=T
[(¢1 A ¢2)]s = max([¢1]s, [¢]25) [(#1V ¢2)]s = min([¢1]s, [¢2]s)
[(0)¢]s = inf{F(k, €. [¢]t) | s — t.d(k,0) # Tr}
[[616]s = sup{F(k, ¢, [¢]t) | s > t,d(k, £) # Tr.}

Writing [¢]S = [¢]so, we can then show in Theorem that this logic
is quantitatively sound for the modal refinement distance, in the sense that
[¢]S CL [¢]T &L dm(S,T) for all formulae ¢ and all SMTS S, 7. For
disjunction-free formulae, we can show a complementary completeness result
in Theorem namely that [¢]S = supzc[s[¢]Z for all disjunction-free ¢
and all SMTS S, where [S] denotes the set of implementations of S.

Chapter [7] is based on work by Sebastian S. Bauer, Claus Thrane, Axel
Legay, and the author, which has been presented at the 7th International
Computer Science Symposium in Russia (CSR) [BFLT12] and subsequently
published in Acta Informatica |[FL14a].

Chapter [8] “Logical vs. Behavioral Specifications”

Chapter [§] departs from the quantitative setting of this thesis in order to
introduce a generalization of modal transition systems which turns out to
be somewhat more well-behaved both in a qualitative setting and also in
the quantitative setting of the subsequent Chapter 0] Extending Larsen and
Xinxin |[LX90b], we define a disjunctive modal transition system (DMTS) to
be a structure D = (5, 5%, --», —) consisting of finite sets S O S of states
and initial states, a may-transition relation --» C S x ¥ x S, and a disjunctive
must-transition relation — C S x 255,

DMTS hence generalize MTS in that they allow for multiple (or zero)
initial states and permit must transitions to branch to a disjunction of desti-
nation states. As an example, Figure [I.9 shows a DMTS expressing the CTL
property

AG(req = AX(work AW grant))
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grant, work, idle

I

LY req
T
grant work

Figure 1.9: DMTS corresponding to the CTL property AG(req = AX(work
AW grant))

(here “AW” denotes the weak-until operator): “at all time points after exe-
cuting req, no idle nor further requests but only work is allowed until grant
is executed”. The same property may be expressed as a recursive system of
equations in Hennessy-Milner logic [Lar90b| as

X = [grant, idle, work] X A [req]Y
Y = ((work)Y V (grant) X) A [idle, req]ff

where the solution is given by the maximal fixed point.

In Chapter [8] we exhibit an equivalence between DMTS and Hennessy-
Milner logic with maximal fixed points (the modal v-calculus) and also with
a non-deterministic extension of the acceptance automata of [Hen85, Rac08§].
This allows one to freely switch between formalisms and, more importantly, to
generalize the logical and structural operations on specifications and expose
their algebraic properties.

We thus show in Theorem that DMTS (and hence also acceptance
automata and the modal v-calculus) admit notions of conjunction and dis-
junction which are greatest lower, respectively least upper bounds, in the
modal refinement order. That is, DMTS form a bounded distributive lattice
up to modal equivalence.

We also generalize structural composition and quotient to DMTS and fur-
ther introduce quotients S1/Ss also for the cases where Sy is not deterministic.
Theorem [8.33| then shows that quotient is a residual to structural composition,
with defining property

S1]|S2 <m S5 = S2 <im S3/S1

as before, but now without any restrictions on the involved specifications.
Combining the four operations, DMTS form a commutative residuated lat-

tice |JT02] up to modal equivalence. As an example, this immediately entails

the following properties which may be used in a calculus of specifications:

S1[(S2/83) <m (S1[152)/S3 S1/82 <m (S11183)/(S2(|S3)
(S1/82)[1(S2/83) <m S1/S3 (851/82)/83 =m (51/83)/S2
S1/(82(1S3) =m (51/S2)/Ss S|(S/8) =m S
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Chapter [§] is based on work by Nikola Benes, Jan Kretinsky, Axel Legay,
Louis-Marie Traonouez, and the author, which has been presented at the 24th
International Conference on Concurrency Theory (CONCUR) [BDF 13| and
at the 11th International Colloquium on Theoretical Aspects of Computing
(ICTAC) [FLT14b| and subsequently published in Information and Computa-
tion [BFK™20].

Chapter [9, “Compositionality for Quantitative Specifications”

The final Chapter 0] combines the work of Chapters[fland[8] It introduces gen-
eral quantitative specification theories based on disjunctive modal transition
systems [LX90b| and (non-deterministic) acceptance automata [Hen85,Rac0g]
on the one hand and abstract trace distances on the other hand.

As in Chapter [7] specification labels are partially ordered by a label re-
finement relation <, and implementation labels are those specification labels
which cannot be further refined. We also assume partial conjunction and
synchronization operators on labels and work with specification-labeled dis-
junctive modal transition systems and acceptance automata.

Also as in Chapter [7], we assume given a recursively specified distance on
specification traces, which takes values in a commutative quantale: a com-
plete lattice I together with a commutative operation @1, which distributes
over arbitrary suprema. We then generalize the translations between DMTS,
acceptance automata, and the modal v-calculus from Chapter [§| to our gen-
eral setting and show in Theorem that they respect modal refinement
distances: denoting the translations by da, dn etc.,

dm (D1, D2) = dm(da(D1), da(D2)),
dm (A1, A2) = dm(ad( A1), ad(A2)),
dm (D1, D2) = dm(dn(Dy), dn(Dz)),
dm (N1, N2) = dm (nd(N7), nd(N2)).

We then turn to the quantitative properties of the operations and show
in Theorem that disjunction is quantitatively sound and complete in
the sense that dn(S1 V S2,83) = max(dm(S1,S3), dm(S2,S3)) for all specifi-
cations 81, S and S3. Conjunction on the other hand is only quantitatively
sound, for the same reasons as exposed in Chapter [f] Assuming a uniform
bound on label synchronization, we again derive a quantitative version of in-
dependent implementability in Theorem [0.28] We also show in Theorem [9.29]
that with our new generalized definition of DMTS quotient, it holds that
A (81|82, S3) = dm(S2,S3/S1) for all specifications Si, So and Ss.

Chapter [9] is based on work by Jan Kietinsky, Axel Legay, Louis-Marie
Traonouez, and the author, which has been presented at the 11th International
Symposium on Formal Aspects of Component Software (FACS) [FKLT14] and
subsequently published in Soft Computing [FKLT18].
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Applications

Our theory of quantitative specification and verification has found applications
in robustness of real-time systems, feature interactions in software product
lines, compatibility of service interfaces, text separation, and other areas. We
present four such applications here.

A Robust Specification Theory for Modal Event-Clock Automata

The paper [FL12|, written by Axel Legay and the author and presented at
the Fourth Workshop on Foundations of Interface Technologies, contains an
application of the general quantitative framework of this thesis in the area
of real-time specifications. We define a notion of robustness for the modal
event-clock specifications (MECS) of [BLPR09, BLPR12].

We propose a new version of refinement for MECS which is adequate to
reason on MECS in a robust manner. We then proceed to exhibit the prop-
erties of the standard operations of specification theories: conjunction, struc-
tural composition and quotient, with respect to this quantitative refinement.
We show that structural composition and quotient have properties which are
useful generalizations of their standard Boolean properties, hence they can
be employed for robust reasoning on MECS. Conjunction, on the other hand,
is generally not robust, but together with the new operator of quantitative
widening can be used in a robust manner.

MECS are modal transition systems in which may- and must-transitions
are labeled with symbols from a set > and annotated with constraints which
are used to enable or disable transitions depending on the values of real vari-
ables. In the language of Section their semantics is given as SMTS over
the set

Spec = (£ x {[0,0]}) U ({6} x T) € (B U {4}) x T

of specification labels. Here I = {[z,y] | * € R>0,y € R>o U {0}, z < y}
is the set of closed extended non-negative real intervals, and 6 ¢ ¥ denotes a
special symbol which signifies passage of time.

The partial order on Spec is given by (a,[l,r]) < (a/,[I',7']) iff a = d/,
I >1,and r < ¢’ (hence [I,r] C [I',r']). Thus the implementation labels are
Imp = ¥ x {0}U{d} x R>, so that implementations are usual timed transition

systems with discrete transitions s 0 ¢ and delay transitions s M s

We use the maximum-lead distance to measure differences between timed
traces. For structural composition, we employ CSP-style label synchronization
and intersection of timing intervals; hence in a composition, the timing con-
straints are conjunctions of the components’ constraints. We then show that
structural composition is bounded and that conjunction is relaxed bounded;
the quotient operator is similarly well-behaved.
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Measuring Global Similarity between Texts

The paper [FBCT14|, written by Fabrizio Biondi, Kevin Corre, Cyrille Jé-
gourel, Simon Kongshgj, Axel Legay, and the author and presented at the
Second International Conference on Statistical Language and Speech Process-
ing, contains an application of some of the theory presented here to a problem
in statistical natural-language processing. We introduce a new type of dis-
tance between texts and show that it can be used to separate different classes
in corpuses of scientific papers.

We measure the similarity of two texts using a discounted accumulating
distance. Given two texts A = (ay,a2,...,an,) and B = (b1, b2,...,bny),
seen as finite sequences of words (and hence stripped of punctuation), we first
define an indicator function ¢; ;, for 7,5 > 0, by

{o if i < N4,j < Np and a; = bj,
hj =

1 otherwise,

and then -
d(Z, Js )‘) - Z Akdﬂrk,j+k )
k=0
for a discounting factor A € R>o with A < 1. This measures how much the
texts A and B “look alike” when starting with the tokens a; in A and b; in B.
This position match distance is then summarized and symmetrized as follows:

N,
CA BN =23 min dii,jN)
Ny = i=1..N5

d(A, B,)\) = max(d'(A, B, \),d (B, A, \))

We have implemented this computation and then used this implementa-
tion to statistically separate different types of scientific papers. In a first
experiment, we successfully separate 42 scientific papers from 8 automatically
generated “fake” scientific papers (using the tool SCIgenD). With very high
discounting, we also achieve a classification where papers which share au-
thors or are otherwise similar are classified as such. In a second experiment,
we compare 97 scientific papers with 100 “fake” ones generated by different
methods. Also here we achieve a complete classification. For high discounting
factors, our classifications are better than those achieved by other work using
bag-of-words distances.

Measuring Behavior Interactions between Product-Line Features

The paper |[AFL15|, written by Joanne M. Atlee, Axel Legay and the author
and presented at the 3rd IEEE/ACM FME Workshop on Formal Methods

"http://pdos.csail.mit.edu/scigen/

26


http://pdos.csail.mit.edu/scigen/

1.3. Applications

in Software Engineering, suggests a new method for measuring the degree to
which features interact in software product lines.

The paper first introduces a distance between labeled transition systems
which is similar to the (undiscounted) accumulating simulation distance, ex-
cept that every pair of states is only treated once. That is, the function
computing d(s, s') tries to match every transition s = ¢ in the first system S
with a transition s’ % ' in the second system S’. If no such exists, a missing
behavior is detected and 1 is added to the score; if there are transitions s’ — t/,
then distance is recursively computed for the pair ¢,# with the best match.
Once a pair of states has been checked for behavior mismatches in this way,
it is added to a Passed list of states which need not be checked again.

We model software product lines using featured transition systems, which
are transition systems in which transitions are conditioned on the presence or
absence of distinct features. A product is then simply a set of features, and
a product p has a behavior interaction with a feature f in a given featured
transition system § if the projection onto p of S and the projection onto p of
the projection onto p U {f} of S are not bisimilar.

We then generalize this notion to a behavior interaction distance, using
the above distance between transition systems. We give evidence that this is
a useful notion to assess the degree of feature interactions and show that it
can be efficiently computed on the given featured transition system, without
resorting to the projections.

1.3.4 Compatibility Flooding: Measuring Interaction of Behavioral Models

The paper [OFLS17], written by Meriem Ouederni, Axel Legay, Gwen Salaiin,
and the author and presented at the 32nd ACM SIGAPP Symposium on
Applied Computing, deals with compatibility verification of service interfaces,
focusing on the interaction protocol level.

Checking the compatibility of interaction protocols is a tedious and hard
task, even though it is of utmost importance to avoid run-time errors, e.gq., dead-
lock situations or unmatched messages. Most of the existing approaches re-
turn a “True” or “False” result to detect whether services are compatible or
not, but for many issues such a Boolean answer is not very helpful. In real
world situations, there will seldom be a perfect match, and when service pro-
tocols are not compatible, it is useful to differentiate between services that are
slightly incompatible and those that are totally incompatible. Our paper aims
at quantifying the compatibility degree of service interfaces, taking a semantic
point of view.

Incompatibilities are measured between transition systems modeling ser-
vice interfaces, using a version of discounted accumulating bisimulation dis-
tance where differences are propagated both forward and backwards. The
distance takes into account the compatibility of parameters and labels and is
defined for two different scenarios, one in which all sent and received messages
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must be matched, and an asymmetric one where one of the components may
send and receive other messages which are irrelevant for the composition.

Conclusion and Perspectives

We have developed a general theory of quantitative verification and quan-
titative specification theories. The theory is independent of how precisely
quantitative differences are measured and applicable to a large class of dis-
tances used in practice. The quantative spefication formalism introduced in
the last Chapter [9] is also rather robust, admitting translations between sev-
eral different specification formalisms, and has good algebraic and geometric
properties.

On a theoretical level, the above is motivation to concern oneself with
the question what precisely is a specification theory. While there is some
agreement to this at the qualitative / Boolean level, it is not clear how to
extend this to the quantitative world. This question is important not only
theoretically, but also in applications, given that the algebraic properties of a
formalism determine how precisely it can be used in practice.

Somewhat related to the question above is the problem of how to treat
silent or spontaneous transitions. In applications it is common to model
uncertainty or ambiguity with silent transitions, and these are rather well-
understood in the qualitative setting; but again it is unclear how to lift them
to the quantitative world.

Further, and taking a more applied view, it is somewhat problematic that
all the formalisms treated here are based on discrete transition systems. When
considering applications in real-time or hybrid systems, discreteness is not
sufficient and some treatment of continuous time is required. There is some
work on specification theories for real-time systems, but for hybrid systems
these are lacking, and in any case it is unclear how to relate them to the
quantitative specification theories we have exposed here.

Below we treat the questions and problems above in some more detail and
try to show some avenues for further work on these subjects.

Specification Theories

The work presented here has led to more fundamental questions as to what
precisely is, or should be, a specification theory. This is what we set out to
answer, together with Axel Legay, in [FL17], presented at the 43rd Interna-
tional Conference on Current Trends in Theory and Practice of Computer
Science (SOFSEM) and subsequently published in the Journal of Logical and
Algebraic Methods in Programming [FL20b|, and in |[FL20a], to be presented
at the 2021 ISoLA Symposium.

We propose here that a specification theory for a set of models 9 consists
of the following ingredients:
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« a set & of specifications;
e a mapping x : M — &; and

e a refinement preorder < on & which is an equivalence relation on the
image of x in &.

It then follows that for all M € 9, x (M) is the characteristic formula [Pnu85|
for M.

Logical operations on specifications are then obtained by asserting that &
forms a bounded distributive lattice up to =, the equivalence on & defined by
S1 =55 iff 51 < 59 and Sy < S7. Structural composition and quotient are de-
fined by an extra operation || on specifications which turns & into a (bounded
distributed) commutative residuated lattice. This puts specification theories
into a well-understood algebraic context, see for example [JT02], which also
appears in linear logic [Gir87] and other areas.

It is an open question how to transfer this algebraic point of view to the
quantitative setting. It is clear that the refinement order above should be
replaced by a hemimetric d on &, and also that d should be symmetric on the
image of x in &; but we do not know how to correctly introduce characteristic
formulae into this setting.

Silent Transitions

Another open question is how to deal with silent transitions in the quantita-
tive setting. Van Glabbeek defines a linear-time—branching-time spectrum for
“processes with silent moves” in [vG93|, but it is unclear how to translate this
into a game framework in order to replicate the work contained in Chapter

Silent transitions are obtained whenever two processes synchronize on in-
ternal actions, so they are important from an application point of view. Re-
cent advances on coalgebraic approaches to silent transitions [Brel5| and on
codensity games [KKH™19| appear to provide a way forward.

Applications

Much work is to be done in order to apply our work to real-time, hybrid,
or embedded systems. Specification theories for real-time and probabilistic
systems do exist, see below, but they all have problems with robustness. For
hybrid systems, no work on compositional specification theories seems to be
available. Generally speaking, the problem with real-time and hybrid sys-
tems is that time itself provides an implicit synchronization mechanism, so
compositionality is difficult to achieve for real-time and hybrid systems.
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Modal event-clock specifications

We have already mentioned modal event-clock specifications (MECS) in Sec-
tion Introduced in [BLPRO9,BLPR12|, these form a specification the-
ory for event-clock automata [AFH99|, a determinizable subclass of timed
automata [AD94], under timed bisimilarity. Models and specifications are
assume to be deterministic, thus &1 < Sy iff ModS; C ModS, in this case.

In [BLPR12] it is shown that MECS admit a conjunction, thus forming
a meet-semilattice up to =. The authors also introduce composition and
quotient; but computation of quotient incurs an exponential blow-up. Using
the maximum-lead distance to measure differences between timed traces, we
have shown in [FL12] how to develop a framework for robust quantitative
reasoning.

Timed input/output automata

[DLL"15,[DLL™"12a] introduce a specification theory based on a variant of the
timed input/output automata (TIOA) of [KLSV10, KLSV03]. Both models
and specifications are TIOA which are action-deterministic and input-enabled;
but models are further restricted using conditions of output urgency and inde-
pendent progress. The equivalence on models being specified is timed bisimi-
larity.

In [DLL™15] it is shown that TIOA admit a conjunction. The paper also
introduces a composition operation and a quotient, but the quotient is only
shown to satisfy the property that

81HM <SS ML 83/81

for all specifications 81, S3 and all models M. No robust quantitative specifi-
cation theories for TIOA are available.

Abstract probabilistic automata

Abstract probabilistic automata (APA), introduced in [DKL™13, DFLL14],
form a specification theory for probabilistic automata [SL95] under proba-
bilistic bisimilarity. They build on earlier models of interval Markov chains
(IMC) [DLL™12b], see also [BDF 18, DLP16| for a related line of work.

In [DKL"13] it is shown that APA admit a conjunction, but that IMC
do not. Also a composition is introduced in [DKL"13], and it is shown that
composing two APA with interval constraints (hence, IMCs) may yield an
APA with polynomial constraints (not an IMC); but APA with polynomial
constraints are closed under composition. No robust quantitative specification
theories for APA are available.
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2.1

2.2

Quantitative Analysis of Weighted
Transition Systems|

This chapter introduces a notion of weighted transition system (WTS), es-
sentially an extension of the standard concept of (labeled) transition sys-
tem [Plo81] which has been used to introduce operational semantics for a
wide range of systems. It then proceeds to define what is meant by linear
and branching distances between such WTS, and introduces three examples
of such distances: the point-wise, accumulated, and mazrimum-lead distances.
Finally, it is shown that linear distances are bounded by branching distances,
and some results on topological inequivalence are provided.

Weighted transition systems

The intention of WT'S is to describe a system’s behavior as well as quantitative
properties in terms of transition weights. Recall that a transition system is a
quadruple (S, sg, 2, R) consisting of a set S of states with initial state so € S,
a finite set X of labels, and a set of transitions R C .S x X x S.

Definition. A weighted transition system is a tuple (S, so, X, R, w), where
o (S5,s0,%, R) is a transition system, and

« w: R — R> assigns weights to transitions.

We write s —% s’ whenever (s,a,s’) € R and w(s,a, s') = w, and s /4 if
there is no transition (s, «,s’) in R for any « and s'.
We lift the standard notions of path and trace to WTS:

Definition. Let S = (S5, s0,%, R,w) be a WTS and s € S. A path from
s in S is a (possibly infinite) sequence ((so, o, s1), (s1a1,52),...) of transi-
tions (s, o, si+1) € R with s = s. A (weighted) trace from s is a sequence
((ovo, wo), (a1, w1),...) of pairs (o, w;) € ¥ x R>¢ for which there exists a
path ((sg, g, 1), (s101, 82), ... ) from s for which w; = w(s;, a4, Si+1).

!This chapter is based on the journal paper [TFL10] published in the Journal of Logic
and Algebraic Programming.
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2. QUANTITATIVE ANALYSIS OF WEIGHTED TRANSITION SYSTEMS

The set of traces from a state s is denoted Tr(s). Given a trace o, we denote
by U(o) € ¥¥ its label sequence (i.e., the associated unweighted trace), and
by o; its 7’th label-weight pair.

Quantitative Analysis

In this section we introduce our quantitative analysis of WT'S, both in a linear
and in a branching setting. For ease of exposition we concentrate on trace
inclusion and simulation here and defer treatment of both trace equivalence
and bisimulation to other work. We shall introduce three different quantitative
notions of trace inclusion and of simulation, all filling in the gap between the
unweighted and the weighted relations, which we recall below:

Definition. Let (S, sg, 2, R,w) be a WTS. A relation R C S x S is

e an unweighted simulation provided that for all (s,t) € R and s =5 ¢/,
d
also t =% ' for some d € R>g and (s, 1) € R,

o a (weighted) simulation provided that for all (s,t) € R and s =5 &/,
also t =% ¢/ for some (s, t') € R.

We write
o sx"tif (s,t) € R for some unweighted simulation R,
o s=xtif (s,t) € R for some weighted simulation R.
Also, we write
o s<"tif U(Tr(s)) CU(Tr(t)),

o s < tif Tr(s) C Tr(t).

We shall fill in the gap between unweighted and weighted relations using
(asymmetric) distance functions d : S xS — R>oU{oco}. Any of the distances
defined below will obey the properties given in the following definition.

Definition. A hemimetric d: S x S — R>o U {oco} defined on the states of a
WTS (S, so, 2, R,w) is called

o a linear distance if s <t implies d(s,t) =0 and s £* ¢ implies d(s,t) =
m?

e a branching distance if s < t implies d(s,t) = 0 and s £* t implies
d(s,t) = 0.
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2.2. Quantitative Analysis

As usual, we can generalize distances between states of a single WTS to
distances between two different WTS by taking their disjoint union.

Our distance functions are essentially based on three different metrics on
the set of sequences of real numbers. Throughout this work, these are referred
to as point-wise , accumulated , and maximum-lead distances,
respectively. For sequences a = (a;), b = (b;) these are defined as follows:

de(a,b) :sgp{]ai — bil} (2.1)

b) = Z |a; — b (2.2)

dy(a,b) :sgp{’éaj—ébj’} (2.3)

The intuition behind these metrics is that d, measures the largest individ-
ual difference of sequence entries, d; measures the accumulated sum of (the
absolute values of) the entries’ differences, and dy measures the largest lead
of one sequence over the other, 7.e., the maximum difference in accumulated
values. Hence the maximum-lead distance of two sequences is the same as the
point-wise distance of their partial-sum sequences.

Besides the above three, other metrics on sequences of reals are also of
interest, and we will see in Chapter [5| that linear and branching distances of
WTS based on these other metrics can be developed similarly to the ones we
introduce in this chapter.

In the following we will consider discounted distances, where the contribu-
tion of each step is decreased exponentially over time. To this end, we fix a
discounting factor A\ € [0, 1]; as extreme cases, A = 1 means that the future is
undiscounted, and A = 0 means that only the present is considered.

Also, we fix a WTS § = (5, s0, 2, R, w).

Linear distances

We will now introduce our quantitative trace distances.
Definition. For traces o, 7, the point-wise, accumulating, and maximum-lead
trace distances are given by dj (0,7) = d'(0,7) = dL(0,7) = 0 if U(0) #
U(r), and for U(c) = U(7),

dl (o,7) = sup (N w(oi) —w(m)},

dl(o,7) Z)\ lw(o;) —w(m)],

dl(a,T —bup{ ’Z w(oj) iw(q)‘}

45



2.6

2.7

2. QUANTITATIVE ANALYSIS OF WEIGHTED TRANSITION SYSTEMS

oC e
| 1 =
y. y.% yO\S
° = ° « ° ° —| “Of FToe
- ) ) Q
@ % @ = o
= = = = o = = o |
5 S) 5) 5) =
e o ) o e 2 o o| |8
— — e R
° 5 ° g ° ° 5 Z| e
~f <9 <t 9 o] ~<ff <9 . o\l
" © " © " " © "
o oW o oW Out e o oW Out e
(a) Mt (b) Mc (¢) Mrcc

Figure 2.1: Three beverage machines

Observe that the above distances on traces are symmetric; they are indeed
metrics on the set of traces. This is not the case when lifted to states:

Definition. For states s,t € S, the point-wise, accumulating and maximum-
lead linear distances are given as follows:

db(s,t) = sup inf d](o,7)
o€Tr(s) TETr(t)

d“(s,t)= sup inf dl(o,7)
o€Tr(s) T€Tr(t)

di(s,t)= sup inf dl(o,7)
o€Tr(s) TETr(t)

Note that this is precisely the Hausdorff-hemimetric construction, hence it
can be generalized to other distances between traces. Also, it is quite natural,
cf. Proposition It can easily be shown that the distances defined above
are indeed linear distances in the sense of Definition 2.4l

Example. To illustrate differences between the three linear distances intro-
duced above, consider the three WTS models of beverage machines depicted
in Figure[2.1} a Tea maker M+, a Tea and Coffee maker Mtc and a Tea, Coffee
and Chocolate maker Mtcc. In the figure, edges without specified weight have
weight 0.

The production of a beverage consists of six operations: Selecting the
drink, boiling the water, mixing the beverage, outputting the finished product,
self cleaning, and resetting. Each operation consumes a certain amount of
power depending on its implementation by electrical components. Weights
thus model power consumption, and are given in such a way that in more
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powerful machines, some operations, for example boiling, require more power,
whereas some other, for example resetting, require less.

By design of the beverage machines, there are unweighted trace inclusions
M+ <% Mtc <% Mtcc; any behavior of a “lesser” machine can be emulated
qualitatively by a “better” one. What is less obvious is how they compare in
power consumption.

Noting that any infinite behavior in the beverage machines consists of loops
of width 6, we can introduce some ad-hoc notation to simplify calculations.
Let d5(Mt,Mtc)® denote point-wise distance from Mt to Mtc when only
traces of length at most 6 are considered, and similarly for the other machines
and distances. For a (realistic) discounting factor of A = .90, the point-wise
distances can be computed as follows:

ds(M1,M1c) = sup {dg(Mt,Mr¢)® - A%} = d§(My, M1c)° =1.80
dy(Mt,Mrcc) = sup {dg(Mr,Mrcc)® - A%} = dg(Mr, Mrcc)® = 1.80
ds(Mrc, Mrcc) = sup {ds(Mrc, Mrcc)® - A%} = dg(Mrc, Mrcc)® = 2.70

For the accumulating distances:

1

1= ~ 2.52

d5 (M1, M1c) = > dg(Mt,M1c)® - A% = dg(Mr, Mrc)®

d} (M7, Mrcc) = > de(Mt,M1cc)® - A% = d (M1, Mrcc)® ~ 8.80

1— )6

, 1
d% (Mrc, Mrcc) = D dg(Mrc, Mrcc)® - A% = dg(Mrc, Mch)GW ~ 741

i
Similarly, the maximum-lead distances can be computed as follows:
d% (Mt,Mtc) ~ 1.62
d% (M1, Mtcc) = 2.62
d% (Mtc, Mtcc) ~ 3.34 O
The following lemma provides recursive bounds on linear distances and
will be useful as motivation for the definition of branching distance below.

For the bound on the maximum-lead distance, we introduce a generalization
of d by

di(s,t)(8) = sup inf di(o,7)(d),
o€Tr(s) T€Tr(t)

(0, 7)(6) = sup { ¥

5+ iw(aj) - ijw(Tj)\} .
=0 =0

Here 6 € R is the lead which ¢ has already acquired over 7; hence d4. (o, 7)(0) =
i (0,7) and d (s, £)(0) = dy (5, ).
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2.8 Lemma. For states s,t € S,

2.2.2

ds(s,t) < sup inf max (e —d|,\d5(s, 1)),

Sﬂs/ t%t/
dljr(&t) < sup indf |c — d‘ 4 Adljr(sl, t/) 7
Sﬂm’ta—’hf’
dI:_I:(S,t)(CS) < sup inf max (|5|y)\d|§:(8/,t/)(5+%d)) '
Sic—he’tid—)t’

Proof: We only show the proof for accumulated distance; the others are sim-
ilar. If Tr(s) = (), then d' (s,t) = 0 and we are done. Otherwise, let o € Tr(s);
we need to show that

inf di(o,7)< sup inf |c—d|+Adi(s,1).

TETF(t) a,c a,d
s—>rs' t——rt!
. . . ai,c
Let 7 be a path from s which realizes o, write 7 = § ——» 51 — ..., and

let oq be the trace generated by the suffix of 7 starting in s;. If ¢ £, then
the infimum on the right hand side of the equation is co, and we are done.

: . . . d
Assume that the infimum is finite and let & € R.. There exists t — ¢,
for which

lep —di| + Ad(s1,t1) < inf ler —d| + AdY (s1,t) + 5.
LS

Let 71 € Tr(t1) be such that d (o1, 71) < di(s1,t1) + 5. Let 7 = (a1,d1).m,
the concatenation, then
d';_(U,T) =le; —dq| + )\di(O’l,Tl)
<lep —di| + Ad(s1,t) + 5

< inf  Jep —d|+ Ad(s1,t) + €. (2.4)
Pt LY

We have shown that for all ¢ € Ry, there exists 7 € Tr(t) for which
Equation (2.4)) holds, hence

inf d- < inf —d|+ \d% (s1,t
Tel%(t) +(077)_ta111}d t,’CI | + Ad5(s1,1)

and the claim follows. O

Simulation distances

In the following we use parametrized families {R. C Sx S} and {R. 5 C Sx S},
i.e., functions R>g — 25% and R>g x Rxo — 2%, respectively; we shall
show how these give rise to distances in Section [2.2.3
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2.9 Definition. A family of relations R = {R. C S x S|e >0} is

o a point-wise simulation family provided that for all (s,t) € R. € R

d .
and s =5 ¢ also t =5 ¢/ with |¢ — d| < ¢ for some d € Rxg and
(s',t") € R. € R with ¢/ < §,

o an accumulating simulation family provided that for all (s,t) € R. € R
and s =5 ¢, also ¢ 2h 4 with |c —d| < ¢ for some d € R>¢ and
(s,1') € R. € R with ¢/ < ==,

A family of relations R = {R.s C S xS|e>0,—e<0<¢e}is

o a mazimum-lead simulation family provided that for all (s,t) € R.5; € R

d :
and s =% & also t =% ' with |6 + ¢ — d| < e for some d € R>q and
(s',t') € Ro g € R with & < £ and &' < =2,

We write
o s=x2tif (s,t) € R. € R for some point-wise simulation family R,
o st tif (s,t) € R. € R for some accumulating simulation family R,

o s=<Ftif (s,t) € Ry € R for some maximum-lead simulation family R.

Note that the relations defined in the last part above again can be collected
into families <® = {<x2| e > 0}, T = {xF| £ > 0}, and T = {<§6| £,6 > 0}.
Some explanatory remarks regarding these definitions are in order. For
point-wise simulation, (s,t) € R. means that any computation from s can be
matched by one from ¢ with the same labels and a point-wise weight difference

of at most e. Hence the requirement that s — s’ imply ¢ j.é—’d—> t' with weight
difference |c — d| < e, and that computations from the target states s, t’ be
matched with some (inversely) discounted point-wise distance ¢’ < £.

For accumulated simulation, (s,t) € R, is interpreted so that any com-
putation from s can be matched by one from ¢ with the same labels and
accumulated absolute-value weight difference at most €. Hence we again re-
quire that |c—d| < e, but now computations from the target states have to be
matched by what is left of € after |c—d| has been used (and inverse discounting
applied).

Maximum-lead simulation is slightly more complicated, because we need
to keep track of the lead § which one computation has accomplished over the
other. Hence (s,t) € R.; is to mean that any computation from s which
starts with a lead of § over t can be matched by a computation from ¢ with
accumulated weight difference at most €. Thus we require that lead plus
weight difference, § + ¢ — d, be in-between —e and e, and the new lead for
computations from the target states is set to that value (again with inverse
discounting applied).
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2. QUANTITATIVE ANALYSIS OF WEIGHTED TRANSITION SYSTEMS

For later use we collect the following easy facts about the above simula-
tions:

2.10 Lemma.

1. The families <*, <1 and <T are the largest respective simulation fami-
lies.

2. For ¢ < ¢’ and R.,R. € R a point-wise or accumulating simulation
family, R. € R.. Fore <€, —e <6 < ¢ and R.5,Rs5 € R a
mazximum-lead simulation family, R. 5 C Ry s.

3. For states s,t € S and e < €', s X2 t implies s <% t, s T t implies
s —4:7 t, and s g<€i t implies s —43 t.

4. For states s,t € S, s Xt implies s X{t, s <g t, and s <0i t.

5. For states s,t € S, s Z% t implies s 42 t, s 4+ t, and s 4Z t for any e.

2.2.3 Branching distances

We present an alternative characterization of the above simulation relations in
form of recursive equations; note that these closely resemble the inequalities
of Lemma

2.11 Definition. For states s,t € S, the point-wise, accumulated, and mazimum-
lead branching distances are the respective minimal fixed points to the follow-
ing recursive equations:

dS(s,t) = sup inf max (|c—d[,\d5(s',t))
sﬂﬁs’ta—’d)t’

d3(s,t) = sup inf |c—d|+NdE(s,t)
sﬂﬁ’ta—’dﬁ/

di (s,t) = d2(s,1)(0)

with df (s,1)(6) = sup inf max (]3], AdE (s, ¢)(225=0) )
sﬂm’ta—’d)t’

Again, some remarks regarding these definitions will be in order. First note
that sup and inf are taken over the complete lattice R>o U {oo} here, whence
inf () = oo and sup() = 0. Thus d5(s,t) = 0 in case s 4 and dB(s,t) = co in
case s =5 but ¢ 2 for some a, and similarly for the other distances.

The functionals defined by the first two equations above are endofunctions
on the complete lattice of functions S xS — R>oU{oo}; they are easily shown
to be monotone, hence the minimal fixed points exist. For the last equation,
the functional is an endofunction on the complete lattice R — (S x S —
R0 U {o0}), mapping each lead § € R to a function d§(-,-)(§). Also this

50



2.12

2.3

2.3.1

2.13

2.14

2.3. Properties of distances

functional can be shown to be monotone and hence to have a minimal fixed
point.

It is not difficult to see that the distances defined above are branching
distances in the sense of Definition Below we show that they are closely
related to the simulations of Definition 2.9t

Proposition. For states s,t € S and € € R, we have
e s =<2t if and only if d(s,t) <,
e 5=t if and only if d2(s,t) <e,

e s<Ftifand only if d¥(s,t) <e.

Proof: Each of the six implications involved can be shown using standard
structural-induction arguments. O

Properties of distances

In this section we present a number of properties of the six distances intro-
duced above.

Branching versus linear distance

For the qualitative relations, simulation implies trace inclusion, é.e., s <% t
implies s <% t, and s < t implies s < t. Below we show a natural generalization
of this to our quantitative setting, where implications translate to inequalities;
note that an equivalent statement of the theorem is that for any ¢, d®(s,t) < e
implies d-(s,t) < ¢ for all three distances considered.

Theorem. For all states s,t € S, we have
de(s,t) <dd(s,t),  di(s,t) <dS(s,t),  di(s.t) <di(s,t).

Proof: This follows from Lemma by an easy structural-induction argu-
ment. ]

Note that Example shows that indeed, all distances in the equations
above can be finite. Other, standard examples show however that WTS exist
for which s % t and yet s < ¢, hence dB(s,t) = oo and d“(s,t) = 0 for all three
distances, showing the following theorem:

Theorem. The distances d5 and d2 are topologically inequivalent. Similarly,
d';r and dE, and also di and di, are topologically inequivalent.
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2.15

2.16

2.17

2. QUANTITATIVE ANALYSIS OF WEIGHTED TRANSITION SYSTEMS

Relationship between distances

The theorems below sum up the relationship between our three linear dis-
tances; note that the results depend heavily on whether or not discounting is
applied. The following lemma is useful and easily shown:

Lemma. For states s,t € S, we have
do(s,t) < df(s,t)  di(s,t) <di(s,t)  dg(s,t) < 2di(s,t)
d2(s,t) <d(s,t)  di(s,t) <df(s,t)  dE(s,t) <2d%(s,0)

The restrictions on traces mentioned below are understood to be applied
to the sets Tr(s), Tr(¢) in Definition

Theorem. Assume the discounting factor A = 1.

1. When restricted to traces of bounded length, the three linear distances
dk, d';L and d'j'c are Lipschitz equivalent.

2. For traces of unbounded length, the linear distances are mutually topo-
logically inequivalent.

Proof: If the length of traces is bounded above by N € N, then d\ (s,t) <
Ndk(s,t) for all s,t € S, and the result follows with Lemma [2.15 -

For traces of unbounded length, topological inequivalence of ds and d';r,
and of d5 and dY, can be shown by the following infinite WTS:

S 151 182 15n
00 0 1© T FO

Here we have d% (s,s,) = d'i(s,s,) = oo for all n, but for any § € Ry
there is an n for which di(s,s,) < 6. Similarly, topological inequivalence of
d. and dY is shown by the infinite WTS below:

S $1 59 Sn
s' sh sh s, 0

Theorem. For discounting factor X\ < 1, the three linear distances ds, di
and d';_L are Lipschitz equivalent.

Proof: This is similar to the first claim of the previous theorem: For all
states s,t € 9, we have d'y(s,t) < 15d5(s,t), and the result follows with
Lemma 2.15 O

52



2.4. Conclusion

2.18 Theorem. For discounting factor A\ = 1, the three branching distances dS, dE

2.4

and d2 are mutually topologically inequivalent. For A\ < 1, they are Lipschitz
equivalent.

Proof: The first claim can be shown using the same example WTS as for the
second part of the proof of Theorem [2.16] and for the second claim we have
dB(s,t) < :£5dB(s,t) and can apply Lemma [2.15 O

Conclusion

We have argued above that our proposed extension of the qualitative notion
of trace inclusion and simulation to a quantitative setting is reasonable.

For the three types of distances considered in this chapter, we have seen
that linear distances can easily be introduced, whereas definition of branching
distances requires more work and involves fixed-point computations. Our
Lemma [2.8] remedies some of these difficulties, and we expect this remedy
to also be applicable for other interesting trace distances. We will show in
Chapter [5| that a general procedure for obtaining branching distances from
linear distances is available.

We have shown that all our three linear distances are topologically inequiv-
alent to their corresponding branching distance, thus measure inherently dif-
ferent properties. Still, and analogously to the qualitative setting, the branch-
ing distance can be used as an over-approximation of the linear distance. Also,
and perhaps more surprisingly, whether different linear or branching distances
are mutually equivalent depends on the usage of discounting. We expect most
of these results to also hold for other kinds of trace distances, see again Chap-
ter Bl

We have mentioned earlier that in this work we concentrate on trace inclu-
sion and simulation (asymmetric) distances, and of course similar treatment
should be given to trace equivalence and bisimulation distances. Symmetric
linear distances are easily defined as symmetrizations of the linear distances
introduced here, but for the branching distances there are subtle differences
between symmetrized simulation distances on the one hand and bisimulation
distances on the other hand. The next chapter will be concerned with bisim-
ulation distances.
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3 A Quantitative Characterization of
Weighted Kripke Structures in
Temporal Logid!

This chapter is concerned with weighted Kripke structures (WKS), which rep-
resent a straight-forward extension of Kripke structures with a weighted tran-
sition relation labeling each transition. It then proceeds to define a weighted
version of Computation Tree Logic (WCTL) together with two different se-
mantics which mirror the point-wise and accumulating distances of the previ-
ous chapter. It is then shown that WCTL is adequate and expressive for the

corresponding bisimulation distances.

3.1 Preliminaries

As in Chapter [2] the results presented in this chapter are based on metrics on
sequences of real numbers. Let a = (a;) and b = (b;) be such sequences, we

then define for A € ]0, 1] the following basic distances:
dy(a,b) =D Nla; — b

de(a,b) = sup {X|a; — b}

Throughout the chapter we will refer to and , as well other distances
based on these, as an accumulating distance and as a point-wise distance,
respectively. For the remainder of this chapter we fix a discounting factor A €
10, 1[; note that contrary to the previous chapter, we here assume 0 < A < 1.

We proceed to introduce WKS. A natural interpretation is to view the
labellings as the cost of taking transitions in the structure. This extension is
similar to the one presented in Chapter [2| for labeled transition systems, thus
the results presented in the previous chapter are transferable to the current

setting.

!This chapter is based on the journal paper [FLT10] published in Computing and Infor-

matics.
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3. WEIGHTED KRIPKE STRUCTURES

Definition. For a finite set AP of atomic propositions, a weighted Kripke
structure is a quadruple M = (S, T, L, w) where

e S is a finite set of states,

T C S x S is a transition relation

L : S — 247 is the proposition labeling, and
e w:T — R>( assigns positive real-valued weights to transitions.

We write s — &' instead of (s,s') € T and s = s to indicate w(s,s’) = w.

A (weighted) path in a WKS M = (S,T, L, w) is a (possibly infinite) se-
quence o = ((so,wo), (51, w1), (s2,w2),...) with (s;,w;) € S x R>¢ and such
that s; — s;41 and w; = w(s;, s;41) for all i. We denote by Tr(s) the set of
paths in M starting at state s, and by Tr(M) the set of all paths in M. Given
a path o, we write o (i) = (0(i)s,0(i)y) for its i'th state-weight pair, and o*
for the suffix starting at o(i).

Notice that we have restricted ourselves to finite weighted Kripke struc-
tures here, i.e., structures with a finite set of states and finitely many atomic
propositions. Our characterization results in Section only hold for such
finite structures.

Example. Figure [3.1] gives a model of a simple printer as a WKS which we
shall come back to again later. Resource usage is modeled as atomic propo-
sitions, and transition weights model the combined cost of the operations.
Turning on the machine, it moves from the state Off to Ready, from where
it can Suspend and wake up at a much lower cost. Input is processed in the
Receiving state, and the chosen output form incurs different costs related to
resource usage, clean-up and reset.

Weighted CTL

We now consider two interpretations of weighted CTL (WCTL), based on
and , which will encompass quantitative information by two means.
First, as with TCTL and PCTL, a syntactic extension of path operators, by
annotation with real weights, models requirements on path weights (the exact
meaning of these are deferred to the choice of semantics). Second, satisfaction
of a formula by a system is no longer interpreted in the Boolean domain
{T, L}, but rather assigns to a state a truth value in the domain R>¢ U {oo}.
We will interpret 0 as an exact match, whereas oo indicates an incompatibility
between the system and the specified atomic propositions of a formula. Any
intermediate value is interpreted as a distance from an exact match. That is, a
smaller distance means a closer (better) match of the specified weights in the
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Ready
Power/on

Receiving
Power/on
Running PostScript

&)0 U 35
4
Faxing Color Printing Large
Power/on Power/on Power/on Power/on
Phone-line A4 A4 A3

Figure 3.1: The behavior and cost and resource usage of a simple printer.

formula. We denote by [¢](s) € R>oU{oco} the value obtained by evaluating
formula ¢ at state s.

From here on, we fix a set AP of atomic propositions and a WKS (S, T, L, w).
All definitions and results below will be given for the states of one single WKS,
but we note that to relate states of different WKS, one can simply form the
disjoint union.

Definition. For p € AP, ® generates the set of state formulae, and ¥ the set
of path formulae, annotated by weights ¢ € R>g, according to the following
abstract syntax:

Ou=p|p| P ADy| DV Oy | EV | AV
U = X, | Go® | Fo | [&1UoBo]

The logic WCTL is the set of state formulae, written £,,(AP) or simply L,,.

Before presenting the formal semantics, let us consider the usual meaning
of the CTL modalities, as well as how these may be generalized to ensure
adherence to bisimulation variants considered in the following section:

Given CTL propositions of the form M, s = Ey and M, s = Ay, we may
interpret these as infinite existential, respectively universal, quantifications
over paths in M from s satisfying ¢. Similarly, M,o = Fp and M,o = Gy
may be interpreted as an infinite disjunction, respectively conjunction, over
propositions on the form M, s; = ¢ for i > 0, where s; is a state on o.

This observation is in line with some arguments given in [KP04], and
we expect that a generic approach to defining quantitative (or multi-valued)
semantics for WCTL over the truth domain R>¢ U {oo} is obtainable. To
this end, the standard sup and inf operators are reasonable generalization of
E, A, F and G (interpreted as disjunction and conjunction over the standard
Boolean domain) to the complete lattice R>o U {oo}.
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Furthermore, this approach requires only modification to the evaluation
(i.e., semantics) of path formulae. Our semantics specializes to the usual one
in two different ways: either by mapping to the designated set of truth values
(i.e., to T), all € < 0o and oo to L, or by mapping only 0 to T and all € > 0
to L.

3.2.1 Semantics

In the following we present two discounted semantics, derived from the dis-
tances dy from (3.1), and de from (3.2) where weights of transition are ac-
cumulated or considered point-wise, respectively. Formally, the semantics of

¢ € L, defines a map from the set of states S to the set R>g U {oo}. The
first definition gives a general weighted semantics to state formulae:

3.4 Definition (State semantics). The semantics of state formulae is defined
inductively as follows:

_Jo ifpe L(s) B
[p)(s) = {oo otherwise [=pl(s) = {

[e1 V pall(s) = inf {[1](s), [2l ()} [on A pall(s) = sup {[1](s), [pall(5)}

[E¥](s) = inf {[¢](c) | o € Tr(s)} [AY](s) = sup{[¢](o) | o € Tr(s)}

In the last two formulae, [¢](0) is the accumulating or point-wise semantics
of o with respect to ¢ as appropriate, see below.

0 ifpe AP\ L(s)

oo otherwise

In the next definition, we give the two different weighted semantics to path
formulae; an accumulated and a point-wise one. Note that the only difference
between the two is an interchange of maximum and sum, which supports the
findings in [KP04, LLMO05] which advocate abstracting away from concrete
operators and interpreting the semantics over general algebraic structures.

3.5 Definition (Path semantics). The accumulating semantics of path formu-
lae is defined inductively as follows:

[#]+(0) = [¢](a(0)s)

[Xepl+(0) = 10(0)w — e + Ale]+(0")

k=1
[Feel (o) = it (3 N[o) = + MLl
j=0
jk—l )
[[Gcsow):sgp( Vo) = + Aol (o ))
j=0
k—l
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The point-wise semantics of path formulae is defined inductively as follows:

[e1e(0) = [£)(#(0),)
[Xepla(o) = max {|o(0) — cl, Algla(c") |
[Feele(o) = inf (max { max (Mo (7w — e}, A’“[[cp]]-(a’“)}>
[6ela(0) = sup (‘masx { gnax {V]o(7) — el}, Alielelo)})
[e1Ucpala(o) = int (‘max { gmax {V][era(o) = cf}, Mleala()} )

Note that as usual, F. can also be derived from U, by F.p S ttU.p (where
tt is some tautology).

Compared to, for example, TCTL, the annotated operators specify an
expected value, hence X.p evaluated on o means that c is expected of the first
transition in 0. The difference is then added to (or the maximum is taken of
it and) the value of ¢ over the remaining path o!.

Example. In the context of the example from Figure 3.1 we consider a useful
property of printers, that of having received a job, the printer cannot suspend
before completing the job. The formula ¢ = A(—~Suspended U;y Ready)
formalizes this qualitative property and also states that we expect to reach
the Ready state using transitions with cost 10. With A = .9, the point-wise
interpretation [¢]es(Receiving) = 40 is the cost (minus 10) of the transition
in the computation tree which is furthest from 10. In the accumulating inter-
pretation, [¢]+(Receiving) = 48.37 yields the sum of all such differences.

Bisimulation

We now consider extensions of strong bisimulation [Mil89] over WKS, based

on (3.1) and (3.2)). These are filling the gap between unweighted and weighted
strong bisimulation as defined below; cf. also Def. 2.3

Definition. Let (5,7, L,w) be a WKS on a set AP of atomic propositions.
A relation RC S x S is

o an unweighted bisimulation provided that for all (s,t) € R, L(s) = L(t)
and

— if s — &, then also t — ¢ and (s',¢') € R for some t' € S,
— if t — ¢/, then also s — ¢’ and (s',t) € R for some s’ € S;

o a (weighted) bisimulation provided that for all (s,t) € R, L(s) = L(t)
and
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— if s 5 &, then also t = ¢/ and (s',t') € R for some ' € ',

— if t 5 ¢/, then also s = s’ and (s',t') € R for some s’ € S.

We write s ~" t if (s,t) € R for some unweighted bisimulation R, and s ~ ¢ if
(s,t) € R for some weighted bisimulation R.

The motivation for the variants defined below is that, in order to relate
structures, we do not always need perfect matching of transition weights;
rather we would like to know how accurately weights are matched. As with
the simulation distances of Chapter [2| we call a bisimulation distance any
pseudometric on the states of a WKS which mediates between unweighted
and weighted bisimilarity:

Definition. A bisimulation distance on a WKS (S, T, L, w) is a function d :
S x 8 — R0 U {oo} which satisfies the following for all s1, 52,53 € S:

o d(s1,81) =0,

o d(s1,s2)+ d(s2,s3) > d(s1,s3),

o d(s1,s2) = d(s2,s1),

e 81 ~ 89 implies d(s1,s2) = 0 and
o d(s1,s2) # oo implies s1 ~" s9

Our distances are based on distances of (infinite) sequences of real
numbers, which is appropriate, as for (s,t) in ~" (or in ~), any path
(s,a,s1,a1,82,...) € Tr(s) must be matched by an equal-length path
(t,b,t1,b1,t2,...) € Tr(t) with (s;,t;) in ~" (respectively ~).

By extending bisimulation with the d; and d, distances, we collect a family
of relations {R. C S x S} (i.e., a map Rsg — 25%) since, due to discounting,
for each step the distance between each successor pair may grow:

Definition. A family of relations R = {R. €S x S| e >0} is

o an accumulating bisimulation family provided that for all (s,t) € R, €
R, L(s) = L(t) and

—if s 5 &, then also t % ¢ with |c — d| < e for some d € R>o and
(¢,t') € R € R with &'\ < e — |¢c—d|, and

—if t S ¢, then also s % & with |c — d| < ¢ for some d € R>( and
(s',t') € R € R with &'\ < e — |c—d].

o a point-wise bisimulation family provided that for all (s,t) € R. € R,
L(s) = L(t) and
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— if s % ', then also ¢ % ¢/ with |c — d] < e for some d € R>( and
(s',t') € R € R with &'\ < e, and

— if t S ¢, then also s % & with |e — d] < e for some d € R>( and
(s',t') € R € R with '\ < e .

We write s ~F ¢ and s ~2 t, if (s,t) € R. € R for an accumulating, respec-
tively point-wise, bisimulation family R.

Both variants of bisimulation families give raise to a bisimulation distance
in the sense of Definition by di(s,t) = inf{e | s ~F t} and de(s,t) =
inf{e | s ~2 t}. Observe the following easy facts:

Lemma.

1. For ¢ < &' and members R., R.r € R of an accumulating or point-wise
bisimulation family, R. C Rgr.

2. Given s ~7 t, then every path o = (sg,wo, 1, w182,...) € Tr(s) has a
corresponding path o' = (to, wg, t1, wite,...) € Tr(t) such that ¢ = &
and s; ~Z t; for all i, where g1\ = €; — |w; — wy.

3. Given s ~2 t, then every path o = (so,wo, S1,w1S2,...) € Tr(s) has a
corresponding path o' = (to, wg, t1, wite,...) € Tr(t) such that ¢ = &
and s; ~2, t; for all i, where ;41\ = ;.

Note that as we only consider finite WKS, all R, relations are finite. Also,
we shall speak of corresponding paths when referring to the second and third
properties of the above lemma.

Characterization

In this section we show that the presented WCTL interpretations are adequate
and expressive with respect to the appropriate bisimilarity variant.

Adequacy

The link between accumulating bisimilarity and our accumulating semantics
for WCTL is as follows:

Theorem. For s,t € S, s ~Ft iff Vo € Ly : [[]+(s) — [¢]+ ()] <e.

The proof follows from Lemmas and below. Observe that this
provides us with the following corollary which is precisely the standard notion
of adequacy, see [HMS5]:

Corollary. For s,t € S, s ~§ t iff [¢]+(s) = [p]+(t) for all p € L.

61



3.13

3. WEIGHTED KRIPKE STRUCTURES

We obtain an equivalent result for the point-wise semantics:

Theorem. For s,t € S, s ~2t iff Vo € Ly : [[¢]e(s) — [¢le(t)] <e.

3.14 Example. We consider again the printer from Figure [3.1 When ignoring

3.15

Color and Printing as atomic propositions, we have Color ~, Printing,
as the two initial transition are the only difference. As a formula which realizes
this bisimulation distance one can take ¢ = power/on A A4 AAXq sReady; then
[¢]+ (Printing) = 0 and [¢]+(Color) = .2.

The proofs of adequacy, and also of expressivity below, for the accumulat-
ing and point-wise cases are similar, hence we concentrate on the accumulat-
ing case. In the proof we will repeatedly make use of the lesser-known little
brother of the triangle inequality

le =yl = o=zl < |y —2|.

Lemma. Let s,t € S with s ~T t, and let o = (s,u, s1,u1,...) € Tr(s), 7 =
(t,v,t1,01,...) € Tr(t) be corresponding paths. Then |[¢]+(s) — [¢]+(t)] < e
for all state formulae ¢, and |[p]+(0) — [¢]+(7)| < € for all path formulae .

Proof: We prove the lemma by structural induction in ¢. The induction
base is clear, as s ~1 t implies that p € L(s) if and only if p € L(t), hence
[e]+(s) = [¢]+(t) for ¢ = p or ¢ = —p. For the inductive step, we examine
each syntactic construction in turn:

Lop=p1Ver
There are four cases to consider, corresponding to whether [y1]+(s) <

Lol (5) or [i1]+(5) > [p]+(s) and similarly for 1] (¢) and [iza].+ ().
We show the proof for one of the “mixed” cases; the other three are

similar or easier:

Assume [pr]+(s) < [p2]+(s) and [e1](t) > [wol+(). Then [p1 V
pall+ ()~ [p1 Vel (t) = [ip1l ()~ L2l (8), and [pr]+ (s)~[pr] (1) <
1]+ () — [l () < [p2] s (5)— [ipa] + (£), and by induction hypothesis,
—¢ < [p1l+(s) — [l (t) and [ipal(s) — [ipal (t) < <.

2. ¢ = 1 A a. This is similar to the previous case.
3. ¢ =Ep
By definition of [E¢;]+ there is a path o € Tr(s) for which [¢1]+(0) =

[¢]+(s). By Lemma there is a corresponding path 7 € Tr(t), and
from the induction hypothesis we know that |[¢1]+(0) — [p1]+(7)] < e.

Thus [[¢]+(s) =[]+ ()] <.

4. ¢ = Apy. This is similar to the previous case.
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5. = X1

By definition, [¢](0) = Alp1]+ (o) +le—ul and [¢]+(7) = Apa]+(m1)+
lc—wv|, where 0 = s = o' and 7 =t = 7. Since s ~ ¢ and ¢ and 7 cor-

respond, we have (1) ~7, 7(1) with &’ < e — |u — v|, and by induction

hypothesis |[¢1]+(0!) — [o1]+(71)] < €. Hence [le]+(0) =[]+ ()| <
lle—ul = le = ][+ M[pr]+(0!) = [p2]+ ()] < [u —v| + e~ Ju—v| = .
6. p= Fc‘Pl

Pick any § > 0, then there is k& € N for which Sy = Z?;ol Mo (5)w —
c| + N[¢]+(o%) < ﬂ¢ﬂ+( ) + 0. As the paths o and 7 correspond, we
also have T}, = E] o N|T()w — c| + M) (7%) <[] (7) + 5. Re-
peated use of the deﬁnltlon of ~F yields o(k) ~% 7(k) with &\F <

€— Zk L ‘a —7(j)w|, hence by induction hypothesis, |[¢]+(c ) -

[8]+ (%) < €', Thus ]+ (o) =[]+ (7 ’ < |Sk—T|+6 < Xh2g Mo (4)
| = 7()w — || + N¥|[¢]+ (%) — [¢]+(77)| + 6 < e+6. As these cons&d—
erations hold for any ¢ > 0, we must have |[¢]+(0) — [¢]4+(7)] <

7. ¢ = Gep1; ¢ = p1Ucpa. These are similar to the previous case. g

Lemma. Let s,t € S and assume that |[p]+(s) — [p]+ ()] < e for all state
formulae ¢ € L,,. Then s ~F t.

Proof: This follows directly from Theorem below, but one can also ob-
serve that the accumulating family R = {R.} defined by

Re = {(s,8) |5, € $,¥p € Ly : [[e] 4 (5) - [l (8)] < 2}

is indeed an accumulating bisimulation in terms of Definition [3.9] O

Expressivity

We show that WCTL with accumulating semantics is expressive with respect
to accumulating bisimulation in the following sense:

Theorem. For each s € S and every v € Ry, there exists a state formula
@ € Ly, interpreted over the accumulating semantics, which characterizes s
up to accumulating bisimulation and up to v, i.e., such that for all s € S,

s ~F s if and only if [¢3]+(s') € [e — 7,6 + 7] for all .

Proof: We define characteristic formulae of unfoldings, as follows: For each
s € S and n € N, denote L(s) = {p1,...,pr} and AP\ L(s) = {q1,...,q}
and let ¢(s,n) be the WCTL formula defined inductively as follows:

©(s5,0) = (p1 A=+ Apr) A (2gr A=+ A=)
o(s,n+1) /\ EXwi(s',n) A /\ AXy ( \/ cp(s’,n))/\go(s,O)

w

s—)s’ w: s—>s s—rs’
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It is easy to see that [(s,n)]+(s) = 0 for all n.

To complete the proof, one observes that for each v > 0, there is n(y) € N
such that ¢(s,n(7)) can play the role of ¢3 in the theorem. Intuitively this
is due to discounting: The further the unfolding in (s, n), the higher are the
weights discounted, hence from some n(y) on, maximum weight difference is
below ~. O

Theorem. For each s € S and every v € R, there exists a state formula
@5 € Ly, interpreted over the point-wise semantics, which characterizes s up
to point-wise bisimulation and up to v, i.e., such that for all 8 € S, s ~2 &' if
and only if [p5]e(s") € [e =7, + 1] for all v.

Conclusion

We have shown in this chapter that weighted CTL with an accumulating se-
mantics is adequate and expressive for accumulating bisimulation for weighted
Kripke structures. We have also seen that the same holds for the point-wise
semantics for WCTL with respect to point-wise bisimulation.

We will see in Chapter [5| that these results can be lifted to a common ab-
stract framework which also encompasses other weighted bisimulations such
as the maximum-lead bisimulation of [HMPO05] presented in the previous chap-
ter.
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4.1

4.1.1
4.2

Metrics for Weighted Transition
Systems: Axiomatization!

In this chapter we turn to axiomatizations of the point-wise and accumulating
simulation distances. We first present axiomatizations for finite processes and
then for regular processes. We then show that the axiomatizations for finite
processes are sound and complete, whereas the ones for regular processes are
sound and e-complete.

Simulation distances

Throughout this chapter we fix a finite metric space K of weights with a metric
dg : K x K — R. We also fix a discounting factor A with 0 < A < 1, which
will be used in the definition of accumulating distance below.

Definition. A weighted transition system is a tuple (S, T), where S is a finite
set of states and T'C S x K x S is a set of (weighted) transitions.

Note that all transition systems in this chapter are indeed assumed finite,
hence requiring finiteness of the metric space IK does not add extra restrictions.

We fix a weighted transition system (S5,7") and introduce simulation dis-
tance between states in (S,7"). We concentrate on two types here, accumulat-
ing and point-wise distance, but other kinds may indeed be defined.

Accumulating distance

Definition. For states s,t € S, the accumulating simulation distance from s
to t is defined to be the least fixed point to the set of equations

d+(s,t) =max min (dx(n,m)+ M4 (s',t')). (4.1)
s st/

To justify this definition, we need to show that the equations (4.1)) indeed
have a least solution. To this end, write S = {s1,...,s,} and assume for

LThis chapter is based on the journal paper [LFT11] published in Theoretical Computer
Science.
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the moment that the transition system (S,7T") is non-blocking such that every

s; € S has an outgoing transition s; — s, for some s, € S. Define a function
X X

e ]Rgop —>]Rg0p by

F(z);; = max min (dk(n,m)+Azge).
S, 7Sk Sj Sy

Here we are using the standard linear-algebra notation RZ? for p x p-matrices
with entries in R>q and zj ¢ for the entry in their k’th row and ¢’th column.

Lemma. With metric on R’gp defined by d(x,y) = max} ;_; |vij —yi |, F is
a contraction with Lipschitz constant .

Proof: (Cf. also the proof of [ZP96, Thm. 5.1].) We can partition ]Rgf)p into

finitely many (indeed at most 2P°¢° with ¢ = IK|) closed polyhedral regions
R; ; (some of which may be unbounded) such that for z,y € R; j in a common
region, the p? max-min equations get resolved to the same transitions. In
more precise terms, there are mappings n,m,k,¢ : {1,...,p} x {1,...,p} —
{L oo 7p} such that F("E)’lﬂj = dIK(TL(Z,]), m(iaj))"i')‘l‘k(i,j),ﬁ(i,j) forall z € Ri,j-

Now if 2,y € R; j are in a common region, then

d(F(z), F(y)) < )\H}E}X |Theig),00,5) = Yk(ij)06,5)]

< )\rr%e}x |zij — yij| = Md(z,y) .

If x € R, j,,y € R, j, are in different regions, a bit more work is needed.
The straight line segment between x and y admits finitely many intersection
points with the regions R; ;; denote these x = zp,...,2, = y. We have

d(F(z), F(y)) < d(F(20), F(21)) + - - + d(F (24-1, %))
< Ad(z0,21) + -+ d(zg-1, 2¢)) = Md(z,y) .
Note that the last equality only holds because all z; are on a straight line. [J

Using the Banach fixed-point theorem and completeness of R@Bp we can
hence conclude that F' has a unique fixed point. In the general case, where
(S, T) may not be non-blocking, F' is a function [0, co] — [0, oo] with (extra)
fixed point [00,...,00]. Hence as a function [0, 00] — [0, 00|, F' has at most
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two fixed points. Now we can write the equation set from the definition as

di(s1,81) dy(s1,82) -+ di(s1,sp)
di(s2,81) dy(s2,82) -+ dy(s2,sp)
di(sp,s1) dy(sp,s2) -+ di(sp,sp)

di(s1,s1) dy(s1,82) -+ dy(s1,sp)

| (s2,81) dy(s2,82) oo dy(s2,8)

dy(sp,s1) di(sp,s2) -+ dy(sp,sp)

hence (4.1)) has indeed a unique least fixed point.

4.1.2 Point-wise distance

For point-wise simulation distance we follow a lattice-theoretic rather than a
contraction approach.

4.4 Definition. For states s,t € .S, the point-wise simulation distance from s to
t is defined to be the least fixed point to the set of equations

de(s,t) = max min max (dx(n,m),de(s',t")) .
s/ t—vt!

Note that in this chapter, the point-wise distance is undiscounted.
Let G : [0, 00]P*P — [0, 00]P*P be the function defined by

G(z);; = max min max (dx(n,m),zxy) .
sigsk Sj E—MZ

4.5 Lemma. With partial order on [0,00|P*? defined by x <y iff x;; < vy;; for
alli,j, G is (weakly) increasing.

Proof: Trivial. O

Now the Tarski fixed-point theorem allows us to conclude that G has a
unique least fixed point, hence the above definition is justified.

4.1.3 Properties

4.6 Proposition. The functions dy and de are hemimetrics on S.
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Proof: To show that di(s,s) = de(s,s) = 0 is trivial. The triangle inequal-
ities can be shown inductively; we prove the one for d,: For s,t,u € S, we
have

dy(s,t) + dy(t,u) = max min (dk(n,m) + Md4 (s, 1))

S st
+ max min (dx(m, z) + M4 (¢, u'))
ot u—pu!
> max min min (dg(n,m)+ dx(m, z)
s—rs' t—rt' u—ru’ + )\(d+(8l7t/) + d+(7f/, u/)))
> max min (dk(n, z) + A4 (s',u')) = di(s,u)
s u—su!

assuming the triangle inequality has been proven for the triple (s',¢',u). O

In the next proposition we take the standard liberty of comparing different
(weighted) transition systems by considering their disjoint union.

Proposition. The weighted transition systems 0 and U given as 0 = ({s1},0)
and U = ({s1},{(s1,n,51) | n € K}) are respectively minimal and mazimal
elements with respect to both d4(-,-) and de(-, ), that is, d4+ (0, A) = de(0, A) =
d+(A,U) =de(A,U) =0 for any WTS A.

Proof: For d; (0, A) and de(0, A), the maximum maxs, % is taken over the

empty set and hence is 0. For dy (A, U) and d(A, U), any transition s — s’
in A can be matched by s; = s1 in U, hence the distance is again 0. g

Axiomatizations for Finite Weighted Processes

We now turn to a setting where our weighted transition systems are generated
by finite or regular (weighted) process expressions. We construct a sound and
complete axiomatization of simulation distance in a setting without recursion
first and show afterwards how this may be extended to a setting with recursion.

Let P be the set of process expressions generated by the following gram-
mar:

E:=0|nE|E+FE| neclkK

Here 0 is used to denote the empty process, cf. Proposition
The semantics of finite process expressions is a weighted transition system
generated by the following standard SOS rules:

B 5 E, Ey 5 B
nkE —>FE E1+E2£>Ei E1+E22>Eé

68



4.2. Axiomatizations for Finite Weighted Processes

AT o e "7 T oy O

FIE,F]xr
FnE,mF]pr

(R1) dk(n,m)+ Ary<ir

}_[EI,F}DQTl I_[EQ,F]DQTQ
- [E1+E2,F]D<1T

(R2)

max(ry,re) X T

[ [n.E,Fl] X171 H [H.E,FQ] P A))
F[nE,Fi+ F]xr

(R3)

min(ry,re) AT

Figure 4.1: The § proof system.

We can immediately get the following equalities

d(E+0,E)=0
dy(n.E,m.F)=dg(n,m)+ Ad(E,F) (4.2)
d+(E1 + Es, F) = max(d4 (B, F),dy(Es, F))
dy(n.E,F1 + F») = min(d4 (n.E, F1),dy(n.E, Fy)) (4.3)

For the point-wise distance, we again need only exchange (4.2]) with
de(n.E,m.F) = max(dk(n,m),de(E, F))
In order to show for example (|4.3]) we simply need to apply the definitions:

di(n.E,Fy + F3) = inf  dg(n,m)+ \d(E,F')
Fi4+Fy—>F"

- {ianl m, oy dic(n,m) + Ndy (B, F')

ian2Ln_>F, dg(n,m) + Ady(E, F')

= min (dy(n.E, F1),d+(n.E, F»))

For , the sup-inf expression ranges over singleton sets, hence the result is
easy; the remaining equalities may shown in a similar way.

The inference system § as given in Figure [4.I] axiomatizes accumulating
simulation distance for finite processes, as we shall prove below. Its sentences
are inequalities of the form [E, F] > r where < € {=,<,>} and 0 < r < co.
Whenever [E, F] > r may be concluded from §, we write -z [E, F] > r.

In addition to reflexivity and transitivity, we will need the following stan-
dard properties of & in latter proofs of soundness and completeness: Whenever
a1 b then, for all ¢: a+cxb+c¢, a-crab-c, and max{a,c} < max{b, c}.
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We also remark that the left process indeed needs to be guarded in rule
(R3) above, i.e., the following proposed rule (R3') leads to an unsound infer-
ence system:

F [E,Fl] > 7 = [E,FQ] X 19

R3'
(R3) }—[E,FleFQ]DQ’I“

min(ry,re) AT

Indeed, using this rule we can derive the following (incomplete) proof tree
with a contradictory conclusion; the reason behind is that with £ = E1 + E»
non-deterministic as below, both F; and F> may be needed to answer the
challenge posed by FE:

F[1.0,1.0]>0  +[2.0,1.0/>1 +[1.0,20]>1  F[2.0,2.0] >0

F[1.0+2.0,1.0] > 1 F[1.0 +2.0,2.0] > 1
F[1.0+20,1.0+2.0] > 1

Theorem (Soundness). If g [E, F]>xr, then dy(E, F)par.

Proof: By an easy induction in the proof tree for 5 [E, F] > r, with a case
analysis for the applied proof rule:

(A1) follows from d4 (0, E) = 0.
(A2) follows from d(n.F,0) = co which is clear by the definition of d.

(R1) By induction hypothesis we have dy(E, F) > r1, and as dy (n.E, m.F) =
dk(n,m) + Ad4(E, F), it follows that dy(n.E,m.F) = dk(n,m) + Ary.

(R2) By induction hypothesis, d4(E1, F') > r; and di(Eg, F) > rg, hence
d+(Ey + Ey, F) = max(d4 (F1, F), max{Es, F'}) < max(ry, r2).

(R3) By induction hypothesis, d4 (n.E, Fy) >y and d4(n.E, F3) > 19, hence
dy(n.E, Fi1 + Fy) = min(dy (n.E, Fy),d4(n.E, F»)) >amin(rq, r2). O

Theorem (Completeness). If d.(E, F)var, then bz [E, F]>ar.

Proof: By an easy structural induction on F:

(E = 0) We have d4(0,F) =0par. By Axiom (A1), also - [0, F] = 0.

(E = n.E') We use an inner induction on F:

Case FF=0: Hered,(E,F)=d(n.E',0) =ocoxir. By Axiom (A2),
also - [n.E', 0] = occ.

70



421

4.10

4.2.2

4.11

4.2. Axiomatizations for Finite Weighted Processes

Case F = m.F': Here d((E,F) = dy(n.E',m.F") = dk(n,m) +
Ay (E',F") > r, hence with v = A7Y(r — d (,nm)), do(E', F") > 1'.
By induction hypothesis it follows that - [E’, F'] >/, and we can use
Axiom (R1) to conclude that & [E, F| .

Case F = F| + F»: Using (4.3), we have d(E,F) = dy(n.E', Fy +
Fy) = min (dy(n.E', F1),dy(n.E', Fy)). Let dy(n.E',F;) > r; and
d4(n.E', Fy) >4 ro9. By the previous case, we know b [n.E’ Fi] < 7q.
As min{r,ra} > r it follows using (R3) that k5 [n.E, F1 + Fy] a7,

(E = E1+ E;) By an argument similar to the one in the preceding subcase,
we have d+(E, F) = maXx (dJr(El, F),d+(E2, F)) If d+(E1, F) >
and dy(F2, F) > ro with max(ry,r2) b r, we can use the induction
hypothesis to conclude + [Fy, F| >t r; and b [Eq, F] < r;, whence
F[E, F]par by Axiom (R2). O

Point-wise distance

We can devise a sound and complete inference system §* for point-wise dis-
tance (instead of accumulating) by replacing inference rule (R1) in System §
by the rule

H[E, F]ear

(R1) FnE,mF]r

max(dg (n,m), Adry) >ar

As before, we write Fge [E, F|>ar if [E, F] > r can be proven by §°.

Theorem (Soundness & Completeness). ze [E, F] > r if and only if
de(E,F)par

Proof: The proof is similar to the one for §. O

Simulation distance zero

We show here that for distance zero, our inference system § specializes to a
sound and complete inference system for simulation. The inference system g
is displayed in Figure [4.2

Theorem (Soundness & Completeness). 3z, E < F if and only if E <
F.

Proof: Soundness follows immediately from the soundness of Proof system
§, and for completeness we note that the arguments one uses in the inductive

proof of Theorem all specialize to distance zero. Il

71



4.3

4. AXIOMATIZATION

(A10)7F0<E
FEXF

Rly) — =37

(Rlo) FnE<nF

FE X F FEyx F
FE+EyxF

(R20)

FnE<F;
FnE<F+ F

FnE<Fy

!
(F3o) FnE<F+F

(R30)

Figure 4.2: The §y proof system

We remark that, contrary to the situation for general distance above, we
may indeed replace the guarded process n.E in (R3()) and (R3p) by a plain £
without invalidating the rules. Note also that §y may similarly be obtained
as a specialization §{ of the axiomatization §* of point-wise distance above.

Axiomatizations for Regular Weighted Processes

Let N = max{dk(n,m) | n,m € K}; by finiteness of K, N € R. Let V be a
fixed set of variables, then P% is the set of process expressions generated by
the following grammar:

E:=U|X|nE|E+FE|uX.E neK,XeV

Here we use U to denote the universal process recursively offering any weight
in K, ¢f. Proposition Note that we do not incorporate the empty process
0. Semantically this will mean that all processes in P¥ are non-terminating,
and that the accumulating distance between any pair of processes is finite. The
reason for the exchange of 0 with U is precisely this last property; specifically,
completeness of our axiomatization (Theorem can only be shown if all
accumulating distances are finite.

The semantics of processes in P is given as weighted transition systems
which are generated by the following standard SOS rules:

nE%E ubu
B % E| Ey ™ EY EuX.E/X| & F
Ey+E 5 E, B+ Ey % B uX.ES F
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As usual we say that a variable X is guarded in an expression E if any
occurrence of X in F is within a subexpression n.E’. Formally, we define the
guarding depth gd(E, X) of variable X in expression E recursively by

gd(U, X) = o
gd(X,X)=0
gd(n.E, X) = 1+ gd(E, X)
gd(E1 + E», X) = min (gd(E1, X), gd (B, X))

gd(IX.E.Y) = {gd(E, X) ?f X+#Y
00 iftX=Y
and we say that X is guarded in E if gd(E, X) > 1.

Also as usual, we denote by E[F/X] the expression derived from E by
substituting all free occurrences of variable X in E by F, and given tuples F =
(Fi,...,F), X = (Xyq,...,X}), we write E[F/X]| = E[F /Xy, ..., F/X}] for
the simultaneous substitution.

Our inference system for regular processes consists of the set of rules R as
shown in Figure whenever [E, F| < r may be concluded from R, we write
For [E, F] .

Compared to inference system § for finite processes, we note that we have
to include the triangle inequality (R4) as an inference rule. Also, the precon-
gruence property of simulation distance is expressed by rules (R1), (R5), and
(R6). We will need all those extra rules in the proof of Lemma which
again is necessary for showing completeness.

4.12 Theorem (Soundness). For closed expressions E,F € PR we have that
oy [E, F] < r implies dy (E, F) .

Proof: By an easy induction in the proof tree for kg [E, F] > 7, using
the definition of dy(-,-). In relation to Axiom (A3), we note that N =
max{dk (n,m) | n,m € K} implies d; (E, F) < Y7220 NN = 5. O

Our completeness result for regular processes will be based on the following
lemmas; here we call an expression E € PT non-recursive if it does not contain
any subexpressions uX.FE’:

4.13 Lemma. For all E € PR and k € N there exist a non-recursive expression F
and tuples E = (E1,...,Ey), X = (X1,...,Xk) for which gd(F, X;) > k for
all i and

b [E,FIE/X]] =0, o [F[E/X],E]=0.

Proof: Repeated use of the unfolding axioms (A6) and (A7), the congruence
rules (R1), (R5), and (R6) with » = 0 and of the triangle inequality (R4). O
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A3) — N
W) TE <y T
A4
(A1) FIU, Y exn Ul =0
A5 A6
(45) FDnexn.U, Ul =0 (A6) FHpX.E,EuX.E/X]]=0
AT A8) ——
(A7) F[EuX.E/X],uX.E]=0 (48) HIE, U =0
HIE,F] >
R1 d A
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Figure 4.3: The R proof system
4.14 Lemma. Let F be a non-recursive expression and E = (E1,...,Ex), X =

(X1,...,Xg) tuples for which gd(F, X;) >k for all i. Then
~o [FIE/X],F[O/X]| =0, Fx [F[U/X], F[E/X] = X5

Proof: Repeated use of Axioms (A3) and (A8) together with the congruence
rules (R1), (R5), and (R6) with r» = 0. O

4.15 Lemma. For closed non-recursive expressions E, F, d,(E,F) <1 r implies
Fo [E, Flar.

Proof: By structural induction similar to the proof of Theorem O
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We are now in a position to state our completeness result which enables
arbitrary e-close proofs in the sense below. The proof uses unfoldings of
recursive expressions as in Lemma [£.13] and as these unfoldings are finite
non-recursive processes, we cannot expect exact completeness.

4.16 Theorem (Completeness up to €). Let E and F be closed expressions of
PR ande > 0. Then dy(E,F) =r implies b [E,F] <r+¢ and by [E, F] >
r—e.

Proof: Assume d;(E,F) = r, and choose k € N such that 2A* &5 <e. By

Lemma we have non-recursive expressions E’, F' and tuples E, F, X,
and Y for which gd(E’, X;) > k and gd(F’,Y;) > k for all i, and such that

kot [E,E'[E/X]] =0, Fo [E'[E/X],E] =0,
Foy [F, F'[F/Y]) =0, ot [F'[F/Y], F] =0.

From Lemma [.14] it follows that

Fo [E'[E/X], E'[U/X]] =0,
Fo [E’[fJ/X],E’[E/X]] < )\k% = £,
Fo [F'[F/Y], F'[U/Y]] =0,
For [F’[ﬁ/?],F’[F/Y]] < )\’“% =:.

Using the triangle inequality and Theorem we now have

A (E'[0/X), F'[U/X]) < d.(E'[U/X], E'[E/ X)) + d;(E'[E/X], E)
+d (B, F) +d+(F, F'[F/Y])
+d. (F'[F/Y], F'[U/Y])
<S+0+7r4+04+0=r+5.

Only non-recursive expressions are involved here, so that we can invoke Lemma[4.15]
to conclude

o [E'[U/X], FIU/X] <7+ 5

Now we can use the triangle inequality axiom (R4) together with the eight
equations above to arrive at

b [E,F] <r+e.
Similar arguments show that also Fo [E, F] > r — ¢, O
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4.17

4. AXIOMATIZATION

Point-wise distance

Again we can easily convert our proof system R into one for point-wise (instead
of accumulating) distance. In this case, we obtain R® by replacing inference
rule (R1) by (R1°®) as we did for Proof system §, and (A3) needs to be replaced
by

A3) —m————
(A3%) HIE,FI<N
With these replacements we have a sound and e-complete axiomatization of
point-wise simulation distance for recursive weighted processes:

Theorem (Soundness & Completeness up to €). Let E and F be closed
expressions of PE, then Foe [E, F] a1 implies do(E, F) a1, and do(E, F) =
r implies Fge [E, F] <1 +4¢ and bye [E, F] > r —¢ for any e > 0.

Proof: The proof is similar to that for accumulated distance. (|
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5.1

The Quantitative
Linear-Time—Branching-Time
Spectrum!

This chapter generalizes the work presented so far in several ways and devel-
ops a general theory of linear and branching distances depending on a given,
but unspecified, trace distance. It introduces quantitative Ehrenfeucht-Fraissé
games as a central tool for this generalization and then proceeds to define a
spectrum of linear and branching distances which generalizes the one of van
Glabbeek [vGO1].

Traces, Trace Distances, and Transition Systems

For a finite non-empty sequence a = (ao, ..., ay), we write last(a) = a, and
len(a) = n+1 for the length of a; for an infinite sequence a we let len(a) = oo.
Concatenation of finite sequences a and b is denoted a - b. We denote by
a® = (ay,ag41,...) the k-shift and by a; the (i + 1)st element of a (finite or
infinite) sequence, and by € the empty sequence.

Throughout this chapter we fix a set K of labels, and we let K*® = K*UK"
denote the set of finite and infinite traces (i.e., sequences) in IK. A hemimetric
dT : K®xK® — Rx>qU{oo} is called a trace distance if len(c) # len(7) implies
d"(o,7) = c0.

A labeled transition system (LTS) is a pair (S5,7T) consisting of states S
and transitions T C S x K x S. We often write s = ¢ to signify that (s,z,t) €
T. Given e = (s,z,t) € T, we write src(e) = s and tgt(e) = t for the
source and target of e. A path in (S,T) is a finite or infinite sequence ™ =
((s0,0,t0), (s1,21,t1),...) of transitions (sj,xj,t;) € T which satisfy t; =
sj4+1 for all j. We denote by tr(m) = (zg,21,...) the trace induced by such a
path 7. For s € S we denote by Pa(s) the set of (finite or infinite) paths from
s and by Tr(s) = {tr(m) | m € Pa(s)} the set of traces from s.

LThis chapter is based on the journal paper [FL14b] published in Theoretical Computer
Science.
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5. THE QUANTITATIVE LINEAR-TIME-BRANCHING-TIME SPECTRUM

Examples of Trace Distances

We give a systematic treatment of trace distances with which our quantitative
framework can be instantiated. Some of them have appeared in previous
chapters; some others are new, but have been used elsewhere in the literature.

Most of the trace distances one finds in the literature are defined by giving
a hemimetric d on KK and a method to combine the so-defined distances on
individual symbols to a distance on traces. Three general methods are used
for this combination:

o The point-wise trace distance: PW(d)(o, 7) = sup; Md(a;,75);
o the accumulating trace distance: ACy(d)(o,7) =3, Nd(oj,75);
o The limit-average trace distance: AV(d)(c, 7) = liminf; jﬁzgzod(%, Ti)-

Note that the trace distances are parametrized by the label distance d : K x
K — R>o U {oo}. Also, X is a discounting factor with 0 < A < 1, and
we assume that the involved traces have equal length; otherwise any trace
distance has value co. The point-wise distance thus measures the (discounted)
greatest individual symbol distance in the traces, whereas accumulating and
limit-average distance accumulate these individual distances along the traces.

If the distance on K is the discrete distance given by dgisc(x,2) = 0 and
dgisc(x,y) = oo for x # y, then all trace distances above agree, for any A. This
defines the discrete trace distance ddTiSC = PW(dgisc) = ACx(ddisc) = AV (dgisc)
given by dl._(0,7) = 0 if 0 = 7 and oo otherwise. We will show below that
for the discrete trace distance, our quantitative linear-time—branching-time
spectrum specializes to the qualitative one of [vGO1].

If one lets d(x,z) = 0 and d(x,y) = 1 for x # y instead, then ACy(d) is
Hamming distance [Hamb0] for finite traces, and ACy(d) with A < 1 and
AV(d) are two sensible ways to define Hamming distance also for infinite
traces. PWj(d) is topologically equivalent to the discrete distance; indeed,
PW(d)(o,7) = 1iff d] (0,7) = o0.

A generalization of the above distances may be obtained by equipping K
with a preorder < C K x KK indicating that a label x € IK may be replaced by
any y € K with z < y, as for example in [Tho87]. If we define d(z,y) = 0 if
x <y and d(z,y) = oo otherwise (note that this is a hemimetric which is not
necessarily symmetric), then again PW)(d) = ACy(d) = AV(d) for any A.

Point-wise and accumulating distances have been studied in a number of
papers [dAFS09, CHR12, CDH10,vB05] and in previous chapters. PW(d) is
the point-wise distance from [dAFS09, DLT08], and PWy(d) for A < 1 is the
discounted distance from [dAFS09,dAHMO03]. Accumulating distance ACy(d)
has been studied in [dAFS09], and AV(d) in [CDH10, CHR12]. Both ACy(d)
and AV(d) are well-known from the theory of discounted and mean-payoff
games [EM79,ZP96].

78



5.3

5.3. Quantitative Ehrenfeucht-Fraissé Games

All distances above were obtained from distances on individual symbols
in IK. A trace distance for which this is not the case is the mazimum-lead
distance from [HMPO05] defined for K C ¥ x R, where ¥ is an alphabet.
Writing z € K as = = (2f, z%), it is given by

dT(a )= supj|2320 ol =3 it Jf = Tf for all j,
+\Y .
00 otherwise.

As this measures differences of accumulated labels along runs, it is especially
useful for real-time systems, c¢f. [HMPO05, FL12].

As a last example of a trace distance we mention the Cantor distance given
by d&(o,7) = (1 +inf{j | o; # 7;})7!. Cantor distance hence measures the
(inverse of the) length of the common prefix of the sequences and has been
used for verification e.g., in [DHLN10]. Both Hamming and Cantor distance
have applications in information theory and pattern matching.

We will return to our example trace distances in Section to show how
our framework may be applied to yield concrete formulations of distances in
the linear-time—branching-time spectrum relative to these.

Quantitative Ehrenfeucht-Fraissé Games

To lift the linear-time—branching-time spectrum to the quantitative setting,
we define below a quantitative Ehrenfeucht-Fraissé game [Ehr61, Fra54] which
is similar to the well-known bisimulation game of [Sti95].

Let (S,T) be a LTS and d7 : K™ x K> — R U {00} a trace distance.

The intuition of the game is as follows: The two players, with Player 1
starting the game, alternate to choose transitions, or mowves, in T, starting
with transitions from given start states s and ¢ and continuing their choices
from the targets of the transitions chosen in the previous step. At each of
his turns, Player 1 also makes a choice whether to choose a transition from
the target of his own previous choice, or from the target of his opponent’s
previous choice (to “switch paths”). We use a switch counter to keep track of
how often Player 1 has chosen to switch paths. Player 2 has then to respond
with a transition from the remaining target. This game is played for an infinite
number of rounds, or until one player runs out of choices, thus building two
finite or infinite paths. The value of the game is then the trace distance of the
traces of these two paths.

We proceed to formalize the above intuition. A Player-1 configuration
of the game is a tuple (m,p,m) € T™ x T"™ x N, for n € N, such that for
all i € {0,...,n — 2}, either sre(miy1) = tgt(m;) and sre(pi+1) = tgt(p;), or
sre(miy1) = tgt(p:) and sre(piyr1) = tgt(m;). Similarly, a Player-2 configuration
is a tuple (m,p,m) € T""! x T™ x N such that for all i € {0,...,n — 2},
either sre(mip1) = tgt(m;) and sre(pir1) = tgt(ps), or sre(mit1) = tgt(p;) and
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5. THE QUANTITATIVE LINEAR-TIME-BRANCHING-TIME SPECTRUM

sre(piv1) = tgt(m;); and sre(my,) = tgt(mp—1) or src(my,) = tgt(pn—1). The set
of all Player-i configurations is denoted Conf;.

Intuitively, the configuration (m,p,m) keeps track of the history of the
game; 7 stores the choices of Player 1, p the choices of Player 2, and m is the
switch counter. Hence m and p are sequences of transitions in 7" which can
be arranged by suitable swapping to form two paths (7,p). How exactly these
sequences are constructed is determined by a pair of strategies which specify
for each player which edge to play from any configuration.

A Player-1 strategy is hence a partial mapping 61 : Conf; — T x N such
that for all (7, p,m) € Conf; for which 0y (m, p,m) = (¢/,m’) is defined,

o sre(e) = tgt(last(mw)) and m' =m or m’ =m+1, or
o sre(e’) = tgt(last(p)) and m’ = m + 1.

A Player-2 strategy is a partial mapping 05 : Confy — T x N such that for all
(e, p,m) € Confy for which 6y (7 - e, p,m) = (¢/,m’) is defined, m’ = m, and
sre(e') = tgt(last(p)) if sre(e) = tgt(last(m)), src(e’) = tgt(last(m)) if src(e) =
tgt(last(p)). The sets of Player-1 and Player-2 strategies are denoted ©; and
Os.

Note that if Player 1 chooses a transition from the end of the previous
choice of Player 2 (case src(e’) = tgt(last(p)) above), then the switch counter
is increased; but Player 1 may also choose to increase the switch counter
without switching paths. Player 2 does not touch the switch counter.

We can now define what it means to update a configuration according
to a strategy: For §; € ©; and (m,p,m) € Confy, updy, (7, p,m) is defined
if 01(m,p,m) = (¢/,m’) is defined, and then updy, (7, p,m) = (7 - €, p,m’).
Similarly, for 3 € ©2 and (7 - e, p,m) € Confy, updy, (7 - €, p,m) is defined if
O2(m-e, p,m) = (¢/,m’) is defined, and then updy, (7-e, p,m) = (7-e,p-e’,m’).

For any pair of states (s,t) € S x S, a pair of strategies (01,02) € ©1 X Oq
inductively determines a sequence (77, p/, m/) of configurations, by

(71—07 P07 mO) = (87 ta 0)7

(2T 2L 2ty undef. if 'Updel'(ﬂ'Zj ,p¥,m?) is undefined,
7 ’ updg, (729 p% ,m%) otherwise;
undef. if updy, (71.2j71”02j717 mzjq)
(%, p¥,m?) = is undefined,
updg, (%71, p¥ =1, m2~1)  otherwise.

Note that indeed, we are updating configurations by alternating between the
two strategies 61, 0s.

The configurations in this sequence satisfy 7/ <, 7! and p/ <, p/*! for
all j, where <, denotes prefix ordering, hence the direct limits 7 = liﬂﬂj , P =
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p) exist (as finite or infinite paths). By our conditions on configurations,
the pair (, p) in turn determines a pair (7, p) of paths in S, as follows:

m,p1) if sre(my

[ ) (m) =
(T1,p1) = {(plﬂTl) if sre(my) =
(wj>ps) i srely) = tgi(T; 1)
( ) (mj) =

tgt(pj-1)

5y Pyj

p],ﬂ']

(75, pj) = { :
if sre(m;

The outcome of the game when played from (s,t) according to a strategy
pair (01,05) is defined to be out(6y,62)(s,t) = (7, p), and its utility is defined
by util(01,62)(s,t) = d' (tr(out (A1, 62)(s,t))) = dT (tr(7), tr(p)).

Recall that d' is given as a parameter to the game; if we want to make
explicit the parametrization on the trace distance d' on which utility depends,
we write util 7 (61,602)(s,t).

Note that util(6y,62)(s,t) is defined both in case the paths 7 and p are
finite and in case they are infinite (the case where one is finite and the other is
infinite cannot occur). Also, if the paths are finite because 01 (77, p/, m?) was
undefined for some configuration (77, p7, m?) in the sequence, then len(7) =
len(p); if on the other hand the reason is that 02(77, p/, m?) was undefined,
then len(7) = len(p) = 1, and util(61, 02)(s,t) = co. Hence if the game reaches
a configuration in which Player 2 has no moves available, the utility is co.

The objective of Player 1 in the game is to maximize utility, whereas
Player 2 wants to minimize it. Hence we define the value of the game from
(s,t) to be

v(s,t) = sup inf util(61,02)(s,1).
01€01 02€0,

For a given subset ©] C ©1 we will write

v(©])(s,t) = sup inf util(y,09)(s,t),
916@’1 02€09

and if we need to emphasize dependency of the value on the given trace dis-
tance, we write v(d',0}). The following lemma states the immediate fact
that if Player 1 has fewer strategies available, the game value decreases.

Lemma. For all ©) C O] C O and all s,t € S, v(O])(s,t) < v(O))(s,t).

The above definition of strategies is slightly too general in that whether
or not a strategy is defined in a given configuration should only depend on
the actual part of the configuration on which the strategy has an effect. We
hence define a notion of uniformity which we will assume from now:

Definition. A strategy 61 € ©1 is uniform if it holds for all configurations
(m, p,m), (7, p,m), (7, p,m) € Confy that whenever 6(m, p,m) = (¢/,m’) is
defined,
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o if sre(e’) = tgt(last(m)), then also 61 (m, p,m) is defined, and
o if sre(e') = tgt(last(p)), then also 61 (7, p, m) is defined.

A strategy 6y € ©g is uniform if it holds for all configurations (7 - e, p, m), (7 -
é,p,m), (m-e,p,m) € Confy that whenever (7 - e, p,m) = (¢/, m’) is defined,

o if sre(e') = tgt(last(p)), then also (7 - €, p,m) is defined, and
o if sre(e) = tgt(last(m)), then also (7 - €, p,m) is defined.

A subset ©] C O is uniform if all strategies in ©) are uniform. Uniformity
of strategies is used to combine paths built from different starting states in the
proof of Proposition below, and it allows us to show a minimax theorem
for our setting.

The concrete strategy subsets we will consider in later sections will all be
uniform, so from now on we only consider the subsets of ©1 and O+ consisting
of uniform strategies. Abusing notation, we will also denote these by ©;
and @2.

Lemma. For any uniform 0} C ©1 and all s,t € S,

sup inf util(01,02)(s,t) = inf sup util(01,02)(s,t).
01 66,1 02€04 62€02 01 66,1

Proof: By uniformity, neither of the two players has any possibility to in-
fluence the configurations reachable by the other’s strategies. Hence it is
immaterial which player gets to choose strategy first. O

General Properties

We show here that under the uniformity condition, the game value is indeed a
distance, and that results concerning inequalities in the qualitative dimension
can be transfered to topological inequivalences in the quantitative setting. Say
that a Player-1 strategy 61 € ©1 is non-switching if it holds for all (m, p, m)
for which 0y (7, p, m) = (¢/,m’) is defined that m = m/, and let ©Y be the set
of non-switching Player-1 strategies. We first show a lemma which shows that
any pair of traces can be generated by a non-switching strategy:

Lemma. For all s,t € S and all o € Tr(s), 7 € Tr(t) there exist 61 € ©9 and
02 € Oy for which util(0y,02)(s,t) = d" (o, 7).

Proof: Let (m, p,0) € Conf; for finite paths 7, p with len(7) = len(p) =k >0
and tr(r) = o0g...0k-1, tr(p) = 70...7%—1. If len(o) > k, then there is
e = (last(m), ok, 8') € T, and we define 0 (7, p,0) = (e,0). If also len(7) > k,
then there is € = (last(p), 7%,t') € T, and we let (7 - e, p,0) = (€¢/,0).
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Let (7,p) = out(1,02)(s,t). If both o and 7 are infinite traces, then
tr(7) = o and tr(p) = 7; otherwise, tr(7) and tr(p) will be finite prefixes of o
and 7 for which d7 (tr(7),tr(p)) = dT(a, T). O

The following proposition shows that the distance defined by our quanti-

tative game is a hemimetric. Note that the proof of the triangle inequality
uses uniformity.

Proposition. For all ©) C O with O} C 0}, v(©}) is a hemimetric on S.

Proof: We write v = v(0)) during this proof. It is clear that v(s,s) = 0 for
all s € S: if the players are making their choices from the same state, Player 2
can always answer by choosing exactly the same transition as Player 1. For
proving the triangle inequality v(s,u) < v(s,t) + v(t,u), let € > 0 and use
Lemma [5.3| to choose Player-2 strategies 65", 05" € O, for which

sup util(61,05")(s,t) < v(s, t) + 5,
916@’1

sup util(61,05")(t, u) < v(t,u) + 5.
61€0]

(5.1)

We define a strategy 05" € O3 which uses three paths and two configurations
in S as extra memory. This is only for convenience, as these can be recon-
structed by Player 2 at any time; hence we do not extend the capabilities of

Player 2:
0§7u(ﬂ- Ce, X, M, 15/ )2’7(—/ pllapl27xl) =
<0tu( 21 7T e p17 ) lem);

ﬁ,'egﬂi(ﬂ-/'e :0/17 )7

X057 (ph - 05 (7' - e, p,m)),

7T, - €

Py - 035 (' e, plm),

p/2 ’ 05:§(WI ’ 67p/17 m)v

X 055 (P - 035(n - e, pl,m)) ) if se(e) = tgt(last(7)),

(605" (7" - 055 (0 - €, X', m), ply, m);
- GSt(ﬂ' 021(p2 e,x',m)),

X054 (0 e X, m)) if sre(e) = tgt(last(¥)).
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S t u
T P Py X [X
ph X ™ X T\ Pl
Py X ™ X ™[ ph
T 2] rhy o X'\X

Figure 5.1: Configuration update in the game used for showing the triangle
inequality

In the beginning of the game, all memory paths are initialized to be empty.

In the expression above, the strategy 65 is constructed from the strategies
9;’t and 93’" by using the answer to the move of Player 1 in one of the games
as an emulated Player-1 move in the other. The paths 7, x are constructed
from the configuration (m, x) of the (s, u)-game and are only kept in memory
so that we can see whether Player 1 is playing an edge prolonging 7 or Y.
The pair (7', p}) is the configuration in the (s,t)-game we are emulating, and
(ph, X') is the (¢, u)-configuration. The path p' = p} = pl is common for the
paths (7', p}), (P4, X') constructed from (7’, pj) and (ph, x').

If Player 1 has played an edge e prolonging 7 (first case above), we compute
an answer move (¢/,m) = 65" (x’ - e, p},m) to this in the (s,t)-game. This
answer is then used to emulate a Player-1 move in the (t,u)-game, and the
answer 05" (ph - €/, X', m) to this is what Player 2 plays in the (s, u)-game. The
memory is updated accordingly. If on the other hand, Player 1 has played
an edge e prolonging y, we play in the (¢,u)-game first and use the answer
(¢/,m) = 65"(ph - e,x’,m) in the (s,t)-game to compute 65" (7' - €, p, m).
Figure [5.1] gives an illustration of how the configurations are updated during
the game; note that uniformity of ©] is necessary for being able to emulate
Player-1 moves from one game in another.

Take now any 67" € O], let (7,%) = out(67",05")(s,u), and let
be the corresponding memory path. By Lemma there exist 0?’29?“ €
O for which dT (tr(7),tr(7)) = util(07F,05%)(s,t) and dT (tr(7), tr(x)) =
util (6%, 05)(t, u). Using Equation we have

ey

util (05", 05") (s,u) = d (tr(7), tr(Y))

< d"(tx(7), tr(p)) + d" (tr(p), tr(X))
<wv(s,t)+o(t,u)+e

and hence also infg,ce, util (07", 02)(s,u) < v(s,t) +v(t,u) +e. As the choice

84



5.6

5.5

55.1

5.7

5.8

5.5. The Distance Spectrum

of 67" was arbitrary, this implies

sup inf util(61,602)(s,u) < wv(s,t) +v(t,u) + e,
6,0/ 02602

and as also € was chosen arbitrarily, we have v(s,u) < v(s,t) + v(t,u). O

Next we show a transfer principle which allows us to generalize counterex-
amples regarding the equivalences in the qualitative linear-time—branching-
time spectrum [vGO1] to the qualitative setting. We will make use of this
principle later to show that all distances we introduce are topologically in-
equivalent.

Lemma. Let 07,07 C ©1, and assume d' to be separating. If there exist
states s,t € S for which v(dl.,01)(s,t) =0 and v(d}..,07)(s,t) = oo, then
v(d",0)) and v(d",0Y) are topologically inequivalent.

Proof: By v(dl..,©0})(s,t) = 0, we know that for any ¢; € ©] there exists
02 € O9 for which (7, p) = out(61,62)(s,t) satisfy tr(7w) = tr(p), hence also
v(d",0))(s,t) = 0. Conversely, as d' is separating, v(d',07)(s,t) = 0 would
imply that also v(dL..,©7)(s,t) = 0, hence we must have v(d", ©/)(s,t) # 0,
entailing topological inequivalence. O

The Distance Spectrum

In this section we introduce the distances depicted in Figure [5.2] and show
their relationship. Note again that the results obtained here are independent
of the particular trace distance considered. Throughout this section, we fix a
LTS (S,T) and a trace distance dT : K® x K® — R>o U {oco}.

Branching Distances

If the switching counter in the game introduced in Section [5.3] is unbounded,
Player 1 can choose at any move whether to prolong the previous choice or to
switch paths, hence this resembles the bisimulation game [Sti95].

Definition. The bisimulation distance between s and t is dP'™ (s, t) = v(s, t).

Theorem. Ford' =dl. the discrete trace distance, d35™(s,t) = 0 iff s and
t are bisimilar.

Proof: By discreteness of dl. ., we have d}*™(s,¢) = 0 iff it holds that for
all §; € O there exists 02 € O for which util(61,62)(s,t) = 0. Hence for each
reachable Player-1 configuration (7, p, m) with 61 (7, p,m) = (¢/,m’), we have
Oy (7€', p,m’) = (" ,m') with tr(e/) = tr(e”), i.e., Player 2 matches the labels
chosen by Player 1 precisely, implying that s and ¢ are bisimilar. The proof
of the other direction is trivial. O
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trace equivalence simulation equivalence
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1-nested trace inclusion 1-nested simulation
-
trace inclusion stmulation

Figure 5.2: The quantitative linear-time-branching-time spectrum. The nodes
are the different system distances introduced in this chapter, and an edge
dy — dy or dy --» dy indicates that dy(s,t) > da(s,t) for all states s, t, and
that d; and dy in general are topologically inequivalent.
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We can restrict the strategies available to Player 1 by allowing only a
pre-defined finite number of switches:

O M — {6, € Oy | if 01 (m, p,m) = (¢/,m’) is defined, then m’ < k — 1}

In the so-defined k-nested simulation game, Player 1 is only allowed to switch
paths k — 1 times during the game. Note that ©1"™ = @! is the set of
non-switching strategies.

Definition. The k-nested simulation distance from s to t, for k € N, is
d"sm (s, t) = v(O4sm)(s,t). The k-nested simulation equivalence distance
between s and ¢ is d*$M¢d(s ) = max(v(OF5™)(s, 1), v(OFM) (¢, 5)).

Theorem. For d' = d. . the discrete trace distance,

disc
o dkSM(s ¢) = 0 iff there is a k-nested simulation from s to t,
. dﬁ;:im'eq(s,t) = 0 iff there is a k-nested simulation equivalence between

s and t.

2-sim
disc

1-sim
disc

Especially, d corresponds to the usual simulation preorder, and d

to two-nested simulation. Similarly, dé’izicm'eq is similarity, and di’i:im'eq is two-
nested simulation equivalence. We refer to [GV92, HM85] for definitions and
discussion of two-nested and k-nested simulation.

Proof: This is similar to the proof of Theorem If dksim(s,¢) = 0, then
any 0; € ©%5™ has a counter-strategy 6, € O, which matches the labels
chosen by Player 1 precisely, implying k-nested simulation from s to t. The

other direction is again trivial. O

Theorem. For all k,¢ € N with k < ¢ and all s,t € S,
dk-sim-eq(s7 t) < dé-sim(& t) < d@-sim-eq(s7 t) < dbisim(s7 t).

If the trace distance d' is separating, then all distances above are topologically
inequivalent.

Proof: The first part of the theorem follows from the inclusions ©55™°4 C
ofsim C @f‘sm'eq C ©; and Lemma Topological inequivalence follows
from Lemma [5.6] and the fact that for the discrete relations corresponding
to the distances above (obtained by letting d' = d_. ), the inequalities are

disc

strict [vGO1]. O

As a variation of k-nested simulation, we can consider strategies which
allow Player 1 to switch paths k times during the game, but at the last switch,
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he may only pose one transition as a challenge, to which Player 2 must answer,
and then the game finishes:

eF™Im — (9, € O | if 6, (m, p,m) is defined, then m < k — 1}

Hence after his k’th switch, Player 1 has no more moves available, and the
game finishes after the answer move of Player 2. Again, we allow Player 1 to
increase the switch counter without actually switching paths.

Definition. The k-nested ready simulation distance from s to t, for k € N, is
dFsim (5 1) = v(OkFTIM) (s, ). The k-nested ready simulation equivalence dis-
tance between s and t is d¥™™M4(s ) = max(v(OF M) (s, t), v(OFIM)(¢, 5)).

For the discrete case, it seems only £ = 1 has been considered; the proof
is similar to the one of Theorem

Theorem. For d' = aldTiSC the discrete trace distance,

o dNTM(s t) = 0 iff there is a ready simulation from s to t,

disc

o dl—rsun—eq

ise (s,t) =0 iff s and t are ready simulation equivalent.

The next theorem finishes our work on the right half of Figure [5.2

Theorem. For all k,¢ € Ny with k < ¢ and all s,t € 5,

dk—sim(s7 t) < dk—rsim(S’ t) < dﬂ—sim(S’ t) ’
dk—sim—eq(s’ t) < dk—rsim—eq(s’ t) < dé—sim—eq(s’ t) )

Additionally, d*™'"™ and d*s"™°9 are incomparable, and also d**'™°9 gnd
dEHD-sm e incomparable.  If the trace distance dV is separating, then all
distances above are topologically inequivalent.

Proof: Like in the proof of Theorem the inequalities follow from strategy
set inclusions and topological inequivalence from Lemma[5.6] The incompara-
bility results follow from the corresponding results for d!. = and Lemma D

disc

Linear Distances

Above we have introduced the distances in the right half of the quantitative
linear-time-branching-time spectrum in Figure [5.2] and shown the relations
claimed in the diagram. To develop the left half, we need the notion of blind
strategies. For any subset ©) C ©; we define the set of blind ©/-strategies by

&) = {61 € 6} | ¥, p, gl : O1(m, p,m) = O (m, ' ),
or 61(m, p,m) = (e,m + 1) and tgt(last(p)) # tgt(last(p’))}.
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Hence in such a blind strategy, either the edge chosen by Player 1 does not

depend on the choices of Player 2, or the switch counter is increased, in which

case the Player-1 choice only depends on the target of the last choice of Player 2

(note that this dependency is necessary if Player 1 wants to switch paths).
Now we can define, for s,t € S and k € N,

o the oo-nested trace equivalence distance: d*"2¢d(s t) = v(O1)(s, 1),

the k-nested trace distance: d*tace(s,t) = v(OF5™) (s, 1),

the k-nested trace equivalence distance:
d*raceed(s, ) = max (v(OF™)(s, t), v(OF ) (2, 5)),

the k-nested ready distance: dF"V (s t) = v(O§™5™)(s,1), and

the k-nested ready equivalence distance:
A5, ) = max(u( B (5, 1), 0O 1, ).

Our approach is justified by the following lemma which shows that the (1-
nested) trace distance from s to ¢ is precisely the Hausdorff distance between
the sets of traces available from s and ¢, respectively.

Lemma. For s,t € S, d"race(s,t) = SUP,eTr(s) I reTr() d"(o,7).

Proof: We have d"*2(s,t) = v(09)(s,t), with 00 = {8, € OV | ¥, p,p/,m.
61(m, p,m) = 01(m, p’,m)}. Hence, and as strategies in ©f are non-switching,
every strategy 0 € ©F gives rise to precisely one trace o = o(6;) € Tr(s) inde-
pendently of Player-2 strategy 6o € ©5. Conversely, by Lemma (noticing
that indeed, we have constructed a blind Player-1 strategy in the proof of
that lemma), every trace o € Tr(s) is generated by a strategy #; € ©9 with
o=o(0).
We can finish the proof by showing that for all §; € (;)?,

. T _ . T
Jnf d7(0(0). x(p(01,02)) = _inf dT(o(60).7).

But again using Lemma we see that any 7 € Tr(f) is generated by a
strategy 02 € ©9, hence this is clear. O

Using the discrete trace distance, we recover the following standard rela-
tions [vGO01]. The theorem follows by Lemma and arguments similar to
the ones used in the proofs of the corresponding theorems in the preceding
section. We refer to [RB81, HM85] for definitions and discussion of possible-
futures inclusion and equivalence.

Theorem. Ford' = ddTiSC the discrete trace distance and s,t € S we have

. dl—trace

Tiace(s, t) = 0 iff there is a trace inclusion from s to t,
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. d(li'iziace'eq(s,t) =0 iff s and t are trace equivalent,

o d%trace(s t) =0 iff there is a possible-futures inclusion from s to t,

. di’izzace'eq(s,t) =0 iff s and t are possible-futures equivalent,
A5V (s,8) = 0 iff there is a readiness inclusion from s to t,
AT 1) = 0 iff s and t are ready equivalent.

The following theorem entails all relations in the left side of Figure [5.2}
the right-to-left arrows follow from the strategy set inclusions ©) C © for
any ©] C ©; and Lemma As with Theorems and the theorem
follows by strategy set inclusion, Lemma [5.6) and corresponding results for
the discrete relations.

Theorem. For all k, ¢ € Ny with k < ¢ and s,t € S,

dk—trace—eq(s’ t) < d@—traee(s7 t) < df—trace—eq(S’ t) < doo—trace—eq(s’ t),
dk—trace(& t) < dk—ready(s’ t) < dﬁ—trace(s7 t),
dk-trace-eq(s, t) < dk-ready-eq(s, t) < d@-trace-eq(s, t) .

Additionally, d* Y and d*trace-eq gre incomparable, and also d¥ *Y-°4 gnd
d(k+1)-trace g0 incomparable. If the trace distance d’ s separating, then all
distances above are topologically inequivalent.

Recursive Characterizations

We now turn our attention to an important special case in which the given
trace distance has a specific recursive characterization; we show that in this
case, all distances in the spectrum can be characterized as least fixed points.
We will see in Section that this can be applied to all examples of trace
distances mentioned in Section [5.2

Note that all theorems require the LTS in question to be finitely branching;
this is a standard assumption which goes back to [Sti95]. In most cases it may
be relaxed to compact branching in the sense of [vB96], but to keep things
simple, we do not do this here.

Fixed-Point Characterizations

Let L be a complete lattice with order C and bottom and top elements L, T.
Let f: K®XxK>® - L,g: L - R>oU{oo} and F': K x K x L — L such that
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d" = go f, g is monotone, F(z,y,-) : L — L is monotone for all z,y € K, and

F(O-0>T07f(0-177_1)) if o,T 7£ €,
flo,7) =T ifo=e,7#eoro#e,m=c¢, (5.2)
1 fo=7=c¢

for all 0,7 € K.

We hence assume that d has a recursive characterization (using F') on top
of a complete (but otherwise arbitrary) lattice L which we introduce between
K> and R>o U {oo} to serve as a memory. Below we will work with different
endofunctions I on the set of mappings (N, U {oo}) x {1,2} — L5*5 which
are parametrized by the number m of switches in N} U {co} which Player 1
has left, and a value p € {1, 2} which keeps track of whether Player 1 currently
is building the left or the right path.

Theorem. The endofunction I on (N4 U {oc}) x {1,2} — L% defined by

sup inf F(z,y, hm(s',t))
z / v !

max { t._” L ifm>2p=1

sup inf F(x,y, hm—12(s,t))

1L sy gt
sup inf F(z,y, hpm (s 1)) ifm=1p=1

x Y

I(h s. 1) = s—>s' t—rt!
(Amp)(2,%) sup inf F(z,y, hma(s', 1))
tiﬁ’si)s’

max ] ifm>2,p=2
sup inf F(z,y, hpm—11(s,t))
s—3sl t5t/

sup inf F(x,y, hma(s, 1)) ifm=1,p=2

Yy x
t—rt’ st—rs’

has a least fived point h* : (N U{oc}) x {1,2} — L%, and if the LTS (S,T)
is finitely branching, then d*s™ = go b1 dk-sim-ed — ¢ o max(hy 1, by o) for
all k € Ny U {oo}.

Hence I iterates the function h over the branching structure of (S,T),
computing all nested branching distances at the same time. Note the spe-
cialization of this to simulation and bisimulation distance, where we have the
following fixed-point equations, using hj; = R and hioq = pbisim.

hl'Sim(s,t) = sup inf F(z,vy, hl'Sim(s',t'))
si>s’ tl—l>t’
sup inf F(z,y, hP (s 1)
hbisim(s t) = max sgs’ti}t’
’ sup inf F(z,y, hPSm(s )
ti>t’ si>s/
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Proof: The lattice of mappings (N4 U{oco}) x {1,2} — L% with the point-
wise partial order is complete, and I is monotone because F' is, so by Tarski’s
fixed-point theorem, I has indeed a least fixed point h*. To show that d¥™ =
gohy, for all k, we pull back d"s™ along g: Define w : (N U{oo}) x {1,2} —
LSXS by

Wk,1 (Sa t) = sup inf f(tI‘(OLIt (917 62)(57 t)))
01 E@’f'Sim 62€09

wk,?(sa t) = sup inf f(tr(OUt(elv 92)(t7 S)))
01 E@’f’Sim 62€09

then d*s'™ = g o f(k,1) for all k by monotonicity of g. We will be done once
we can show that w = h*.

We first show that w is a fixed point for I. Let s,t € S, then (assuming
k> 2)

I(wk1)(s,1)
sSup inf F(xvyawk,l(slut,))

— max sv s L2t/
sup inf F(z,y,wi_12(s,t"))
tLotr s s
sup inf F(z,y, sup inf f(tr(out(61,62)(s’,t"))))
— max si>s’t1>t’ GleGIf‘s‘m 02€02
sup inf F(x,y,  sup inf  f(tr(out(01,62)(t',s))))
51 s s 61€0(" V= 6,0,

sup inf sup inf F(z,y, f(tr(out(1,02)(s',t))))
syl 1Ly 01€O7 02€0;

= max
sup inf sup inf F(x,y, f(tr(out(h1,62)(t',s))))
t Dt s s 9169(1]671)75im 02€02
sup inf sup inf
si>sl tiﬁ’ 01 G@T'Sim 6202
. f(x - tr(outy(61,02)(s',t"),y - tr(outa (b1, 02) (s, 1))
= max

sup inf sup inf
t51 sy s 91€9§k_1)_5im 02€02
f(l‘ : tr(OUtl(eh 92)(t/7 5,))’ Yy tI‘(Oth(Ql, 92)(t,7 S,))) )

the next-to-last step by monotonicity of F. By uniformity, the choices of
t % ¢ and 0, € O4sm do not depend on each other, so the corresponding inf
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and sup can be exchanged, whence

sup sup inf inf
s> 01 E@’f‘sm‘ tiﬁ’ 02€02
f(x - tr(outy(61,602)(s', 1)),y - tr(outa (61, 02)(s', 1))
sup sup inf inf
Ly 91€®(lk_1>_5im sy 02€04
f(z - tr(outy(61,02)(t',s"),y - tr(outa(f1,62)(t, s)))

sup  inf f(tr(out(61,62)(s,1)))
61 €0ksim 9,0,

1,ns

sup inf f(tr(out(fy,02)(s,t)))
01€01 5™ 020,

I(wg1)(s,t) = max

— Imax

= wg,1(5,1).

In the last max expression, @Iffllsm C ©ksim g the subset of Player-1 strate-
gies 67 which do not switch from the configuration (s,t,0), i.e., for which
sre(f1,1(s,t,0)) = s, and OF ™ = ©Fsm \ O $n consists of the strategies
which do switch from (s,¢,0). The other cases in the definition of I—1(w1,),
I(w1,2), and I(wy2) for kK > 2—can be shown similarly, and we can conclude
that I(wy,) = wy for all k € Ny U {oo}, p € {1,2}.

To show that w is the least fixed point for I, let h: (N;U{oo}) x {1,2} —
L% be such that I(h) = h. We prove that w < h, and again we show only
the case wy1 < hy1 for k > 2. Note first that as the LTS (S, T) is finitely
branching, we can use the equation for I(hg1)(s,t) to conclude that for all

s,t €8,

for any s = s’ there is t 2 ' such that F(x,y, hx1(s',t')) < I(hg1)(s, 1),
(5.3)

for any ¢t 2 ¢’ there is s < s’ such that F(z,y, ﬁk,l,g(s’,t')) < I(ﬁkyl)(s,t).
(5.4)

Now let 61 € GIf'Sim; the proof will be finished once we can find 65 € O9
for which f(tr(out(61,62)(s,t))) < hgi(s,t). Let (7 -e,p,m) € Confy and
write s = tgt(last(m)), t = tgt(last(p)). Assume first that e = (s,xz,s'), let t =
tgt(last(p)) and e = (t,y,t') an edge which satisfies the inequality of (5.3)), and
define Oy(7- e, p,m) = (¢, m). For the so-defined Player-2 strategy 02 we have
f(tr(out(0y,62)(s,t))) < sup =, inftiw F(z,y,hia(s', 1) < I(hga)(s,t) =
ﬁk,l(s,t) for all s,t € S. The case ¢ = (t,y,t') is shown similarly, using
instead. g

The fixed-point characterization for the ready simulation distances is sim-
ilar (and so is its proof, which we hence omit):
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5.19 Theorem. The endofunction I on (N4 U {oc}) x {1,2} — L9 defined by

sup inf F(z,y, hm,1(s',1'))
x , Y ,

max { St oy ifm=2,p=1
sup inf F(x,y, hm—12(5",t))
13t s>
sup inf F(z,y, hm(s',t))
x f Y ’

max {5778 t‘_” ifm=1p=1
sup inf f(z,y)
Yy x

I(hmp)(s,t) = A
(hinp) (s, t) sup inf F(x,y, hpo(s,t))

Yy, T

s 4 E0 s s ifm>2,p=2
sup inf F(%yv hm—1,1(8/7t/)>
s&s’t&t/
sup inf F('xayahm72(8/’t/>)
Yy / z /

e 3 1 st ifm=1,p=2
sup inf f(z,y)
s—>s! t-3t/

has a least fived point h* : (N; U{oc}) x {1,2} — L% and if the LTS (S,T)
is finitely branching, then d¥™™ = go i1 dk-rsim-ed — g o max(hy, 1, hj o) for
all k € Ny U {oo}.

For the linear distances, we extend F' to a function K" x K" x L. — L, for
n € N, by

F(e,e,a) = «, Flx-o,y-1,a) = F(z,y,F(o,7,a)).

We also extend the = relation to finite traces so we can write s — s’ below,
by letting s = s for all s € S and s =% & iff s = s % ' for some s” € S.
We write s = if there is a (finite or infinite) trace o from s. The proofs of the
below theorems are similar to the one of Theorem [5.18l
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5.20 Theorem. The endofunction I on (N4 U {oc}) x {1,2} — L% defined by

sup inf f(07 7—)

s2y ¢ty

max { SUP f Fo.7 hnona(801)) e 502

s—rs' t—rt!

Sup lnf F(O'7 T, hm_1’2(8/7 t/))

syl t—3t!

sup inf f(o,7) fm=1p=1

7 h s.1) = si> t;
( m,p)( ) ) sup inf f(O',T)

t— s—>

max { SUP if}f F(o, 7, hm—12(5',1)) ifm=>2p=2

t—rt! s—rs’

sup inf F(o,7,hpm-11(5,1))

t5t 52y s!

sup inf f(o, 1) ifm=1p=2

t— s>

has a least fived point h* : (N, U{oo}) x {1,2} — L5*%, and if the LTS (S, T)
is finitely branching, then dFtrace = gohyq, (k-trace-eq gomax(hy 1, hy 5) for
all k € Ny U {oo}.
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5.21 Theorem. The endofunction I on (N4 U{oc}) x {1,2} — L9 defined by

5.6.2

sup inf f(o,7)
si> tl>

max { SUP i?f F(o, 7, hm—11(5',1)) ifm>2p=1
s—rs t—rt’

sup inf F(o,7, hpm-12(s,1))
5235 t—5t/

sup inf f(o,7)

si> tl>

sup inf sup inf f(o-z,7-y)

max o T x y me = 17p =1
s—rs! t—rt! s/ —>s!" t' —rt!!
sup inf sup inf f(o-z,7-y)
Ot t 2500 00 Yamr 0 B o
I(hm’p)(S,t) _ s—)s‘t—)t t'—rt" ' —>s
sup inf f(o,7)
t; si>
max { SUP i(rjlf F(o, 7, hm—12(s',1)) ifm>2,p=2
t—rt' s—>s’
sup inf F(o,7, hpm-11(s,1))
t3t s—3s!
sup inf f(o,7)
tl> si>
max 4 Sup inf sup inf f(o-z,7-y) ifm=1p=2

t5t 53 sl t/—p il 535l

sup inf sup inf f(o-z,7-y)
t5 535! s/~ st o0t

has a least fived point h* : (N U{oo}) x {1,2} — L% and if the LTS (S,T)
is finitely branching, then dF™% = go hj1s dhready-ed — ¢ o max(hj, 1, b} o)
for all k € N1 U {o0}.

The fixed-point characterizations above immediately lead to iterative semi-
algorithms for computing the respective distances: to compute for example
simulation distance, we can initialize h'*™(s,t) = 0 for all states s,t € S
and then iteratively apply the above equality. This assumes the LTS (S,T") to
be finitely branching and uses Kleene’s fixed-point theorem and continuity of
F'. However, this computation is only guaranteed to converge to simulation
distance in finitely many steps in case the lattice L5*° is finite; otherwise,
the procedure might not terminate.

Relation Families

Below we show that both simulation and bisimulation distance admit a re-
lational characterization akin to the one of the standard Boolean notions.
Using switching counters like we did in the previous section, this can easily be
generalized to give relational characterizations to all distances in this chapter.
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5.22 Theorem. If the LTS (S,T) is finitely branching, then d'5™(s,t) < e iff

5.7

there exists a relation family R = {Ro € S X S | a € L} for which (s,t) €
Rg € R for some [ with g(f8) < €, and such that for any o € L and for all
(s',t) € Ry €R,

e for all 8 5 &, there exists ' 2 t" such that (s",t") € Ry € R for
some o € L with F(z,y,a) C a.

Similarly, d®s™ (s, t) < e iff there exists a relation family R = {Rqy € S x S |
a € L} for which (s,t) € Rg € R for some B with g(8) < e, and such that for
any o € L and for all (s',t') € Ry € R,

e for all 8 5 §", there exists t' 2 t" such that (s",t") € Ry € R for
some o € L with F(z,y,a') C a;

e for all t' L 1", there exists s < s" such that (s",t") € Ry € R for
some o € L with F(x,y,a') C .

Proof: We only show the proof for simulation distance; for bisimulation
distance it is analogous. Assume first that d'™(s,t) < ¢, then we have
h:S xS — L for which g(h(s,t)) < e and

h(s',t') = sup inf F(x,y,h(s" "))
s s 1 Loy

for all ¢',t' € S. Let 8 = h(s,t), and define a relation family R = {R, |
a € L} by Ry, = {(s',t) | h(s',t') C a}. Let o € L and (s',t') € R,, then

sup =, inft/iw' F(z,y,h(s",t")) = h(s,t') C «, and as (S,T) is finitely

branching, this implies that for all s < s” there is # % ¢” and o/ = h(s”,t")
such that (s”,t") € Ry and F(x,y,d/) C a.

For the other direction, assume a relation family as in the theorem and
define h : S x S — L by h(s,t') = inf{a | (s/,t' € Ry}. Then (s,t) €
Rj implies that h(s,t) C B and hence g(h(s,t)) < e. Let §',¢' € S, then
(s',1') € Rp(y ), hence for all & L ¢ there is ¢ % t” and o € L for
which F(z,y,a’) C h(s',t') and (s”,t") € Ry, implying h(s”,t") C o and
hence F(x,y,h(s”,t")) C h(s',t"). Collecting the pieces, we get I(h)(s',t’

sup o inf 4 F(xz,y,h(s",t")) C h(s',t'), hence h is a pre-fixed point for
s'—rs!’ t'—rt" )
I. But then h* C h, hence d'™(s,t) = g(h*(s,t)) < g(h(s,t)) < e. O

Recursive Characterizations for Example Distances

We show that the considerations in Section [5.6] apply to all the example dis-
tances we have introduced in Section We apply Theorem to derive
fixed-point formulae for corresponding simulation distances, but of course all
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other distances in the quantitative linear-time—branching-time spectrum have
similar characterizations.
Let d be a hemimetric on K, then for all 0,7 ¢ K® and 0 < A <1,

max(d(cg, 70), \PWy(d)(c!, 7)) ifo,7 #¢,
PW)(d)(o,7) = { o0 ifo=e,7#ecoro#e,7=c¢,

0 ifo=71=c¢,

d(co,m0) + AACA(d)(at, 1) if o, 7 # €,
AC\(d)(o, ) = { o0 ifo=e,7#eoro#e,m=c¢,

0 ifo=1=c¢,

hence we can apply the iteration theorems with lattice L = R>oU{o0}, g = id
the identity function, and the recursion function F' given like the formulae
above. Using Theorem [5.18 we can derive the following fixed-point expressions
for simulation distance:

PW,y (d)™(s,t) = sup inf max(d(z,y), \PW,(d)™™(s',t))
s—3sl tot)

AC\(d)5™ (s, ) = sup inf (d(z,y) + NACy(d)™™ (s, 1))
s—3s! tDot)

Incidentally, these are exactly the expressions introduced in [dAFS09] and in
previous chapters.

Also note that if S is finite with |S| = n, then undiscounted point-
wise distance PWi(d) can only take on the finitely many values {d(z,y) |
(s,z,8'), (t,y,t') € T}, hence the fixed-point algorithm given by Kleene’s the-
orem converges in at most n? steps. This algorithm is used in [dAFS09,
DLTO08,LFT11]. For undiscounted accumulating distance AC;(d), it can be
shown [LFT11] that with D = max{d(x,y) | (s,z,s'), (t,y,t') € T}, distance
is either infinite or bounded above by 2n2D, hence the AC;(d) algorithm either
converges in at most 2n?D steps or diverges.

For the limit-average distance AV(d), we let L = (R>o U {oo})N, g(h) =
liminf; A(j), and f(o,7)(j) = jﬁzgzo d(o;, ;) the j’th average. The intu-
ition is that L is used for “remembering” how long in the traces we have pro-
gressed with the computation. With F given by F(x,y,h)(n) = —=d(z,y) +

 n+l
_h(n — 1) it can be shown that (5.2) holds, giving the following fixed-

n+1
point expression for limit-average simulation distance (which to the best of
our knowledge is new):

h}{Sim(s,t) = sup inf (n%_ld(a:,y) + ni_i_lhkfifn(sl,t/))

x y
s—rs' t—rt!

For the maximum-lead distance, we let L = (R>o U {oo})®, the lattice of
mappings from leads to maximum leads. Using the notation from Section [5.2
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we let g(h) = h(0) and f(o,7)(d) = max(|d],sup; |§ + ZZZO o’ — g:o 7°])
the maximum-lead distance between ¢ and 7 assuming that o already has
a lead of ¢ over 7. With F(x,y,h)(d) = max(|d|,h(0 + x — y)) it can be
shown that holds, and then the fixed-point expression for maximum-
lead simulation distance becomes the one given in Chapter [2}

RYS(§)(s,t) = sup inf max(|8], AIST(s" ) (5 + 2 — )
5ol t-pt!

Again it can be shown [HMPO5] that for S finite with |[S| = n and D =

max{d(z,y) | (s,z,5),(t,y,t') € T}, the iterative algorithm for computing

maximum-lead distance either converges in at most 2n?D steps or diverges.
Regarding Cantor distance, a useful recursive formulation is

Flo.)(m) = {f eh Dty oo =

n otherwise,
which iteratively counts the number of matching symbols in ¢ and 7. Here
we use L = (R>o U {oo})N and g(h) = ﬁ; note that the order on L has
to be reversed for g to be monotone. The fixed-point expression for Cantor
simulation distance becomes

h;.sim(s,t) = max(n, sup inf hi—ii{n(gl,t’))
s> >t/

but as the order on L is reversed, the sup now means that Player 1 is trying
to minimize this expression, and Player 2 tries to maximize it. Hence Player 2
tries to find maximal matching subtrees; the corresponding Cantor simulation
equivalence distance between s and t hence is the inverse of the maximum
depth of matching subtrees under s and t. The Cantor bisimulation distance
in turn is the same as the inverse of bisimulation depth [HMS85].
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6.1

6.1

Weighted Modal Transition Systems’

In this chapter we lift the accumulating distance to modal specifications, a
specification formalism which permits incremental and compositional design.
To this end, we replace the refinement relation of standard modal specifica-
tions by a refinement distance. We then show that our quantitative gener-
alization does not admit any notions of determinization or conjunction, but
that structural composition and quotient do satisfy the expected quantitative
properties.

Weighted Modal Transition Systems

In this section we present the formalism we use for implementations and spec-
ifications. As implementations we choose the model of weighted transition
systems, i.e., labeled transition systems with integer weights at transitions.
Specifications both have a modal dimension, specifying discrete behavior which
must be implemented and behavior which may be present in implementations,
and a quantitative dimension, specifying intervals of weights on each transition
within are permissible for an implementation.

Let T = {[z,y] |z € ZU{—o0},y € ZU {oo},xz < y} be the set of closed
extended-integer intervals and let ¥ be a finite set of actions. Our set of
specification labels is Spec = ¥ x I, pairs of actions and intervals. The set
of implementation labels is defined as Imp = ¥ x {[z,z] | z € Z} ~ ¥ X Z.
Hence a specification imposes labels and integer intervals which constrain the
possible weights of an implementation.

We define a partial order on I (representing inclusion of intervals) by
[z,y] < [2/,y] if 2 < 2 and y < ¢/, and we extend this order to specifi-
cation labels by (a,I) < (a/,I') if a = @’ and I < I'. The partial order on
Spec is hence a refinement order; if k1 < ko for ki, ko € Spec, then no more
implementation labels are contained in k; than in ko.

Specifications and implementations are defined as follows:

Definition. A weighted modal transition system (WMTS) is a quadruple
(9,8, -+, —) consisting of a set of states S with an initial state s° € S

!This chapter is based on the journal paper [BFJ*13] published in Formal Methods in
System Design.
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and must (—) and may (--») transition relations —,--» C S x Spec x S
such that for every (s, k,s’) € — there is (s,£,s') € --» where k < (. A
WMTS is an implementation if — = --» C .S X Imp x S.

Note the natural requirement that any required (must) behavior is also al-
lowed (may) above, and that implementations correspond to standard integer-
weighted transition systems, where all optional behavior and positioning in the
intervals has been decided on.

A WMTS is finite if S and --» (and hence also —) are finite sets, and it is
deterministic if it holds that for all s € S, a € 2, (s, (a, I1), t1), (s, (a, [2), t2) €
--» imply Iy = Iy and t; = t2. Hence a deterministic specification allows at
most one transition under each discrete action from every state. In the rest of
the paper we will write s s ¢ for (s,k,s') € --» and similarly for —, and
we will always write S = (9,5, --», —) or S; = (S;, 89, --+;, —;) for WMTS
and I = (I,i°, —) for implementations. Note that an implementation is just
a usual integer-weighted transition system.

Our theory will work with infinite WMTS, though we will require them
to be compactly branching. This is a natural generalization of the standard
requirement on systems to be finitely branching which was first used in [vB96];
see Def. below.

The implementation semantics of a specification is given through modal
refinement, as follows:

Definition. A modal refinement of WMTS Sy, So is a relation R C 51 X Sy
such that for any (s1,s2) € R

k
e whenever s ——1+1 t1 for some ki € Spec, t1 € S, then there exists

k:
So -—»9 to for some ko € Spec, ty € Ss, such that k; < ke and (t1,t2) € R,

e whenever s ﬁm to for some ko € Spec, to € Sy, then there exists
$1 in t; for some k1 € Spec, t; € Sy, such that k1 < kg and (£1,t2) € R.

We write S7 <, Ss if there is a modal refinement relation R for which (s(l), 88) S
R.

Hence in such a modal refinement, behavior which is required in Sy is
also required in S7, no more behavior is allowed in S; than in Ss, and the
quantitative requirements in S are refinements of the ones in S3. The im-
plementation semantics of a specification can then be defined as the set of all
implementations which are also refinements:

Definition. The implementation semantics of a WMTS S is the set [S] =
{I|I <m S and I is an implementation}.
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This conforms with the intuition developed above: if I € [S], then any

(reachable) behavior i 25 7 in I must be allowed by a matching transition
b l7
a—[—:} t in S with | < = < r; correspondingly, any (reachable) required

1 . . . s oG .
behavior s al;] ¢ in S must be implemented by a matching transition i — j

in I withl<zx<r.

Thorough and Modal Refinement Distances

For the quantitative specification formalism we have introduced in the last
section, the standard Boolean notions of satisfaction and refinement are too
fragile. To be able to reason not only whether a given quantitative implemen-
tation satisfies a given quantitative specification, but also to what extent, we
introduce a notion of distance between both implementations and specifica-
tions.

We first define the distance between implementations; for this we introduce
a distance on implementation labels by

o0 if al 75 as,

|x1 — 29| if a1 = as. (6.1)

dimp ((a1,21), (a2, z2)) = {

In the rest of the chapter, let A € R with 0 < A < 1 be a discounting factor.

Definition. The implementation distance d : I; x Is — R>o U {oo} between
the states of implementations I; and Is is the least fixed point of the equations

sup inf d|mp(k‘1, kQ) + )\d(jl,jQ),
Z'1IC—I>1J'1 izk—2>2j2

sup inf d|mp(k‘1, k?g) + )\d(]l,jg)
izk—2>2j2 i1k—1>1j1

d(i1,i2) = max

We define d(Iy, Is) = d(i9,49).
Lemma. The implementation distance is well-defined, and is a pseudometric.

Proof: This is precisely the accumulating bisimulation distance from Chap-
ter [5 so the statement follows from Proposition See also the proof of
Lemma 4.3l O

We remark that besides this accumulating distance, other interesting sys-
tem distances may be defined depending on the application at hand, ¢f. Chap-
ter[5} We concentrate here on this distance and leave a generalization to other
distances for the next chapter.
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3 d
WG d
6
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7 d

Figure 6.1: Two weighted transition systems with br%nching distance
d(I1,13) = 18.

0

k1,i2) = max{2 4+ .9d(k1,i2), .9d(j1,72)}

9 max{3+ 9 d(jl,jg), gd(k/‘l,lg)}
——

Example. Consider the two implementations I; and Iy in Figure with
a single action (elided for simplicity) and with discounting factor A = .9.
The equations in the illustration have already been simplified by removing all
expressions that evaluate to co. What remains to be done is to compute the
least fixed point of the equation d(k1,42) = max {2+ .9d(k1,i2),0}. Clearly 0
is not a fixed point, and solving the equation d(ki,i2) = 2+ .9d(k1,42) gives
d(kl,ig) = 20. Hence d(il,ig) = max{3, 9. 20} = 18.

Note that the interpretation of the distance between two implementations
depends entirely on the application one has in mind; but it can easily be shown
that the distance between two implementations is zero iff they are weighted
bisimilar. The intuition is then that the smaller the distance, the closer the
implementations are to being bisimilar.

To lift the implementation distance to specifications, we need first to con-
sider the distance between sets of implementations. Given implementation
sets 71,7y C Imp, we define

d(Zy,Z5) = sup inf d(Iy,I2)
€11 121>

Note that in case Zy is finite, we have that for all ¢ > 0, d(Z;,Z;) < e if
and only if for each implementation Iy € 7Z; there exists Iy € Zy for which
d(I1,13) < e, hence this is quite a natural notion of distance. Especially,
d(Z1,Z,) = 0 if Z; is a subset of Zy up to bisimilarity. For infinite Zy, we have
the slightly more complicated property that d(Z;,Z;) < e iff for all 6 > 0 and
any Iy € 7y, there is Iy € Zy for which d(Iy, Is) <e+9.

We lift this distance to specifications as follows:

Definition. The thorough refinement distance between WMTS S; and Ss is
defined as dih(S1, S2) = d([S1], [S2]). We write S; <§, S if den(S1, S2) <e.

Lemma. The thorough refinement distance is a hemimetric.

Proof: To show that dy,(S,S) = 0 is trivial, and the triangle inequality
din(S1,52) + din(S2,S3) > din(S1,S3) follows like in the proof of [ABO7,
Lemma 3.72]. O
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Indeed this permits us to measure incompatibility of specifications; intu-
itively, if two specifications have thorough distance €, then any implementation
of the first specification can be matched by an implementation of the second
up to €. Also observe the special case where S7 = I; is an implementation:
then di, (11, S2) = infr,cs,] d(11, I2), which measures how close I is to satisfy
the specification S5.

We now proceed to introduce modal refinement distance as an overapprox-
imation of thorough refinement distance.

First we generalize the distance on implementation labels from Equa-
tion to specification labels, again using a Hausdorff-type construction.
For k, ¢ € Spec we define

: !’
dspec(k,?) = sup inf  dimp(K', 0').
k'xk,k'€lmp ¢/<0,0'€lmp

Note that dspec is asymmetric, and that dspec(k,£) = 0 if and only if £k < £.
Also, dspec(k,€) = dimp(k,¢) for all k,¢ € Imp. In more elementary terms, we
can express dspec as follows:

dSpec((alyll)a (a27 IQ)) =oo ifa 7é ag
dSpeC((av [xlayl])u (CL, [x27y2])) = maX(.’L‘Q —T1,Y1 — Y2, O)

Definition. Let Si, S5 be WMTS. The modal refinement distance dp, : S1 X
S2 — R>0 U {oo} from states of S7 to states of Sy is the least fixed point of
the equations

sup inf dSpeC(kla k?) + )‘dm (tla t?) 3
k k
81--191751 52--2-)2t2

sup inf dspchﬁ, ]CQ) + Mm (tl, tg) .

ko k1
s2—rat2 s1—>r1t1

dm(s1,82) = max

We define dm(S1, S2) = dm (s}, s9), and we write Sy <&, S if dm(S1,52) < e.
Lemma. The modal refinement distance is well-defined, and is a hemimetric.

Proof: Like in the proof of Lemma[6.5] the argument for existence of a unique
least fixed point to the defining equations is that they define a contraction.
The triangle inequality can again be shown inductively, and the property
dm(s,s) =0 is clear. O

We can now give a precise definition of compact branching:

Definition. A WMTS S is said to be compactly branching if the sets {(s', k) |

k
s -+ s} {(s',k) | s i)_ §'} € S x Spec are compact under the symmetrized
product distance dm X dspec for every s € S.
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The notion of compact branching was first introduced, for a formalism of
metric transition systems, in [vB96]. It is a natural generalization of the stan-
dard requirement on transition systems to be finitely branching to a distance
setting; we will need it for the property that continuous functions defined on
the sets {(s',k) | s LR sSHA{(s,k) | s LN s’} € S x Spec, for some s € S,
attain their infimum and supremum, see Lemma and its proof below.

Thus, we shall henceforth assume all our WMTS to be compactly branch-
ing. The following lemma sets up some sufficient conditions for this to be the
case.

Lemma. Let S be a WMTS and define the sets Li(s,a), U;(s,a) for all s € S,
a€X andie{1,2} by

a,[l,r

Li(sca) = {115 "5 51, L(s.a) = {1 |5 15 5},
Ui(s,a) ={r|s ] s’} Us(s,a) ={r|s I s'}.

Then S is compactly branching if

e for all s € S, any Cauchy sequence (s),)nex in {s' | s ——» &'} (with
pseudometric dm) has lim, o s, € {s' | s --» §'}, and likewise, any
Cauchy sequence (sh)nen in {s' | s — &'} has limy, 00 8, € {s' | s —
s'}, and

e forallse S, ae€ X andi e {1,2}, Li(s,a) is finite or —oco € L;(s,a),
and U;(s,a) is finite or co € Uj(s,a).

Note that the first property mimicks (and generalizes) standard properties
of finite branching and saturation, cf. [San09, Sect. 3.3]. The intuition is that
if s has (either may or must) transitions to a converging sequence of states,
then it also has a transition to the limit.

Proof: The first condition implies that the sets {s' € S | s --» s’} and
{s € S| s — &'} are compact in the pseudometric d, for all s € S. By
Tychonoff’s theorem, products of compact sets are compact, so we need only

k
show that the second condition implies that the sets {k € Spec | s -=+ s’} and
{k € Spec | s B } are compact in the pseudometric Jspec for every s € S.

Let s € S. By definition of dspec, the sets {k | s 5, stk | s LN s’} fall
I
into connected components {I | s 2 sh{l]s LEN s’} for all a € X, hence

the former are compact iff all the latter are. These in turn are compact iff the
four sets L;, U; in the lemma, collecting lower and upper bounds of intervals,
are compact. Now interval bounds are extended integers, so a sequence in L;
or U; converges iff it is eventually stable or goes towards —oco or oco. If the
sets are finite, eventual stability is the only option; if they are infinite, they
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need to include the limit points —oo (for the lower interval bounds in L;) or
oo (for the upper interval bounds in U;). |

We extend the notion of relation families from revious chapters to modal
refinement distance. We define a modal refinement family as an R>q-indexed
family of relations R = {R. C S1 x S | € > 0} such that for any ¢ and any
(81, 82) € R. € R,

k
o whenever s; --» t; for some k; € Spec, t1 € 51, then there exists

S9 —k—2+ to for some ko € Spec, ta € Sy, such that dspec(k1,k2) < € and
(t1,t2) € Re € R for some & < A7 (e — dspec(k1, k2)),

e whenever ss ﬁ> to for some kg € Spec, to € S, then there exists

s1 kﬁl t1 for some ki € Spec, t; € Sy, such that dspec(k1,k2) < € and
(t1,t2) € Res € R for some & < A7 (e — dspec(k1, k2))-

Note that modal refinement families are

o upward closed in the sense that (s1,s2) € R, implies that (s1,s2) € Ry
for all &/ > ¢, and

o downward compact in the sense that for any set E C R, if (s1, $2) € R:
for all e € F, then also (s1,s2) € Riy p. This property follows from the
assumption that our WMTS are compactly branching.

Following the proof strategy developed in previous chapters for imple-
mentations, we can show the following characterization of modal refinement
distance by modal refinement families:

Lemma. S; <&, Sy iff there is a modal refinement family R with (sY,53) €
R.eR.

Proof: First, assume that S <&, S, i.e., dm(sy,59) < ¢, and define a relation
family R = {R(s | 6> 0} by Rs = {(81,82) € 51 x Sy | dm(81,82) < 5} for all
§ > 0, then (s{,59) € R. holds by assumption. We show that R is a modal
refinement family. Let (s1,s2) € Rs for some § > 0, then by definition we
know that dm(s1,s2) < 0. Assume s1 —k—1+1 t1. From dpy(s1,s82) < § we can
infer that

iknf dspec(kl, k2) + Adm(t1,t2) < 9.

2

S2-->2t2

Hence, because S5 is compactly branching, there exists a may-transition so LN
to such that dspec(k17k2> < ¢ and dm(tl,tg) < )\71((5 — dspec(kl,kQ)). The
latter implies that (t1,t2) € Ry for some &' < A71(§ — dspec(k1, k2)) which
was to be shown. The argument for the other assertion for must-transitions is
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symmetric. This proves that there is a modal refinement family R such that
(s9,89) € R. € R.

For the reverse direction, assume that (s!,s) € R. € R for some modal
refinement family R = {R. | ¢ > 0}. We prove that (si,s2) € R, for some
d > 0, implies dm(s1,s2) < §. The claim S; < Sy then follows from the
assumption (s,5s9) € R..

To this end, observe that the space of functions A = [S] xS — R>oU{o0}]
forms a complete lattice, when the partial order <, is defined such that for
£, e f<a friff f(s1,s2) < f'(s1,s2) for all s1 € Sy, s3 € Sy. Moreover,
since max, sup, inf and + are monotone, the function D defined for all f € A
by

sup  inf  dspec(k1, ko) + Af(t1,12),

D(f) = max 51751t 52 Bty
sup inf dSpec(k’l, k2) + Af(tl, t2)

ko k1
s2—rat2 s1—>1t1

is a monotone endofunction on A, hence by Tarski’s fixed point theorem, D
has a least fixed point. Now define h(s1,s2) = inf{d | (s1,s2) € Rs € R};
since R; is downward compact, we have (s1,52) € Rp(s, s,)- By showing that
h is a pre-fixed point of D, i.e., that D(h) <A h, we get that (s1,s2) € Rs
implies that dm(s1,s2) < 0, since h(s1,s2) < and dm(s1, s2) < h(s1, s2).

k1 ko
Since (s1,52) € Rp(s,,s5), €VETY 51 -=» s} can be matched by some so --» s,
such that dspec(k1,k2) + )\5’ < h(s1,s2) for some &' where (s),s5) € Ry,
implying h(s],s5) < ¢, but then also dspec(k1,k2) + Ah(s],s5) < h(s1, s2).
Similarly, every so LEN s5 has a match s; LN st such that dspec(k1,k2) +
Ah(s], s5) < h(s1,s2). Hence we have D(h) <A h which was to be shown. O

The next theorems show that modal refinement distance indeed overap-
proximates thorough refinement distance, and that it is exact for determinis-
tic WMTS. Note that nothing general can be said about the precision of the
overapproximation in the nondeterministic case; the standard counterexam-
ple given for the Boolean case in [BKLS09] shows that there exist WMTS for
which dth(Sla SQ) =0 but dm(Sl, Sz) =00

Theorem. For WMTS S1, Sa we have din(S1,S2) < dm(S1,S52).

Proof: If dy(S1,52) = oo, we have nothing to prove. Otherwise, let R =
{R: € S1 x S2 | € > 0} be a modal refinement family which witnesses
dm(S1,S2), i.e., such that (s}, s9) € Ry, (s,.5,), and let I1 € [S1]. We have to
expose Iy € [[SQ]] for which d([l,fg) < dm(Sl, SQ)

Let R C I} x Sy be a witness for I <, S, define R. = RoR.C I x5
for all € > 0, and let R’ = {R. | ¢ > 0}. The states of Iy = (I3,79,Imp, —p,)
are Iy = Sy with i = sJ, and the transitions we define as follows:
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/

k
For any i1 —»7, j1 and any sy € Sy for which (i1, s2) € R. € R’ for some
k
e, we have sy ——39 to in Sy with dspec(K], k2) < € and (j1,t2) € RL, € R’ for
some & < )\_1(6 — dspec(k}, k2)). Write k] = (a},2)) and ky = (a2, [z2, y2]),
then we must have a} = ag. Let

xo if ) < 29,
oy =xh if my <) <y, (6.2)
yo if 2] >

k/
and k) = (ag,4), and put sg —2, to in Ir. Note that
dSPEC( iv kIQ) = dSpec(k/lv k2)' (63)

Similarly, for any so —>2 to in Sz and any 41 € I} with (i1,s2) € R € R’

for some e, we have i; Hh J1 with dspec(k], k2) < € and (ji1,t2) € R, € R
for some &' < A7! (e —dspec (K], k2)). Write &} = (a}, z}) and ko = (a2, [xg,yg]),

k,/
define 74 as in (6.2) and k) = (ag, 7)), and put se —>p, to in Is.
We show that the identity relation idg, = {(s2,s2) | s2 € Sa} C S x So

k/
witnesses Iy <m So. Let first so —» I, t2; we must have used one of the two
constructions above for creating this transition. In the first case, we have

ko

S9 --»9 to with K} < ko, and in the second case, we have sy k—>2 to, hence also
ko

So —-+9 to, with the same property. For a transition so k—>2 to on the other

hand, we have introduced ss ﬁ) I, t2 in the second construction above, with
We also want to show that the family R’ is a witness for d(I1,lz) <
dm(S1,52). We have (i, s9) € R’m(SI,SQ) = RoRdm(ShSQ), so let (i1,s2) € R. €

K/ k k!
R’ for some € > 0. For any i1 —1>11 j1 we have so ——2+2 to and so —2>12 to by the
first part of our construction above, with dspec(k}, k5) = dspec(k], k2) < € be-
cause of (6.3)), and also (ji,t2) € R., € R’ for some &' < A™! (e —dspec (K}, k2)).

k/
For any sy —» I, t2, we must have used one of the constructions above to in-
k;/
troduce this transition, and both give us iy —>, j1 with dspec(k}, k%) < € and

(j1,t2) € R, € R’ for some & < X! (e — dspec(k}, k2)). O

The fact that modal refinement only equals thorough refinement for de-
terministic specifications is well-known from the theory of modal transition
systems [Lar89], and the special case of Sy deterministic is important, as it
can be argued [Lar89] that deterministic specifications are sufficient for appli-
cations.

6.15 Theorem. If Sy is deterministic, then dwy,(S1,S2) = dm(S1, S2).
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Proof: If d(S1,S52) = oo, we are done by Theorem Otherwise, let
R = {R. | € > 0} be the smallest relation family for which

0 .0
o (s7,s5) € R, (s,,5,) and

o whenever we have (s1,s2) € R: € R, $1 37—13)1 t1, and so g’—lig to, then
(t1,82) € Bx-t(c—dgpec((a11),(a,2))) € R-
We show below that R is well-defined (also that € —dspec((a, I1), (a, I2)) > 0 in

all cases) and a modal refinement family. We will use the convenient notation
(s1,57) for the WMTS S; with initial state 3(1) replaced by sp, similarly for
(52, 52) .

We first show inductively that for any pair of states (s1,s2) € R. € R we
have din ((s1,51), (s2,52)) < e. This is obviously the case for s; = s{ and s; =
59, so assume now that (s1,s2) € R. € R is such that din((s1,51), (s2,92)) < e

I I
and let s1 251 1, S2 —=39 ta. Let (q¢1, P)) € [(t1,51)] and z; € 1.
There is an implementation (py, Py) € [(s1,51)] for which p; = ¢; and
such that (¢1,P1) <m (¢}, P{). Now

dth((pl,Pl)a (32a S2)) < dth((plapl)v (513 Sl)) + dth((‘Sl?Sl)a (52752)) <eg,

hence we must have sy [1—2—{22 ty with dspec((a, 1), (ah,I3)) < e. But then
a%y = a, hence by determinism of Sy, Iy = I} and to = t}.

The above considerations hold for any z1 € I, hence dspec((a, 1), (a, I2)) <
e. Thus e —dspec((a, ), (a, I2)) > 0, and the definition of R above is justified.
Now let z9 € I such that dspec((a, 1), (a,22)) = dspec((a, z1), (a, I2)), then

there is an implementation (pg, Py) € [(s2, S2)] for which py =225 ¢o, and

d((q}, Py), (g2, P2)) < A1 (e — dspec((a, 1), (a,22)))
= )‘71(6 - dSPeC<(a7 Il)? (aa 12))) )

which, as (¢, P|) € [(t1,51)] was chosen arbitrarily, entails

din((51,51), (52, 52)) < A7 (e — dspec((a, I1), (a, I2))) .

We are ready to show that R is a modal refinement family. Let (s1,s2) €

7I .
R. € R for some ¢, and assume s (—1—31 t1. Let = € I, then there is (p, P*) €
[(s1,51)] with a transition p =5 g. Now dun((p, P*), (s2,52)) < &, hence

a,l?
we have a transition sp --39 % with dspec((a, ), (a,I5)) < e. Also for any

a,I“”l , ,
other 2/ € I; we have a transition sy --»9 t5 with dspec((a,2'), (a,I§)) < &,
hence by determinism of Ss, I5 = IQ‘C/ and t§ = ¢ . Tt follows that there is a

I
unique transition sy -3 to, and as dspec((a,2), (a,I3)) < e for all x € I, we
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have dspec((a, I1), (a, I2)) < ¢, and (t1,t2) € Ryx-1(c_dg,. ((a,11),(a,12) € R by
definition.

Now assume s9 %2 to. Let (p1,P1) € [(s1,51)], then we have (pq, P») €
[[(82,52)]] with d((pl,Pl),(pQ,Pz)) S e. Now any (pQ,Pz) c [[(82,52)]] has
pa 222 go with g € Iy, thus there is also p1 —— q; with dspec((a, 1), (@, 22)) <
e and d((q1,P1), (g2, P2)) < A7Y(e — dspec((a,21), (a,22))). This in turn

. . T .

implies that sq gl t1 for some x1 € I;. We will be done once we can
show dspec((a, 1), (a,I2)) < €, so assume to the contrary that there is 2 €
I with dspec((a,2}), (a,I2)) > e. Then there must be an implementation

4 a,l’
(0, Pl) € [(s1,51)] with p} 22 ¢, hence a transition sy --35 #, with
dspec((a,2}), (a,I5)) < e. But I = I by determinism of Ss, a contradic-
tion. O

Relaxation

We introduce here a notion of relazation which is specific to the quantitative
setting. Intuitively, relaxing a specification means to weaken the quantitative
constraints, while the discrete demands on which transitions may or must be
present in implementations are kept. A similar notion of strengthening may
be defined, but we do not use this here.

Definition. For WMTS S, S’ and € > 0, S’ is an e-relazation of S if S <, S’
and S§' <& S.

Hence the quantitative constraints in S’ may be more permissive than the
ones in S, but no new discrete behavior may be introduced. Also note that any
implementation of S is also an implementation of S’, and no implementation
of S’ is further than € away from an implementation of S. The following
proposition relates specifications to relaxed specifications:

Proposition. If S| and S are e-relazations of S1 and Sa, respectively, then
dm(S1,892) — & < dm(S1,53) < dm(S1,52) and dm(S1,52) < dm(S],S2) <
dm(S1,S2) + €.

Proof: By the triangle inequality we have

dm(S1,55) < dm(S1,52) + dm(S2,.595),
dm(S1,52) < dm(S1,5%) + dm (S5, S2),
dm(S1,52) < dm(S1,57) + dm(S7, S2),
dm(51,52) < dm(S1,51) + dm(S1, S2). O

On the syntactic level, we can introduce the following widening operator
which relaxes all quantitative constraints in a systematic manner. We write
I+6=[x—0,y+9] for an interval I = [z,y] and 6 € N.
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Definition. Given § € N, the §-widening of a WMTS S is the WMTS S+°
I+5 I

with transitions s —-» ¢ in S0 for all s 25 ¢ in S, and s WIED i S for

all s 24 ¢t in S.

Widening and relaxation are related as follows; note also that as widening
is a global operation whereas relaxation may be achieved entirely locally, not
all relaxations may be obtained as widenings.

Proposition. The d-widening of any WMTS S is a %-rela:mtion.

Proof: For the first claim, the identity relation idg = {(s,s) | s € S} C Sx S
is a witness for S <, ST%: if s —]—Ce t, then by construction s —k—2++5 t with
k < ko, and if s ﬁ)+5 t, then again by construction s ", ¢ for some k < ko.

Now to prove dm(S7?,8) < (1—A)714, we define a family of relations R =
{R.|e>0}by Re =0 fore < (1—A)"16 and R. = idg for ¢ > (1 — \)~L4.
We show that R is a modal refinement family.

k
Let (s,s) € R. for some ¢ > (1 —A)~'4, and assume s --»,5 t. By

k
construction there is a transition s --» ¢t with dspec(k2,k) < § < e. Now

1, 9 o

%(8— dSpec(k2ak;)> 2 X(ﬁ N 6) - ﬁ =

and (t,t) € R, which settles this part of the proof. The other direction,

starting with a transition s LN t, is similar. O

There is also an implementation-level notion which corresponds to relax-
ation:

Definition. The e-extended implementation semantics, for € > 0, of a WMTS
Sis [S]te ={I| I <, S,I implementation}.

Proposition. If S’ is an e-relazation of S, then [S'] C [S]*e.

Proof: If I € [9], then dn(I,S") = 0, hence dm(I,S) < e by Proposi-
tion which in turn implies that I € [S]*e. O

The example in Figure shows that there are WMTS S, S’ such that
S’ is an e-relaxation of S but the inclusion [S’] C [S]*¢ is strict. Indeed, for
§=1and A =.9, we have I € [S]T(-27"9 but I ¢ [SH].
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ﬁ@ a,[5,5] @a,[5,5] @ (i a>[4yﬁ]@a7[476}@
S

(a) (b) St

Figure 6.2: WMTS S and implementation I for which I € [S]*(V7"9 for
§=1and A =.9 (thus (1 — \)~'6 = 10), but I ¢ [ST9], so that [ST] C
[S]H=V7" even though S1° is a (1 — A)~!d-relaxation of S.

Limitations of the Quantitative Approach

In this section we turn our attention towards some of the standard opera-
tors for specification theories; determinization and logical conjunction. In the
standard Boolean setting, there is indeed a determinization operator which
derives the smallest deterministic overapproximation of a specification, which
is useful because it enables checking thorough refinement, c¢f. Theorem [6.15
Quite surprisingly, we show that in the quantitative setting, there are prob-
lems with these notions which do not appear in the Boolean theory. More
specifically, we show that there is no determinization operator which always
yields a smallest deterministic overapproximation, and there is no conjunction
operator which acts as a greatest lower bound.

Theorem. There is no unary operator D on WMTS for which it holds that
(6.22L1) D(S) is deterministic for any WMTS S,
(6.2212) S <m, D(S) for any WMTS S,

(6.22{3) S <&, D implies D(S) <, D for any WMTS S, any deterministic
WMTS D, and any € > 0.

Proof: There is a determinization operator D' on WMTS which satisfies

Properties (6.22}f1]) and (6.2212)) above and a weaker version of Property ((6.22|3])

with € = 0:

(6.223[) S <m D implies D'(S) <; D for any WMTS S and any deterministic
WMTS D.

This D’ can be defined as follows: For a WMTS S = (S, sg, --», —),
D,(S) = (2S \ {(D}a {80}7 —~*d, —>d)7

where 2% is the power set of S and the transition relations --+4 and —sg
are defined as follows: Let 7 € (2% \ {0}) be a state in D'(S). For every
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o ot
~@rg, ~@ )
\\\A ’ [070]
@O

(a) S (b) D'(S)

a,[2,3] a, [0, 0]
*)@»7777*) ————

(c) D

Figure 6.3: Counter-example for Theorem dm(D'(S), D) = 3+ 3X and
dm(S, D) = max(3,3\) = 3, hence dn(D'(S), D) £ dm(S, D).

by
maximal, nonempty set L, C {I |3Is €T : s —a—+} for some a € X, we have

a,| | La a
T —Q+ dﬁwhereﬁz{s’eS\ElsGT,IELa:s—lis/} and |J L, is the

smallest interval containing all intervals from L,. If, moreover, for each s € T

we have s 2% ¢ for some s’ € T, and some I € L,, then T aU—j>:ad To. It is
straightforward to prove that D’ satisfies the expected properties.

Assume now that there is an operator D as in the theorem. Then for any
WMTS S, S <m D'(S) and thus D(S) <m D'(5) by (6.223)), and S < D(5)
and hence D'(S) <, D(S) by (6.223f). We finish the proof by showing that
the operator D’ does not satisfy (6.22}f3). The example in Figure shows
a WMTS S and a deterministic WMTS D for which dm(D'(S), D) = 3 + 3\
and dm(S, D) = max(3,3)) = 3, hence dm (D'(S), D) £ dm(S, D). O

Likewise, the greatest-lower-bound property of logical conjunction in the
Boolean setting ensures that the set of implementations of a conjunction of
specifications is precisely the intersection of the implementation sets of the
two specifications. Conjoining two WMTS naturally involves a partial label
conjunction operator ®. We let (a1, 1) ® (az, I2) be undefined if a; # ag, and
otherwise

(a, [max(z1, z2), min(y1, y2)])
(a,[z1,11]) © (a,[z2,y2]) = if max(z1,22) < min(y1,y2),
undefined otherwise.
Before we show that such a conjunction operator for WMTS does not exist

in general, we need to define a pruning operator which removes inconsistent
states that naturally arise when conjoining two WMTS. The intuition is that

if a WMTS S; requires a behavior s; kﬁll for which there is no may transition

k
Sy ——39 such that k1 ® ko is defined, then the state (s1,82) in the conjunc-
tion is inconsistent and will have to be pruned away, together with all must
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a,[1,2] a,[0,1]
-G @

(a) S (b) S1
a,[2,3
~@E
(C) Sa (d) S1 NS>

Figure 6.4: Counter-example for Theorem [6.24} dm(S,S1) = dm(S,S2) = 1,
but dm(S, S1 A SQ) = 0.

transitions leading to it. In the definition below, pre* denotes the reflexive,
transitive closure of pre.

Definition. For a WMTS S, let pre : 25 — 25 be given by pre(B) = {s €
S |s ¥, ¢ € B for some k}. Let B C S be a set of inconsistent states.
If s ¢ pre*(B), then the pruning of S w.r.t. B is defined by pP(S) =
(Sy, 8%, -=+,,—,) where S, = S\ pre*(B), --», = --»N (S, x Spec x S,) and
—,=—N (S, x Spec x S,).

Theorem. There is no partial binary operator A on WMTS for which it holds
that, for all WMTS S, Sy, Sa such that S1 and Sy are deterministic,

(6.2411) whenever Sy A Sy is defined, then S1 A Sy <m S1 and S1 A S2 <m Sa,

(6.24.2) whenever S <n S1 and S <ny So, then S1 A So is defined and S <p
S1 NS,

(6.2413) for any € > 0, there exist e1 > 0 and e > 0 such that if S1 A So is
defined, S <t} S1 and S <52 Sa, then S <[, S1 A Sa.

Proof: We follow the same strategy as in the proof of Theorem [6.22] One
can define a partial conjunction operator A’ defined for WMTS which satisfies

Properties (6.24}f1]) and (6.24]12) as follows: For deterministic WMTS S; and
So, S1 N Sy = pP (81 x Sa, (57, 59), -+, —>) where the transition relations --»
and — and the set B C 57 x S of inconsistent states are defined by the
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following rules:

k k k k
51 —> 8| 89 2 sy ki @ ko defined PIREN sh s9 =2 sh ki ® ko defined
k'1®k'2 / / kl@kQ / /
(s,t) =" (1, 85) (s1,82) = (s1,85)

k k
s1 N 5’1 S9 2 5’2 ki1 ® ko defined
k1Qk
(s1,82) == (s}, 5b)
k
51 LI (k1 ® kg undefined for any ko such that sy ——» )
(81, 82) €B

59 2, (k1 ® k2 undefined for any k; such that s; BN )
(81, 82) €eB

Using these properties, one can see that for all deterministic WMTS Sy
and S, S1 A Sy <m S1 A Sy and S A Sy <y S1ASy. The WMTS depicted in
Figure then show that Property cannot hold: here, dn(S,S1) =
dm(S, SQ) =1, but dm(S, S1 A 52) = 00. O

The counterexamples used in the proofs of Theorems [6.22] and [6.24] are
quite general and apply to a large class of distances, rather than only to the
accumulating distance discussed in this paper. Hence it can be argued that
what we have exposed here is a fundamental limitation of any quantitative
approach to modal specifications.

Structural Composition and Quotient

In this section we show that in our quantitative setting, notions of structural
composition and quotient can be defined which obey the properties expected
of such operations. In particular, structural composition satisfies independent
implementability [dAHO5], hence the refinement distance between structural
composites can be bounded by the distances between their respective compo-
nents.

First we define partial synchronization operators @ and & on specification
labels which will be used for synchronizing transitions. We let (a1, I1)® (a2, I2)
and (a1, 1) © (ag, I2) be undefined if a1 # ag, and otherwise

(a,[z1,11]) ® (a, [x2,92]) = (a, [x1 + 22,51 + y2]) ,

undefined if 1 — 22 >y1 — 92,
((Z, [33‘1, yl]) S (CL, [$2’y2]) = { .

(a,[r1 — @2, 1 — y2]) it —xe <y1 — 2.
Note that we use CSP-style synchronization, but other types of synchroniza-
tion can easily be defined. Also, defining @ to add intervals (and & to subtract

them) is only one particular choice; depending on the application, one can also
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e.g., let @ be intersection of intervals or some other operation. It is not dif-
ficult to see that these alternative synchronization operators would lead to
properties similar to those we show here.

6.25 Definition. Let S7 and S5 be WMTS. The structural composition of S1 and
Sy is S1]|S2 = (S1 x Sa, (89, 59), Spec, --», —) with transitions given as fol-

lows:
k k:
51 ——1-)1 t1 S ——2-)2 to k1 @ ko def. 51 ﬁh t1 S &2 ta k1 ® ko def.
k1®k k1 Dk
(81,82) 1552 (tl,tg) (81,82) 128 (tl,tg)

The quotient of Sy by Sy is S1/52 = pB (Sl x SoU{u}, (5(1), 58), Spec, --», —>)
with transitions and the set of inconsistent states given as follows:

k k
S1 -1 11 89 -—s9ty ki O ko def. 51 M, 1t s2 LN 2ty ki © ko def.
k1 0ok k1 6k
(s1,52) b (t1,t2) (s1,82) =" (t1,t2)

51 ﬁh t1 Vs ﬁn ty : k1 © ko undefined
(s1,52) € B

k € Spec Vso —I€—2+2 to : k @ ko undefined k € Spec

(s1,52) LY u-Esu

Note that during the quotient construction inconsistent states can arise
which are then recursively removed using the pruning operator p, see Defini-
tion After a technical lemma, the next theorem shows that structural
composition is well-behaved with respect to modal refinement distance in the
sense that the distance between the composed systems is bounded by the dis-
tances of the individual systems. Note also the special case in the theorem of
S1 <m S2 and S3 <, Sy implying S1||93 <m S2||Ss.

6.26 Lemma. For kq, ko, ks, ky € Spec with k1 ® k3 and ko & ky defined, we have
dSpec(kl @ k?37 k? @ k4) < dSpec(kla k2> + dSpec(k?n k4)'

Proof: Let k; = (a, [x;,y;]) for all i. We have
dSpec(klv k2) + dSpec(kZ%p k4)
= max(ze2 — x1,y1 — yY2,0) + max(xg — x3,y3 — Y4, 0)
> max ((x2 — x1) + (x4 — 3), (Y1 — y2) + (Y3 — ¥4), 0)
0

= max ((z2 + 24) — (z1 + 23), (y1 +y3) — (Y2 + %4),0)
= dspec(k1 ® k3, ka2 @ k). O

6.27 Theorem (Independent implementability). For WMTS Sy, S, S3, S4
we have dm (51HSg, SQHS4) < dm(Sl, SQ) + dm(Sg, S4)

117



6.28

6. WEIGHTED MODAL TRANSITION SYSTEMS

Proof: If d,(51,52) = oo or dm(S3,54) = oo, we have nothing to prove.

Otherwise, let R! = {R! € 81 x Sy | e >0}, R2={R2C S3x Sy |e>

0} be witnesses for dy(S1,92) and dm(Ss,S4), respectively; hence (s{,s3) €

Ry (5.5, € R' and (s3,51) € Ry (g, g,) € R*. Define

Ra = {((81783), (82,84)) < Sl X Sg X SQ X 54 !
(s1,82) € Ril € RY, (s3,54) € R§2 ER% e 4ey< e}

for all e > 0 and let R = {R. | ¢ > 0}. We show that R witnesses
dm (S1]|S3, S2||S4) < dm(S1,S2) + dm(Ss, Sa).

We have ((3(1)a 58)7 (Sg, 32)) € Rdm(Sl,Sg)+dm(S3,S4) c R. Now let
((s1,83), (s2,51)) ER- €R

for some ¢, then (s1,s2) € RL € R! and (s3,s4) € R2, € R? for some

€1+eg <e.
k1®ks3

Assume (s1,s3) --» (t1,t3), then s1 —k—ln t1 and s3 —k—?’»g ts. By (s1,82) €
Rl € RY, we have sy -y ty with dspec(k1, k2) < €1 and (ty,1y) € Rl €R!
for some &} < )\_1(61 — dspec(k1, k2)); similarly, s4 —k—4+4 ty with dspec(k3, k1) <
g0 and (t3,t4) € RE,Q € R? for some e, < A7!(e2 — dspec(ks, k4)). Let & =
] + £h, then the sum ko @ k4 is defined, and

g (51 + €2 — (dSpec(kla k2) + dSpec(ki’n k4)))

)\—1
)‘_1(5 - dSpec(kl @D ks, ko @ k4))

IN A

by Lemma [6.26, We have (s2,s4) Fa®f (t2,t1), dspec(k1 @ k3, ko @ ky) <

€1 + g2 < ¢ again by Lemma and ((t1,t3), (t2,ts4)) € R € R. The

. . . . s ko @k C e
reverse direction, starting with a transition (s, s4) —— (t2,t4), is similar. OJ

Again after a technical lemma, the next theorem expresses the fact that
quotient is a partial inverse to structural composition. Intuitively, the theorem
shows that the quotient S /S is maximal among all WMTS S5 with respect to
any distance Sp||S3 <&, S1; note the special case of S <p, S1/S2 iff S2||S3 <m
S1.

Lemma. If ki, ko, ks € Spec are such that k1 © ko and ko ® k3 are defined,
then dspec(k3, k1 © ka) = dspec(ko ® k3, k1).
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Proof: We can write k; = (a, [2;,y;]) for some a € X. Then

dspec(ks, k1 © kg) = max ((z1 — z2) — 23,y3 — (y1 — y2),0)
T1 — T9 — I3 if 1 —x9—23>0,
T — X2 — X3 2> Y3 — Y1+ Y2;
ys—y1t+ye it ys—y1+y2 >0,
Ys — Y1+ y2 = x1 — T2 — T3;
0 if xl—azg—xggo,
ys —y1+y2 < 0.

Similarly,

dspec(kg @ ks, kl) = max (a;1 — (.732 + 563), (yg + y3) — y1,0)
1 — Ty — X3 if .751—.%2—%320,
Ty — T2 — T3 2 Y2+ Y3 — Y
v2+tys—yr i yatys—uy1 20,
Y2 +Ys —y1 = T1 — T — T3;
0 if 1‘1—(132—.%’3§0,
Y2 +ys—y1 < 0.

g

6.29 Theorem (Soundness and maximality of quotient). Let Si, Sz and Ss
be locally consistent WMTS such that So is deterministic and S1/Ss is defined.
If dm(Sg, 51/52) < 00, then dm(Sg, 51/52) = dm(SQHSg, 51)

Proof: To avoid confusion, we write --+ / and — / for transitions in Sp/5
and --+| and — for transitions in S3||S3. The inequality dm(Ss,51/S2) >
dm(S2]|S3,S1) is trivial if dm(S2]|Ss,S1) = 00, so assume the opposite and let
RY = {R! C S35 x (S1 x SoU{u}) | € > 0} be a witness for dm(Ss,S1/52).
Define R? = {((s2,s3),51) | (s3,(s1,52)) € R} C S5 x S3 x Sy for all € > 0,
and let R? = {R? | ¢ > 0}. Certainly ((s9,s9),s?) € R?Im(sg’sl/sﬂ € R?, so let
now ((s2,s3),s1) € R? € R? for some ¢ > 0.

ko®ks ko ks
Assume (sg,83) --»") (t2,13), then also sg -=+2 3 and s3 --»3 t3. We have

k16K,
(s3,(s1,82)) € RL, so there is (s1, s2) i—+2/ (t1,t5) for which dspec(ks, k1 ©

k) = dspec(kh ® ks, k1) < e and such that (t3,(t1,t5)) € RY, € R!, hence
((thyts),t1) € R% € R?, for some & < A1 (e—dspec(Ky@®ks, k1)). By definition

of quotient we must have s; —k—lel t1 and s9 —k—2+2 th, and by determinism of Ss,
k‘é = k‘g and t/2 = 1.

Assume s kﬂll t1. We must have a transition s ﬁm to for which
k1 © kg is defined. Hence (s1,$2) kl—ek>2/ (t1,t2). This in turn implies that

there is s3 &3 ts for which dspec(k3, k1 © k2) = dspec(k2 ® k3, k1) < € and
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a, [0, 0] a,[0,1] a, [0, 0]
~@N  ~@ e ~@

(a) Si (b) S2 (c) Ss
a, [0,1]
~> ——————— >((t2, t3) —>((s1,52)
(d) S2|S3 (e) S51/82

Figure 6.5: WMTS for which dm(SQHS;),, Sl) 7é dm(Sg, 51/52) = Q.

such that (t3, (t1,t2)) € R;, € R, hence ((t2,t3),t1) € Rg, € R2, for some
e < A He — dspec(k2 @ k3, k1)), and by definition of parallel composition,

(82,83) kﬂ?” (tg,t3>.

To show that dm(S;g,Sl/Sg) < dm(82||S3,Sl), let RQ = {R? - S2 X 53 X
S1 | € > 0} be a witness for dm(S2||S3,51), define R = {(s3, (s1,52)) |
((s2,83),81) € R2} U {(s3,u) | s3 € S3} for all e > 0, and let R' = {R! | ¢ >
0}, then (s9, (s9,53)) € Rém(ngSs,sl) e R

k
For any (s3,u) € R} for some ¢ > 0, any transition s3 ~Z55 t3 can be
k
matched by u ——3+/ u, and then (t3,u) € R}. Let now (s3, (s1,s2)) € Rl € R
k
for some € > 0, and assume s3 ——3+3 t3. If ko @ ks is undefined for all transitions

k k
Sy ——»3 to, then by definition (s1,s2) --» u, and again (t3,u) € R}. If there
. .. k . ko®k
is a transition sg ——2»2 to such that ko @ ks is defined, then also (s2, s3) z—+3||
k
(t2,t3). Hence we have s; 51t with dspec(k2 @ k3, k1) < e, implying that

kiok
(s1,52) l—+2/ (t1,t2). Hence dspec(ks, k1 © ka) = dspec(k2 ® k3, k1) < e.

Also, ((t2,t3),t1) € R% € R?, hence (t3,(t1,t2)) € R, € RY, for some &/ <
>\_1 (5 - dSpec(kSa kl S} kZ))

k16k k k
Assume (s1, 52) ﬁf/ (t1,t2), hence we have s; —+1 t; and s —2+g to. It
kL @®k3

follows that (82, 53) — | (tIQ, t3) with dspec(kéﬁakﬁg, k‘l) = dspec(kig, kl@/{?é) <e¢
and such that ((t5,t3),t1) € R% € R?, hence (t3, (t1,t5)) € RL € R!, for some
e < A7He — dspec(ks, k1 © kb)). By definition of parallel composition we

k
must have so —29 th and s3 ’&’3 ts, and by determinism of So, k§ = ko and
th = t,. O

The example of Figure shows that the condition dn,(S3,S1/S2) < oo in

Theorem is necessary. Here dm(S2||S3,51) = 1, but dm(Ss3,S51/S2) = o0
,10,0 ,[0,1
because of inconsistency between the transitions s; a—[—-)]l t1 and s9 a—[—-)}g to

for which k1 © ko is defined.

As a practical application, we notice that relazation as defined in Sec-
tion [6.3] can be useful when computing quotients. The quotient construction
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6.6. Conclusion

in Definition introduces inconsistent states (which afterwards are pruned)
whenever there is a must transition s; kﬂll s} such that ki © ko is undefined

for all transitions s ﬁ)g sh. Looking at the definition of &, we see that this
is the case if k1 = (a1, [z1,91]) and ko = (a9, [z2,y2]) are such that a; # as
or x1 — x2 > Y1 — y2. In the first case, the inconsistency is of a structural
nature and cannot be dealt with; but in the second case, it may be avoided
by enlarging k1: decreasing x1 or increasing y; so that now, x1 —xo < y1 — ¥yo.

Enlarging quantitative constraints is exactly the intuition of relaxation,
thus in practical cases where we get a quotient Sj/Sy which is “too incon-
sistent”, we may be able to solve this problem by constructing a suitable
e-relaxation S} of S1. Theorems and can then be used to ensure
that also S7/S2 is a relaxation of S/Ss.

Conclusion

We have shown in this chapter that within the quantitative specification frame-
work of weighted modal transition systems, refinement and implementation
distances provide a useful tool for robust compositional reasoning. Note that
these distances permit us not only to reason about differences between imple-
mentations and from implementations to specifications, but they also provide
a means by which we can compare specifications directly at the abstract level.

We have shown that for some of the ingredients of our specification theory,
namely structural composition and quotient, our formalism is a conservative
extension of the standard Boolean notions. We have also noted however, that
for determinization and logical conjunction, the properties of the Boolean
notions are not preserved, and that this seems to be a fundamental limitation
of any reasonable quantitative specification theory. We will have more to say
about this in the next chapter.
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7.1

General Quantitative Specification
Theories with Modal Transition

Systems’|

This chapter combines the work of the two previous chapters. It uses the
general theory of linear and branching distances developed in Chapter [5] to
introduce general refinement distances between structured modal transition
systems. It then proceeds to consider quantitative properties of structural
composition, quotient, and conjunction, and finishes with a logical character-
ization of quantitative refinement using Hennessy-Milner logic.

Structured Modal Transition Systems

We work with a poset Spec of specification labels with a partial order < and
denote by Spec™ = Spec® U Spec” the set of finite and infinite traces over
Spec. In applications, Spec may be used to model data about the behavior
of a system; for specifications this may be considered as legal parameters
of operation, whereas for implementations it may be thought of as observed
information.

The partial order < is meant to model refinement of data; if k < ¢, then k
is more refined (leaves fewer choices) than £. The set Imp = {k € Spec | k' %
k = k' = k} is called the set of implementation labels; these are the data
which cannot be refined further. We let [k] = {k' € Imp | ¥’ < k} and assume
that [k]] # 0 for all k£ € Spec.

When k £ ¢, we want to be able to quantify the impact of this difference
in data on the systems in question, thus circumventing the fragility of the
theory. To this end, we introduce a general notion of distance on sequences of
data following the approach laid out in Chapter

'This chapter is based on the journal paper [FL14a] published in Acta Informatica.
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7. GENERAL QUANTITATIVE SPECIFICATION THEORIES

7.1.1 Trace distances

In order to build a framework for specification distances which is general
enough to cover the distances commonly used, we introduce a notion of ab-
stract trace distance which factors through a lattice on which it has a recursive
characterization. We will show in Section [T.1.2] that this indeed covers the
common scenarios; see also Section [5.7]

Let M be an arbitrary set and I. = (R>oU{oo}) the set of functions from
M to the extended non-negative real line. Then L is a complete lattice with
partial order Cp, given by o Cp, (3 if and only if a(z) < f(x) for all z € M, and
with an addition @, given by (a@®r, 5)(z) = a(x)+5(z). The bottom element
of IL is also the zero of @r, and given by L (x) = 0, and the top element is
Tr(x) = co. We also define a metric on IL by dr,(«, 8) = sup,c s |a(x) —B(z)].

Intuitively, the lattice IL serves as a memory for more elaborate trace
distances such as for example the limit-average distance, see Section [7.1.2
For simpler distances, it will suffice to let M = {x} be the one-point set and
thus I = R>o U {oo}. We extend the notions of hemimetrics, pseudometrics
and metrics to mappings d : X x X — ILL, by replacing in their defining
properties 0 by Lg, and + by ®r..

Let d : Imp x Imp — L be a hemimetric on implementation labels. We ex-
tend d to Spec by d(k, £) = sup,,cpy) infrefq d(m, n). Hence also this distance
is asymmetric; the intuition is that any label in [£] has to be matched as good
as possible in [¢]. Note that this is the Hausdorfl hemimetric associated with
d on implementation labels.

We will assume given an abstract trace distance dv : Spec™ x Spec™ — L
which is a hemimetric and has a recursive expression using a distance iterator
function F : Imp X Imp x I — IL, see below. This will allow us to recover many
of the system distances found in the literature, while preserving key results.
We will need to assume that F' satisfies the following properties:

(1) Fis continuous in the first two coordinates: F(-,n,«) and F(m,-,«) are
continuous functions Imp — IL for all « € L.

(2) F is monotone in the third coordinate: F(m,n,-) : L. — IL is monotone
for all m,n € Imp.

(3) F extends d: for all m,n € Imp, F(m,n, Ly,) = d(m,n).
(4) Indiscernibility of identicals: F'(m,m,a) = « for all m € Imp.

(5) An extended triangle inequality: for all m,n,o € Imp and «,5 € L,
F(m7na Oé) D F(TL,O, 6) L F(ma 0, o P, 5)

Note how the last two axioms are a generalization of the standard axioms for
hemimetrics.
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7.1. Structured Modal Transition Systems

We extend F' to specification labels by defining

F(k,l,a) = sup inf F(m,n,a).
me[k] ne(f]
Then also the extended F : Spec x Spec x . — IL is continuous in the first two
and monotone in the third coordinates. Additionally, we assume that sets of
implementation labels are closed with respect to F' in the sense that for all
k.l € Spec and o € L with F(k, ¢, ) # T, there are m € [k], n € [{] with
F(m,t,a) = F(k,n,a) = F(k,{,a). Note that this implies that the sets [k]
are closed under the hemimetric d on Spec.
Axioms and for F' above now imply that for the extension, the
following hold:

(4") For all k, ¢ € Spec with k < £ and all « € I, F(k, ¢, ) = .
(5") For all k,¢,m € Spec and «, 8 € L,
F(kagva) D F(€7m76) Jn F(k,m,Oé@L B)

Let € € Spec™ denote the empty sequence, and for any sequence o €
Spec®™, denote by oy its first element and by o' the tail of the sequence with
the first element removed. We assume that d has a recursive characterization,
using F', as follows:

F(Uo,To,d]tLr(Jl,Tl)) if o,7 # ¢,
d(o,7) = { T, ifo=e,r£ecoro#e,r=¢, (7.1)

1y, ifo=71=c¢.

We remark that a recursive characterization such as the one above is quite
natural. Not only does it cover all commonly used trace distances (see the
examples in the next section), but recursion is central to computing, and any
trace distance without a recursive characterization would strike us as being
quite artificial. It is precisely this recursive characterization which allows us
to lift the trace distance to states of specifications in Definition below,
see also Chapter

In applications (see below), the lattice I comes equipped with a homomor-
phism eval : . — R>¢U{oo} for which eval(_Ly,) = 0. The actual trace distance
of interest is then the composition di, = eval o di:. The triangle inequality for
F implies the usual triangle inequality for dy: di (o, 7) + du (7, X) < die(0, X)
for all o, 7, x € Spec™, hence dy, is a hemimetric on Spec™.

We need to work with distances which factor through L, instead of plainly
taking values in R>o U {00}, because some distances which are useful in prac-
tice, as the ones in Examples and below, have no recursive character-
ization using I. = R>o U {oo}. Whether the theory works for more general
intermediate lattices than I = (R>o U {oo})™ is an open question; we have
had no occasion to use more general lattices in practice.
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7.1

7.2

7. GENERAL QUANTITATIVE SPECIFICATION THEORIES

Examples

To give an application to the framework laid out above, we show here a few
examples of specification labels and trace distances and how they fit into the
framework. For a much more comprehensive application of the theory see
Chapter

Example. A good example of a set of specification labels is given by Spec =

¥ %I, where X is a finite set of discrete labels and I = {[l,r] | |l € ZU{—o0},r €

Z U {oo},l < r} is the set of extended-integer intervals. The partial order is

defined by (a, [I,7]) < (a/,[I',7"]) iff a = o/, ' <l and ' > r. Hence refinement

is given by restricting intervals, so that Imp =% x {[z,z] |z € Z} ~ ¥ X Z.
The implementation label distance is given by

d((a,z),(d',2") = {|$—z| ifa=4d,

s otherwise,
so that for specification labels (a, [I,7]), (d/, [I',7']),
d((a,[l,r]), (d',[I',7'])) =  sup inf d(m,n)
me[(a,[l,r])] nel(a’,[',r'])]
B {max(l’ —l,r—1r"0) ifa=d,

o0 otherwise.
Now let . = R U {00}, eval = id, and
F(m,n,a) =d(m,n) + A

for some fixed discounting factor A\ € R with 0 < A < 1, then dy(o,7) =
>, Md(oj,7j) for implementation traces o, 7 of equal length. This is the
accumulating distance which we have used in Chapter [6] to develop a specifi-
cation theory; we will continue this example below to show how it fits in our
present context.

Example. Using the same setting as above, with Spec = ¥ x I, (a,[l,7]) <
(,[I',r"])ifa=d,l'! <land v >r, and d((a,z), (d',2")) = |z —2'| ifa =
and oo otherwise, we can instantiate F' to a point-wise instead of accumulating
distance.

Let again I = R> U {co} and eval = id, but now

F(m,n,a) = max(d(m,n), a) .

Then dy (o, 7) = sup; d(oj,7j) for implementation traces o, 7 of equal length,
hence measuring the biggest individual difference between the traces’ symbols.
We will also continue this example below to show how to develop a specification
theory based on the point-wise distance.
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7.5

7.6

7.1. Structured Modal Transition Systems

Example. Again with the same instantiations of Imp and Spec as above,
we can introduce limit-average distance. Here we let L = (Rxo U {oo})N,
eval : . = R>o U {oo} given by eval(e) = liminf; a(j), and

) .
F(m,n,a)(j) = md(m,n) + jjﬁa(j -1),

then dy (0, 7) = eval(di(o, 7)) = liminf; Jﬁ Zzzo d(oj, ;) for traces of equal
length. We show below how this distance, in the framework of the present
paper, gives a limit-average specification theory.

Example. Examples to above are in a sense agnostic to the precise
structure of implementation and specification labels. Indeed, the definitions
only use the label distance d : Imp x Imp — R> U {oc}, hence Imp (and Spec)
can be any set. In particular, the theory put forward here works equally well
in a multi-weighted setting as for example in [FJLS11], where Imp = ¥ x ZF
and Spec = 3 x I* for some k € N.

Example. With the same instantiations of Imp and Spec as in Examples
to we can introduce a distance which, instead of accumulating individual
label differences, measures the long-run difference between accumulated labels.
This mazimum-lead distance is especially useful for real-time systems and has
been considered in [HMP05, TFL10], see also Chapter [2 Unlike Examples
to it does not use the distance d on implementation labels in the definition
of the trace distance; rather it accumulates the labels itself before taking the
distance.
Let L = (R> U {00})® and define F : Imp x Imp x I. — I by

00 if a # d,

max(|0 + x —2'|,a(d+ 2 —2')) ifa=d.

F((a.x),(d.a'),0)(3) = {

Define eval : L — R>o U {oco} by eval(a) = (0); the maximum-lead distance
assuming the lead is zero. It can then be shown that for implementation traces

0= ((CL(),(IZ()), (ahxl)v .. ’)7 T = ((G’vaO)v (Ql,y1),. . ')7

dy(0,7) = eval(dy (o, 7)) = sup ‘ D=y v
=0 i=0

is precisely the maximum-lead distance.

Example. Specification labels different from the ones above can for example
be clock constraints, or zones [AD94]. For a finite set X, let Spec = ®(X) be
the set of closed clock constraints over ¥ given by

(I)(Z) 9¢::=a§k"a2k‘¢1/\¢2 (aEZ,kEN,¢1,¢2€@(Z)).
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Clock constraints have a natural partial order given by ¢ < ¢’ iff ¢ = ¢'.
Implementation labels are then clock constraints which impose a precise value
for each @ € X, which can be seen as functions u : ¥ — N. The natural
distance between such discrete clock valuations is d(u,u’) = max.ey |u(a) —
u'(a)], and on top of this, any interesting trace distance can be imposed using
our framework.

Structured Modal Transition Systems

Definition. A structured modal transition system (SMTS) is a tuple
(S, s0,--+5, —>g) consisting of a set S of states, an initial state syp € 95,
and must and may transitions — g, --+g € S X Spec x S for which it holds

¢
that for all s i)g s' there is s --»g &' with k < £.

The last condition is one of consistency: everything which is required
is also allowed. If no confusion can arise, we will omit the subscripts S
on the must and may transitions; we will also sometimes identify an SMTS
(S, s0,--+5, —>g) with its state set S.

k
Intuitively, a may transition s --» s’ specifies that an implementation I of
S is permitted to have a corresponding transition i — ¢, for any m € [k],

whereas a must transition s —— s’ postulates that I is required to implement
at least one corresponding transition i — i’ for some n € [¢]. We will make
this precise below.

An SMTS S is an implementation if —g = --+g C 5 X Imp x S; hence in
an implementation, all optional behavior has been resolved, and all data has
been refined to implementation labels.

Definition. An SMTS (S, sg, --+5, —g) is L-deterministic, for a given lat-

tice IL, if it holds for all s € S, s LN S1, S LN so for which there is k € Spec
with d(k’,kl) # T, and d(k,k)g) # T, that ky = ko and s1 = so.

Note that for the Boolean label distance given by d(k, k') = L, if k =
k' and Ty, otherwise, the above definition reduces to the property that if
k1 = ks, then also s = s, hence L-determinism is a generalization of usual
determinism. In our quantitative case, we need to be more restrictive: not
only do we not allow distinct transitions from s with the same label, but
we forbid distinct transitions with labels which have a common quantitative
refinement. Despite of this, we will generally omit the I and say deterministic
instead of L-deterministic.

Example. For the label distance d((a,x), (a/,2')) = |z — 2/| if a = @’ and
oo otherwise of Examples to and the above condition that there
exist k € Spec with d(k,k1) # Tr and d(k,k2) # Tr is equivalent, with
k1 = (a1,11) and ky = (ag, I2), to saying that a; = ag, hence our notion of
determinism agrees with the one of the previous chapter.
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7.2. Refinement Distances

A modal refinement of SMTS S, T is a relation R C S x T such that for
any (s,t) € R,

k J4
o whenever s --+g &', then also t --+7 t’ for some k < £ and (s/,t') € R,

« whenever t — t/, then also s —g s' for some k < £ and (s',t') € R.

Thus any behavior which is permitted in S is also permitted in 7', and any
behavior required in T is also required in S. We write S <, T if there is a
modal refinement R C S x T' with (s, ) € R.

The implementation semantics of a SMTS S is the set [S] = {I <m
S | I is an implementation}, and we write S <y, T if [S] C [T7, saying
that S thoroughly refines T. It follows by reflexivity of <, that S <, T
implies S <i, T, hence modal refinement is a syntactic over-approximation of
thorough refinement.

It can be shown for standard modal transition systems that S < T
does not imply S <m T unless T is deterministic, see [BKLS09] and Theo-
rem in the previous chapter. We shall provide a quantitative generaliza-
tion of this result in Theorem below. Also, modal refinement for MTS
can be decided in polynomial time, whereas deciding thorough refinement is
EXPTIME-complete [BKLS09]. Intuitively, thorough refinement—inclusion
of implementation sets—is the relation one really is interested in, but modal
refinement provides a useful over-approximation.

Refinement Distances

We define two distances between SMTS, one at the syntactic and one at the
semantic level.

Modal and thorough refinement distance

Definition. The modal refinement distance dn, : S x T — IL between the
states of SMTS S, T is defined to be the least fixed point to the equations

sup inf F(k, 0, dn(s',t)),
s—’—c-)s s’ t—gaT t
sup inf F(k,{,dn(s',t)).

L k
t—spt! s—gs’

dm(s,t) = max

We let dn (S, T) = dm(so0,to), and we write S <§ T if dn(S,T) Cr, a.

Lemma. The modal refinement distance is well-defined and a hemimetric.
Also, S <m T implies dm(S,T) = L.
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Proof: Let I : L5%T — L5*T be the endofunction defined by

sup inf F(k, ¢ h(s,t)),
s —Ifes st *f"T t
sup inf F(k, ¢, h(s,t)).

4 k
t—pt s—gs

I(h)(s,t) = max

The lattice L% is complete because IL is, and I is monotone because F'(k, ¥, -) :
L — L is. By an application of Tarski’s fixed point theorem [Tar55], I has a
unique least fixed point which hence defines d,,.

The property that dm(S,S) = 0 for all SMTS S is clear, and the triangle
inequality dm(S,T) &L dm(T,U) 31, dm(S,U) can be shown inductively.

k
To show the last claim, assume s <, t. Then for any s --+ s’ there is

J4
t -=» t for which k < ¢, hence F(k,{,a) = « for all @ € I by Axiom )
Similarly for must transitions, so the fixed point equations simplify to

dm(s,t) = max( sup inf dy(s',t), sup inf dm(s’,t’)),

s--38" t--»t/ t—t' s—>s’

the least fixed point of which is dn(s,t) = L. O

One can also define a linear distance between states, analogous to trace
inclusion. This is given by

d]tLr(s,t):max( sup inf di(o,7), sup inf d%(J,T)),
o€Tr(s) T€Tr(t) TETr(t) o€Tr(s)

where Tr(s) denotes the set of (may or must) traces emanating from s. It can
then be shown that d%(s,t) T, dm(s,t) for all s,t € S, see Chapter

Definition. The thorough refinement distance from an SMTS S to an SMTS
T is
dth(S7 T) = Sup inf dm(Ia J)7
I€[S] Je[T]

and we write S <§ T if dwn(S,T) Cy, o

Lemma. The thorough refinement distance is a hemimetric, and S <y T
implies d, (S, T) = Ly,.

Proof: The equality din(S,S5) = L is clear, and the triangle inequality
din(S, T)+din(T,U) > dn(S, U) follows like in the proof of [AB07, Lemma 3.72].
If S < T, then [S] C [T implies dn(S,T) = L. O
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7.2. Refinement Distances

Refinement families

As is the case for ordinary (bi)simulation [Par81], there is a dual relational
notion of refinement distance which is useful. Before we can introduce this,
we need a notion similar to the finite branching assumption one needs to make
for the case of bisimulation, cf. [Mil89], see also Chapter [6]

Definition. A SMTS S is said to be compactly branching if the sets {(s, k) |

k
s - 81 {(s"k) | s iz s’} € S x Spec are compact under the symmetrized
product distance dy, x d for every s € S.

_ Recall that the pseudometric dm x d is given by dm x d((s, k), (s', k")) =
dm(s,s") + d(k, k') = max(dm(s,s’),dm(s’,s)) + max(d(k, k), d(k', k)). As in
k
Chapter |6, we will need compactness of the sets {(s', k) | s -=» '}, {(s', k) |
s o } C S x Spec for the property that continuous functions defined on
them attain their infimum and supremum, see Lemmal[7.16]and its proof below.
The notion of compact branching was first introduced, for a formalism of
metric transition systems, in [vB96]. It is a natural generalization of finite
branching to a distance setting; we shall henceforth assume all our SMTS to
be compactly branching.

Definition. A modal refinement family from S to T, for SMTS S, T, is an
L-indexed family of relations R = {R, € S x T | « € L} with the property
that for all @ € I and all (s,t) € R,,

o whenever s —lf+5 s/, then there is § € IL and (¢/,t') € Rg for which
t —€+T t' and F(k, ¢, ) Cr, a,

« whenever t —“+7 ¢/, then there is f € L and (s',t') € Rg for which
s g s and F(k,t,8) Cr, a.

Compact branching implies that refinement families R are closed in the
sense that for all s € S, t € T, (s,t) € Rinf{a|(s,)cRacr} € R. Also note how
this definition is a common refinement of the notions of relaton families from

Chapters [5] and [6]

Lemma. For all SMTS S, T and o € I, S <& T if and only if there is a
modal refinement family R from S to T with (so,tg) € Ra.

We say that a modal refinement family as in the lemma witnesses S <&, T
this is of course the same as saying that it witnesses dm(S,T") Cp, «, which we
sometimes shorten to say that it witnesses dm(S,T).
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Proof: Assume first that S <3 T, thus we know that dn(S,T) Cp, a. We
have to show that there is a modal refinement family R from S to T with
(s0,t0) € Rq. Define a family R = {Ry C S xT | o/ € L} by

Ror ={(s,1) | dm(s,t) Ep o'}

for every o’ € IL; note that R is closed in the sense above. Now let 3 € IL and
(s,t) € Rg.

o Assumes —o» 5. By dm(s,t) Cp, 8 and the definition of dp, (s, t) it follows
that infy t,p F'(k, £,dm(s’,t')) Cp 8. As T is compactly branching and F

l
continuous, the set {F(k,{,dn(s',t")) | t --» t'} is compact, hence there
)4
exists a transition ¢t --» ¢’ such that F(k,¢,dm(s',t")) Cr .

o Assume t —5 ¢/, By dm(s,t) Cp, S and the definition of dpy(s,t) it
follows that infs *,g F(k,£,dn(s',t")) Cr 8. Again {F(k,{,dn(s",t')) |
PRI } is a compact set, whence there exists a transition s k., & such
that F(k,¢,dn(s',t")) CL B.

For the other direction, assume a refinement family R from S to T" with
(so,t0) € Ry. Define h : S x T — IL by h(s,t) = inf{a | (s,t) € Ry}. Then
(s,t) € Rg implies that h(s,t) Cp . Let s € S and t € T, then (s,t) € Ry(sy)

because R is closed, hence for all s s there is ¢ ~%»  and o € L for
which F(k,¢,a') Ty, h(s,t) and (s',t') € Ry, implying h(s',t') Cp, o and
hence F(k,¢,h(s',t')) Cr, h(s,t) by monotonicity and transitivity. Similarly,
for all ¢ —= ¢ there is s — s with F(k,¢,h(s',t')) Cr, h(s,t). Hence h
is a pre-fixed point for the equations in the definition of d,,, implying that
dm(s,t) Cp, h(s,t) for all s € S, t € T, thus especially dm(so,t0) Cr a,
because (sg,ty) € Ry implies h(sp,to) Cr, « and dm(so,to) Er h(so,to)- O

Modal distance bounds thorough distance

The next theorem shows that the modal refinement distance overapproximates
the thorough one, and that it is exact for deterministic SMTS. This is similar
to the situation for standard modal transition systems [Lar89]; note [Lar89]
that deterministic specifications generally suffice for applications.

Theorem. For all SMTS S, T, dwn(S,T) Cr, dn(S,T). If T is deterministic,
then dwn(S,T) = dm(S,T).

The counterexample for the Boolean version of the second result given
in [BKLS09] also works in our setting, to show that there exist (necessarily
nondeterministic) SMTS S, T for which di,(S,T) = Lr,, but dm(S,T) = Tr..
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Proof: For the first claim, if dn(S,7) = T, we have nothing to prove.
Otherwise, let R = {Ry, € S xT | @« € L} be a modal refinement family
which witnesses dm(S,T), then (so,t0) € Ry, (s1)- Let I € [S]; we will
expose J € [T] for which dm (I, J) Cr, dm(S,T).

Let R C I x S be a witness for I <m S, define R, = RoRa C I xT for
all « € L, and let R' = {R], | « € L}. We let the states of J be J =T, with
jo = to, and define --+; = — ; as follows:

For any i —% i’ and any t € T for which (i,t) € R/, € R’ for some
a €L, a# T, we have t —f-)T t' with (i',#') € R € R’ for some 3 € IL
with F'(m,¢,3) Cr, a. As [€] is closed under F, there is n € [{] for which
F(m,n,B) = F(m,{, (), and we add a transition t —; ¢’ to .J.

Similarly, for any ¢ Lt and any ¢ € I for which (i,t) € R, € R’ for
some a € I, a # T, we have i —=; i/ with (i,t') € R for some 3 € L
with F'(m, ¢, 3) Cp, . Using again closedness of [¢], we find n € [¢] for which
F(m,n, B) = F(m,{, ) and add a transition ¢t —; ' to J.

We show that the identity relation {(¢,t) | t € T} C J x T witnesses
J <m T. Let first t — s t/; we must have used one of the two constructions

¢
above for creating this transition. In the first case, there is t --+7 t/ with
ZI
n € [¢], and in the second case, there is t i>T ', hence also t ——»7 t' with
¢ 0, thus n € [¢] C [¢']. Now let ¢ L5 ¢, then the second construction
above has introduced t -5 ¢’ with n € [/].
To finish the proof, we show that the family R’ is a witness for dm (I, J) Cr,
dm(S, T). First, (io,So) € R and (So,to) S Rdm(S,T) imply (io,to) € Riim(S,T)'
Let (i,t) € R/, € R’ for some a € I, o # T, and assume first i ——; i’

Then t _QT t' and t —; ¢ by the first part of our above construction,
and (i',t') € R’B with F(m,n,B) Cr, F(m,¢,3) Cr a. For the converse, a
transition ¢ —»; ¢ must have been introduced above, and in both cases,
i sp i with (i/,1) € Ry and F(m,n, B) Cp, F(m, £, 8) Ty, a.

Now to the proof of the second assertion of the theorem. If dy, (S, T) = Ty,
we are done. Otherwise we inductively construct a relation family R = {R,, C
S x T | a € L} which satisfies di,((s,5), (t,T)) C « for any (s,t) € Ry, as
follows: Begin by letting Ry = {(s0,%0)} for all o Iy, din(S,T), and let now
(s,t) € Ry, with diy((s,9), (t,T)) Ca# Tp.

Let s —If+5 s and t —€+T t' such that d(k,f) # Tr. Let (/,I') €
[(s',9)] and m € [k], then there is (i,I) € [(s,5)] for which i = i"
and (i, 1) <m, (¢, I'). By the triangle inequality we have dw((¢, 1), (¢, T)) Cp,
dn((2,1),(s,9)) &L den((s,S), (t,T)) Cr «a, hence there is t s # for which
d(m, ') Cp, . But we also have d(m, ¢) Cy, d(m, k) @, d(k,£) = d(k,?) # Ty,
so by determinism of T it follows that £ = ¢’ and ¢’ = t".

As m € [k] was chosen arbitrarily above, we have d(m,¢) Cg, « for all
m € [k], hence d(k,?¢) = F(k, ¢, L1) Ca. Let B={p' e L| F(k,¢,0') Cr, a}
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and B = sup B, then F(k,¢,3) Cp, o as Ly, € S. Add (¢',t') to Ry for all
v J. B.

We miss to show that dy,((s',S), (t',T)) Cr 8. By dwn((s,S),(t,T)) Cp «
we must have (j,.J) € [(t,T)], j — 5/, and an element ' € I for which
dm((¢, 1), (4',J)) C, 8/ and F(m,n, ") Cr, a. Then

F(k,f,ﬁ/) = F(ml,,ﬁ’) EL F(mvna B/) E]L «,

hence ' € B, implying that dw,((s',S), (t',T)) Cr 5’ Cr, 8.

We show that R is a refinement family which witnesses dm(S,T). Let
(s,t) € Ry € R for some a € IL and assume s —Ifes s'. Let m € [k], then
there is (i,1) € [(s,5)] with i —= i'. As den((i, 1), (t,T)) Cp, a, this implies
that there is ¢ —€+T t" with d(m,¢) Cp, «. Also for any other m’ € [k] we
have t —Z—eT t" with d(m, ') Cr, «, hence £ = ¢' and ¢’ = t” by determinism.
As m was chosen arbitrarily, we have d(m,f) C « for all m € [k], hence
d(k,0) = F(k,?, L1,) C a. By construction of R, (s',t') € Rg for § = sup{p’ €
L | F(k‘,f, 6,) Cr Oé}.

Now assume ¢ ——7 t'. Let (2,1) € [(s,9)], then we have (j,J) € [(¢t,T)]
with dm((i, 1), (j,J)) Cr . We must have j —; j’ with n € [¢], hence there
are i —=; 4’ and # € L with dn((,1),(j',J)) Cr 8 and F(m,n, ") Cr, a.

The above considerations hold for all (¢, I) € [(s,5)], hence there is k € IL
with m € [k], s =g &, and F(k, £, ') = F(m, ¢, 8'). But then F(k,¢, ') Cp,
F(m,n, ") Cr, a, hence by construction of R, (s',t') € Rg for § = sup{f’ €
L | F(k,¢,3") CL a}. O

Quantitative relaxation

In a quantitative framework, it can be useful to be able to relax and strengthen
specifications during the development process. Which precise relaxations and
strengthenings one wishes to apply will depend on the actual application, but
we can here show three general relaxations which differ from each other in the
level of the theory at which they are applied. For a € I and SMTS S, T,

e T is an a-widening of S if there is a relation R C S x T for which
(so,to) € R and such that for all (s,t) € R, s —If+5 s if and only if

t —€+T t', and s kg ¢ if and only if ¢ A t', for k < ¢, d({, k) Cr, «,
and (s',t') € R;

o T is an a-relazation of S'if S <, T and T <g, S;
o the a-extended implementation semantics of S is
[S]T = {I <% S| I implementation}.
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All three notions have also been introduced for the special case of integer
weights in Section but note that the notion of widening presented here is
more synthetic than the one of the previous chapter.

The notion of a-widening is entirely syntactic: up to unweighted bisimu-
lation, T is the same as S, but transition labels in T can be a “wider” than in
S (hence also S <p, T'). The second notion, a-relaxation, works at the level of
semantics of specifications, whereas the last notion is at implementation level.
A priori, there is no relation between the syntactic and semantic notions, even
though one can be established in some special cases.

Example. For the accumulated distance with discounting factor A\, any a-
widening is also an Zs-relaxation, see Proposition This is due to
the fact that for traces 0,7 € Spec™ with d(oj,7;) < a for all j, we have
> Nd(oj,7j) < >, Ma < (1—)X)"ta by convergence of the geometric series.

For the point-wise distance, it is easy to see that any a-widening is also
an a-relaxation, and the same holds for the limit-average distance:

J
hmlnf%Z Oiy Ti) <11m]1nf Jja=q
i=0

Example. For the maximum-lead distance on the other hand, it is easy to

expose cases of a-widenings which are not S-relaxations for any 5. One exam-

0,2
ple consists of two one-state SMTS S, T" with loops sg a—1> sp and tg — [ ] to;

then T is an a-widening of S for a(d) = |0 + 1|, but dm (7, 5) = TL
Proposition. If T is an a-relazation of S, then [T] C [S]+*. O

It can be shown for special cases that the inclusion in the proposition is
strict, see Section for its proof one only needs the fact that dn(I,S) Cr,
den (I, T) &1, dn(T, S) Cp, « for all I € [T7].

Also of interest is the relation between relaxations of different specifica-
tions. An easy application of the triangle inequality for d,, shows that the
distance between relaxations is bounded by the sum of the relaxation con-
stants and the unrelaxed systems’ distances:

Proposition. Let T be an a-relaxation of S and T' an o -relaxation of S’.
Then dm (T, T") Cr, a &1, dm(S,S") and dy(T',T) Cr, o &1, dn (S5, S). O

Structural Composition and Quotient

We now introduce the different operations on SMTS which make up a specifi-
cation theory. Firstly, we are interested in composing specifications S, S’ into
a specification S||S” by synchronizing on shared actions. Secondly, we need a
quotient operator which solves equations of the form S||X = T, that is, the
quotient synthesizes the most general specification T' @ S which describes all
SMTS X satisfying the above equation.
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7.3.1 Structural composition

To structurally compose SMTS, we assume given a generic partial label com-
position operator @ : Spec x Spec — Spec which specifies which labels can
synchronize, cf. [WN95]. We will need to assume the following property:

o for all ¢,¢' € Spec, (3k € Spec : d(k,l) # Tp,d(k,l') # Tp) & (Im €
Spec : £ © m, ¢’ © m are defined).

This operator permits to compose labels at transitions which are executed
in parallel; the property required relates composability to distances in such a
way that two labels have a common quantitative refinement if and only if they
have a common synchronization. This is quite natural and holds for all our
examples, and is needed to relate determinism to composition in the proof of
Theorem [7.29] below.

Additionally, we must assume that there exists a function P: IL x IL. — IL
which allows us to infer bounds on distances on synchronized labels. We as-
sume that P is monotone in both coordinates, has P(Ly, Ly) = Ly, P(a, TL) =
P(Tp,a) =Ty, for all @ € I, and that

Flkok 0ol Pla,d)) Cr P(F(k, 4, ), F(K', ¢, a))

for all k,¢, k', /' € Spec and «, o’ € I for which k @ ¥ and £ @ ¢' are defined.
Hence d(k@Q K, ¢ ?') Cr, P(d(k,),d(K', ")) for all such k, £, k', ¢’ € Spec, thus
P indeed bounds distances of synchronized labels.

Intuitively, P gives us a uniform bound on label composition: distances
between composed labels can be bounded above using P and the individual
labels’ distances.

7.22 Definition. The structural composition of two SMTS S and T is the SMTS
S|T = (S x T, (s0,t0), s, —g|r) With transitions defined as follows:

k V4
s--+g58 t--spt kOLdefined s i>5 st i>T t' k4 defined
10Y4 10)4
(S’t) “T*S|T (Slat/) (S7t) *S|\T (S,7t/)

The next theorem shows that structural composition supports quantitative
independent implementability: the distance between structural compositions
can bounded above using P and the distances between the individual compo-
nents.

7.23 Theorem. For all SMTS S, T, S" and T' with dn(S||S",T||T") # T,
A (SIS, T\ T") Cr, P(dm(S,T),dm(S",T")).
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Proof: Let R ={R, CSxT |aecl}, R ={R, C S xT' | aecL} be
witnesses for dm(S,T) and dm (S, T"), respectively, and define

Rl ={((s,),(t,t) € Sx §'x T x T" |
Ja,o/ €L: (s,t) € Ry € R, (s,t') € R, € R, P(a, &) Cp, B}

for all 3 € IL. We show that RI = {Rg | B € L} witnesses dm(S||S", T||T") Cr,
P(dm(S,T),dm(S",T")).
First, ((so,sp), (to,t))) € R‘JD(dm(S,T),dm(S',T’))' Let now € L\ {Tr} and

((s,8),(t,t)) € Rg € R, then we have o, o/ € L\{T1} with (s,t) € Ry € R,
(s',t') € R, € R', and P(c,a’) Cr, B.

Let (s, ) k—qzl—g)S”S/ (5,5'), then s —]—€+g sand ¢ —k—+g/ §'. As (s,t) € Ry € R,
Wehavet—aTtandaEILWith(_)ER ERandF(sza) .

Similarly, (s',t') € R, € R implies that there is ¢’ L5 ¥ and & € L with
(s,f') e R, e R and F(K',0',a") Cp o
Now if the composition £ ¢ is undeﬁned, then dn (S| S, T|T") = Tr. If

it is defined, then we have (¢,t’) ——->T||T/ (t,t') by definition of S||S’. Also,
y |
(t,t) € Rp(san € Rl and

F(koK Lol P(a,a)) Ty, P(F(k,¢,a), F(K,0',a") Cr, P(a, o).
The reverse direction, assuming a transition (¢,') —£>T||T/ (t,t'), is similar. ]

Example. One popular label synchronization operator for the set Spec =
Y x I from our examples, also used in Chapter [0} is given by adding interval
boundaries, viz.

(a,[l+U,r+7"]) ifa=d,
undefined otherwise.

(a, [L,7]) © ([, 7)) = {

It can then be shown that
dkok, 0ol <dk,0)+dK 1) (7.2)

for all k,¢,k',¢' € Spec for which k ® k' and ¢ © ¢’ are defined.
For the accumulating distance, implies that @ is bounded above by
Pla, o) =a+a:
FkoOK Lol a+d)=dkokK LDl)+ Na+d)
<d(k, )+ a+dK, ')+
=F(k,l,a)+ F(K, 0, d)

Theorem thus specializes to Theorem dm (SIS, T T") < dm(S,T) +
dm(S',T") for all SMTS S, T, 5", T".
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7.25 Example. Also for the point-wise distance, a bound is given by P(«,a’) =
a+ o'
FkoK,L0l,a+d)=max(dkOK LDl),a+d)
< max(d(k,l) +d(K', '), a0+ o)
< max(d(k, ), a) + max(d(k', '), o)
=F(k,l,a)+ F(K, 0, d),

the last inequality because of distributivity of addition over maximum. Thus
also here, dm(S||S", T||T") < dm(S,T) 4+ dm(S’,T") for all SMTS S, T, S5, T".

7.26 Example. For the limit-average distance, a similar bound P(«, o’) = a®r, o
works: For all j € N|
FkOoK L0l adyd)(j)
= dk QK L) + 5 (a(j - 1)+ (- 1)
< Ld(k, ) + ~ra( — 1) + 7d(, ) + L' — 1)
= F(k,t,0)(j) + F(K, 0, a")(5).

/\

Hence also for the limit-average distance, we have dn, (S||S", T||T") < dm(S,T)+
(S, T') for all SMTS S, T, 8", T'.

7.27 Example. In a real-time setting, a label synchronization operator which uses
intersection of intervals instead of addition has been used [FL12, BLPR09].
That is,

(a, [max(l,1"), min(r, r')])
(a,[l,r]) © (d,[I',7]) = if a = o/, max(l,!') < min(r,r’),

undefined otherwise.

We show that for the maximum-lead distance, @ is bounded above by P(a, o) =
max(a, ), that is,

F(ko Kk, 00V, max(a,a’))(d) < max(F(k, 4, a)(d), F(K', ¢, a')(d)).

Applying the definition of F', we see that this is equivalent to

sup inf max(|d+p— ¢|, max(a(d+p—q),d/(d+p—q)))
pe[kOR'] gE[CD]

sup inf max(|d +m — n|,a(d +m —n))
me[k] ne(£]
< max . / "o / ny .
sup inf max(|[d+m' —n'|,a'(d+m' —n"));
m/e[[k'] n' €[]
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note that we are abusing notation by identifying p = (a,z) with x etc. This
inequality in turn is equivalent to

sup inf |d+ m — n|

sup inf |d+p—¢q| me[r] nelf]

pE[kOK'] g€ [¢DE] sup inf a(d+m —n)
sup inf ald+p—q) ~ me[k] nelf]

XY pelrorT] geltor] =Y sup i |d4om —

sup inf o/ (d+p—q) m/elR ] n'ele]

PE[kOK] ge[tDe’] sup inf o'(d+m'—n').

m/e[k']n'ell']

In this expression, the first line on the left-hand side is bounded by the right-
hand side’s first line, the second line on the left by the second line on the
right, and the left-hand side’s last line by the last line of the right-hand side,
so that altogether, it holds. Theorem[7.23|then translates to dm(S||S’, T||T") <
max (dm(S,T),dm(S",T")).

Quotient

For quotients of SMTS, we need a partial label operator @ : SpecxSpec — Spec
for which it holds that

e for all k,¢,m € Spec, £ @ k is defined and m < £ @ k if and only if kO m
is defined and kK O m < ¢;

o for all £,¢' € Spec, (3k € Spec : d(k,l) # Tr,d(k,¢') # Tr) & (Im €
Spec: m @ L,m @ ¢ are defined).

The first condition ensures that @ is adjoint to @, and the second relates it
to distances just as we did for @ above. Extending the first condition, we say
that

e @ is quantitatively well-behaved if it holds for all k,¢,m € Spec that
(@ k is defined and d(m,f @ k) # T, if and only if £ ® m is defined and
d(k ®m,{) # T, and in that case, F(m,f @ k,«) Jy, F(k©m, ¢, «) for
all a € L, and that

o @ is quantitatively exact if the inequality can be sharpened to F'(m,{ @
k,a)=F(kOm,{, ).

Both of these are useful quantitative generalization of the adjunction between
@ and ©; we will see examples below of quantitatively exact and quantitatively
well-behaved label quotients.

In the definition of quotient below, we denote by pp(S) the pruning of a
SMTS S with respect to the states in B C S, see Section [6.4
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7.28 Definition. For SMTS S, T, the quotient of T' by S is the SMTS T/S =
pa(T x SU{u}, (to, s0), --*7/s, —>7/5) given as follows (if it exists):

t-fopt s-Bsed fokdefined  t—pt s —Tsgs €0k defined

ok ok
>r/s5 () (t,s) —1ys (')

(tv S) o

t Lrt! Vs LS s’ : £ @ k undefined

(t,s) € B
m € Spec Vs —]f+5 s’ : k ® m undefined m € Spec
m m
(t,S) ——-)T/SU ’U,——-)T/SU

In the above definition, u is a new universal state from which everything is
allowed and nothing required (last SOS rule). This state is reached from a quo-
tient state (¢, s) under label m whenever there is no may transition from s with
whose label m can synchronize (next-to-last SOS rule), because in that case,
any transition in the quotient will be canceled in the structural composition
(¢f. Theorem below), and we need the quotient to be maximal. Similarly,
if ¢ specifies a must transition under a label ¢ which cannot be matched by
any transition from s, then the quotient state (t,s) is inconsistent; hence we
add it to B and remove it when pruning.

The next theorem shows that under certain standard conditions, quotient
is sound and mazximal with respect to structural composition.

7.29 Theorem. Let S, T, X be SMTS such that S is deterministic and T /S exists.
Then X <m T/S if and only if S| X <m T. Also,

e if @ is quantitatively well-behaved, then dm(X,T/S) 31 dm(S||X,T);

e if @ is quantitatively exact and dm(X,T/S) # T, then dn(X,T/S) =
dm (S| X, T).

The (Boolean) property that X <., 7/S iff S||X <mn T implies unique-
ness of quotient [FLW11]. For the quantitative generalizations, the property
induced by a well-behaved @ means that distances to the quotient bound
distances of structural compositions, which can be useful in further calcula-
tions; similarly for exact @. Note that uniqueness implies that if a certain
instantiation of our framework admits a quotient which is not quantitatively
well-behaved, there is no hope that one can find another one which is.

Proof: The proof that X <p, T/S if and only if S||X <n, T is in [BJL"12a].
For the other properties, assume first @ to be quantitatively well-behaved; we
show that dm(S||X,T) Cr, dm(X,T/S). If dn(X,T/S) = Ty, there is nothing
to prove, so assume dyn(X,T/S) # T and let R = {Ry C X x (T'x SU{u})}
be a witness for dm(X,T/S). Define R, = {((s,z),t) | (z,(t,s)) € Ra} C
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S x X xT for all @« € L and collect these to a family R’ = {R], | « € L}. We
show that R’ is a witness for dm(S||X,T) Cr dm(X,T/S).
We have ((s0,20),t0) € Ry (x71/5) € R', s0 let a € L and ((s,2),t) €

R/, € R/, and assume first that (s,z) IC—GETSHX (s',2"). Then s —]f->5 s and
z -“sx a' by definition of S||X. Now (z,(t,s)) € Ro € R implies that
there is (t,s) {@JgT/S (#,8") and o € L for which F(m, @ k',a') Cr, o and
(2',(t',s")) € Ry € R. But then also ((s”,2'),t') € R, € R, hence k' ® m is
defined and F (k' ®m,¢,o') Cp F(m, L @ k', d/) Cp, a.

Now k ® m and k' © m being defined implies that there is &” for which
d(k" k) # T, and d(k", k") # T, and by definition of T'/S, s —k—->5' s". As S
is deterministic, this implies k = k" and s’ = s”. Hence ((¢',2'),t') € R, € R/
and F(k©m,{, o) Cp, a.

Assume now that ¢ L>T t’. 'We must have s i>5 s’ for which ¢ @ k
is defined, for otherwise (¢,s) € B and hence (t,s) would have been pruned
in T/S. Thus (t,s) @)T/S (t',s"), which by (z,(t,s)) € Ro € R implies
that there is # —»x 2/ and o/ € L for which F(m,l @ k,o') Ty, a and
(@, (t',s')) € Ry € R, hence ((¢',2'),t') € R/, € R'. But then k ® m is
defined and F(kOm,{,a') Cf, F(m,l@k,d') Cf, a, and (s, z) IMSIIX (s, ).

In order to prove the theorem’s last claim, let @ be quantitatively exact.
To show that dyn(X,T/S) Cr, dn(S||X,T), assume that dm(S||X,T) # Ty,
(otherwise there is nothing to prove), let R = {R, € S x X xT | a €
L} be a witness for dm(S||X,T), and define R, = {(x,(t,s)) | ((s,z),t) €
Ryt U{(z,u) |z € X} C X x (T x SU{u}) for all & € L. We show that
R' ={R,, | « € L} is a witness for dm(X,T/S) Cr, dm(S|| X, T).

We have (z0, (to, s0)) € R:im(SHXT) eR. Let a €L, (z,u) € R, € R and
€T _T_)X x/7 then also u _711_)/1—\/5 ’u,7 F(m7m7J_]L) E a, and (x/7u) c R/J—IL S R/.
Now let (z,(t,s)) € R, € R' and z ——»x «’. If k ® m is undefined for all
s —]fes ', then by definition of T'/S, (¢, s) —TQT/S u, F(m,m, L) C «, and
(z',u) e R eTR.

k
If there is a transition s --»g s’ for which £ ®m is defined (by determinism
k
there can be at most one), then also (s,x) —GETS”X (s, 2"). As ((s,2),t) €

R, € R, we must have ¢ LS ¢ and of € L with F(k®m,¢,a’) Cp, « and
((¢',2"),t') € Ry € R, hence (2/,(t',s')) € R, € R'. Then £ @ k is defined

and F(m,l @ k,o’) C, , and by definition of T'/S, (¢, s) @]—C)T/S (t',s").
Now assume that (¢, s) @)T/S (t',s"), then t Lr tand s g 8 by

definition of T'//S. By ((s,z),t) € Ry € R, we have (s, ) kMSHX (s”,2") and
o € L with F(K' ©m,¢,a') Cp, « and ((s”,2'),t') € Ry € R. This in turn

implies that s g s” and = —x §' by definition of S | X. We also see that
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Figure 7.1: Quotient [I’, 7] @[l, 7] of intervals in Example six cases. Top
bar: [l,r]; middle bar: [I’,7']; bottom bar: quotient. Note that for the two
cases on the right, quotient is undefined.

L@ K is defined, which by determinism of S entails k = &’ and s’ = s”. Hence
F(k®om,l,a)Cp, o and (2, (¢',¢')) € R, € R'. O

Example. For the label synchronization operator for Spec = X x I given by
adding interval boundaries, a quotient can be defined by

(a,[l' = 1,7 =7r]) fa=d andl' =1 <71 —r,

undefined otherwise.

(a,7 [l/?rl]) %) (a7 [la T]) = {

It can then be shown that d(m,f @ k) = d(k © m,¢) for all k,¢, m € Spec for
which both ¢ @ k and k ©® m are defined, see Chapter [l From this it easily
follows that both for the accumulating, the point-wise, and the limit-average
distance, @ is quantitatively exact, hence for all three distances, Theorem[7.29]
specializes to the theorem that dm(X,T/S) = dn(S||X,T) for all SMTS S,
T, X for which S is deterministic, 7'/S exists and dm(X,T/S) # oo. For the
accumulating distance, this is Theorem [6.29

Example. For the variant of the operator @ which uses intersection of inter-
vals instead of addition, a quotient can be defined as follows:

undefined if a # d’,

(a,[l'yo0]) ifa=d andl <l <r <71,
(a,[',7"]) ifa=dandl<l <r' <r,
(d,[l',7"]) @ (a,[l,r]) = { undefined ifa=a andl <r <l <7,
(a,[0,00]) ifa=d andl' <I<r <y,
(a,[0,7]) fa=d andl' <I<r <y,
undefined ifa=d andl' <+ <l <r.

The intuition is that to obtain the maximal solution [p,¢] to an equation
[1,7] ® [p,q] Cspec [I;7'], whether p and ¢ must restrain the interval in the
intersection, or can be 0 and oo, respectively, depends on the position of [I,7]
relative to [I',r'], ¢f. Figure

It can be shown [FL12] that for the maximum-lead distance, this variant of
@ is quantitatively well-behaved, but not quantitatively exact. Theorem [7.29
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hence translates to the fact that for all SMTA S, T, X for which S is deter-
ministic and 7'/S exists, dm(X,7/S) > dm(S|| X, T).

7.4 Conjunction

Conjunction of SMTS can be used to merge two specifications into one. Let
® : Spec x Spec — Spec be a partial label operator for which it holds that

o for all k,¢ € Spec, if k ® £ is defined, then k® ¢ <k, k® £ < £, and

o for all 4,0 € Spec, (3k € Spec : d(k,l) # Tr,d(k,¢') # Tr) & (Im €
Spec : £ ® m, ¢’ ® m are defined).

The first requirement above ensures that conjunction acts as a lower bound,
and the second one relates it to distances such that two labels have a common
quantitative refinement if and only if they have a common conjunction. One
also usually wants conjunction to be a greatest lower bound; we say that @ is
conjunctively compositional if it holds for all k, ¢, m € Spec for which m < k
and m < ¢ that also k ® £ is defined and m < k ® 4.

As a quantitative generalization, and analogously to what we did for
structural composition, we say that @® is conjunctively bounded by a function
C:L xL — L if C is monotone in both coordinates, has C(Ly, Lr,) = L,
C(a, Tr) = C(Tr,a) = Ty, for all @ € I, and if it holds for all k, ¢, m € Spec
for which d(m, k) # Ty, and d(m,¥) # Ty, that k @® ¢ is defined and

F(m, ko l,C(a,d)) Ty, C(F(m,k,a), F(m,{,a))

for all @, @’ € L. Note that this implies that d(m, k®¢) Cg, C(d(m, k), d(m, L)),
hence conjunctive boundedness implies conjunctive compositionality. Like P
for structural composition, C' gives a uniform bound on label conjunction.

7.32 Definition. The conjunction of two SMTS S and T is the SMTS SAT =
pB(S X T,(s0,t0), --*srT, —>saT) given as follows:

s i>g s’ t —€+T t' ko { defined s —Ifeg st i);p t' ko { defined
(5,8) " gnr (57, 1) (s,8) " gnr (57, 1)
s —If+5 st —LT t' k o/ defined
(5,8) D5 gur (5/,1)
s i>s s’ Vit —é*T t' : k ® ¢ undef. t L>T t' Vs —’f-)g s': k ® ¢ undef.

(s,t)eB (s,t) € B

Note that like for quotient, conjunction of SMTS may give inconsistent
states which need to be pruned after. As seen in the last two SOS rules
above, this is the case when one SMTS specifies a must transition with which
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the other SMTS cannot synchronize; then, the demand on implementations
would be that they simultaneously must and cannot have a transition, which
of course is unsatisfiable.

The next theorem shows the precise conditions under which conjunction is
a greatest lower bound. Note that the greatest-lower-bound condition U <, S,
U<nT=UZ<yuS5AT entails uniqueness.

Theorem. Let S, T, U be SMTS. If S AT is defined, then SAT < S and
SAT < T. If, additionally, S or T are deterministic, then:

e If ® is conjunctively compositional, U < S, and U <, T, then SAT
is defined and U < SAT.

o If ® is conjunctively bounded by C, dm (U, S) # TL, and dw(U,T) # T,
then S AT is defined and dm(U,S NT) Cr, C(dm(U, S), dm(U,T)).

Proof: The proof of the two first claims is in [BJL*12a]. For the third claim,
let R={Ry, CUxS|ae€lLland R ={R, CUXT | o € L} be
relation families witnessing dm (U, S) and dm(U, T), respectively, define RZ} =
{(u, (s,t)) | Jo, & €L : (u,8) € Ry, (u,t) € R,,,Cla, o) Cp, B} CU x S x T
for all B € I, and let R" = {Rj | 8 € L}. We show that R" is a witness for
dn(U, S AT) C1, C(dn(U, 8), du (U, T)).

We have (ug, (s0,%0)) € Ré*(dm(U,S),dm(U,T)) € R". Let € L\ {Lr} and
(u, (s,1)) € Rj € R", then we have o, @’ € I\ {Lr} with (u,s) € Ry € R,
(u,t) € R, € R/, and C (o, &') Cp, S.

Assume u --»y o, then there exist s —lf+3 s’ and @ € IL for which (v, ¢') €

Rs € R and F(m,k,a) Cp, «, and similarly ¢ —LT t" and & with (u/,t') €
R, € R and F(m,{,&') C . Then d(m,k) # T% &an d(m,{) # T, so by
conjunctive boundedness k@ / is defined, and (s, t) ro5 sar (8',1') by definition
of SAT. Also, (v, (s,t)) € R/C\(&,&,) € R" and F(m,k ® ¢,C(a,d’)) Cr,
C(F(ma k, &)7 F(’I?’L, L, 6/)) CL C(Oé, O/)'

Assume (s, t) WXS‘/\T (s',t'), then s i)s s and t i>T t' by definition of
S AT. We can without loss of generality postulate that T is deterministic.
The fact that (u,s) € R, € R implies that there are u —=¢ v’ and & € IL for
which (u/,s') € Rq € R and F(m,k,@) Cr, a. We must also have u -—»y o/
for some m' Jspec m, and then (u,t) € R; € R’ implies that there exist
t —é—aT t" and & € L with (v/,¢") € R, € R and F(m/,¢',&') Cy, &',

The triangle inequality for F' gives

F(m,0',&') Cy, F(m,m/, Ly) &, F(m/,¢',&') Cp, o,

hence d(m, ') # Ty,. Together with d(m,k) # Tr,, conjunctive boundedness
allows us to conclude that & ® ¢ is defined, but then both k® ¢ and k ® ¢ are
defined, hence by determinism of T', / = ¢/ and t' = t". O
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Example. For the set Spec = ¥ x I from our examples, the unique composi-
tional conjunction operator on is given, on labels, by intersection of intervals:

(a, [max(l,1"), min(r, r")])
(a,[l,7]) @ (d',[I',7]) = if a = o/, max(l,!') < min(r,r"),

undefined otherwise.

We can easily show that @ is not conjunctively bounded: with m = (a, [2,2]),
k = (a,[0,1]) and £ = (a, [3,4]), we have d(m, k) = d(m, ) = 1, but kO is not
defined. Noting that this statement does not involve the distance iterator F,
we conclude that neither accumulating, point-wise nor limit-average distance
admit a bounded conjunction operator. For the accumulating distance, this
statement is Theorem [6.24]

To deal with the problem that, as in the above example, conjunction may
not be conjunctively bounded, we introduce another, weaker, property which
ensures some compatibility of conjunction with distances. We say that @® is
relaxed conjunctively bounded by a function C : I x I. — L if C' is monotone
in both coordinates, has C'(Llr, ly) = L, C(a, Tr) = C(TL,a) = Ty, for
all a € IL, and such that for all &k, ¢ € Spec for which there is m € Spec with
d(m, k) # Tr, and d(m,¢) # T, there exist k', ¢’ € Spec with k' ® ¢’ defined,
kK, 00, dk k) # Tr, and d(¢',¢) # T, such that for all m" € Spec,
a,o €L,

Fm' Kol ,C(a,d)) Cr, C(F(m/ k,a), F(m',£,a)). (7.3)

The following theorem shows that relaxed boundedness of ® entails a sim-
ilar property for SMTS conjunction.

Theorem. Let S, T be SMTS with S orT" deterministic and ©® relaxed con-
Junctively bounded by C. If there is an SMTS U for which dm(U,S) # T, and
dm(U,T) # T, then there exist 5- and y-widenings S" of S and T" of T' such
that ' AT is defined, and dm (U, S" ANT") Cy, C(dm(U’, S),dm(U’,T)) for all
SMTS U'.

Proof: We start by constructing S’ and 7", almost as in the proof of the third
claim of Theorem [7.33] The states of S” and 7" will be the same as for S and
T, and we start by letting 8 = L, v = Lr..

Let U fulfill dn(U,S) # Tr and dn(U,T) # T, let R ={Roa CU x S |
a €L} and R ={R, CUXT | a € L} be relation families witnessing
dm(U, S) and dm(U, T), respectively, define R) = {(u,(s,?)) | I, o/ € L :
(u,s) € Rq, (u,t) € R.,,C(a, &) T, p} CU x S x T for all p € IL, and let
R ={Rp | ne€L}.

Now let n € L\ {T1.} and (u,(s,t)) € Ry € R", then we have a,a’ €
L\ {Llr} with (u,s) € Ry € R, (u,t) € R, € R/, and C(«,a’) Cp, 7.

145



7.36

7.37

7. GENERAL QUANTITATIVE SPECIFICATION THEORIES

Let u -—»y o', then also s —lfes s and t —geT t’, and there are a,a’ € I\
{TwL} with F(m,k,a) C, a and F(m,¢,&") Cp, . Hence d(m, k) # Ty, and
d(m,¢) # T, and by relaxed conjunctive boundedness we have k', ¢’ € Spec
withk K K, 00, d(K' k) # T, d',0) # Tr, and k'®¢ defined. We add the

transitions s —k—/»S/ st —Z—->T/ t' to S” and T" and update 8 := max(53,d(kK', k)),
v := max(y,d({, £)).

As the sets {k € Spec | s —lfég s'}, {¢ € Spec | t —€+T t'} are compact,
the above process converges to some 3,7 # Tr.. The must transitions we just
copy from S to S’ and from T to T’, and then S’ is a S-widening of S and T”
is a y-widening of T'.

We must show that S’ and 7" satisfy the properties Claimed By con-
struction S" A T” is defined, so let U’ be an SMTS with dn(U’,S) # T, and
den(U',T) # Tr, (otherwise we have nothing to prove). We must show that
A (U, 8" ANT") C, C(dm(U’, S),dm(U",T)). Let R={Ro CU'x S| a €L}
and R' = {R,, CU' x T | a € L} be relation families witnessing dn,(U’, S)
and dn(U',T), respectively, define Rﬁl\/ = {(,(s,t)) | Ja, &/ € L : (u,s) €
Ro, (W, t) € R, C(a,/) Cp, n} € U' x S x T for all n € L, and let
RN ={R)" | neL}.

We have (u, (so,t0)) € Rél(dm(U,7S)7dm(U,7T)) e RY. Let p e L\ {1}
and (v, (s,t)) € R{;/, then we have o, € L'\ {Lr} with (v/,s) € Ry, € R,
(W,t) € R, € R', and C(a, ) Cr, n. Let o/ sy 4, then also s —I—€+5 s’

and ¢ —LT t’, and there are &, &’ € L\{ T} with (u”,s') € Ra, (u",t') € RL,,
F(m,k,a) Cp «, and F(m,¢,a') Cr, o/.

By construction of S" and T”, we have s N g s and t —£—+T/ t' with k < K/,
0, d(K k) Cr, 8, and d(¢',¢) Cr, ~, and such that ¥’ @® ¢’ is defined. Also,
(W, (s',t)) € R’C\/(& &) and

F(m, k' o l',C(a,d)) Cp C(F(m,k,a), F(m,£,&")) Cp, C(a, o).

The other direction of the proof, starting with a transition (s, t) w)g//\jv
(s',t'), is an exact copy of the corresponding part of the proof of Theo-

rem [7.33 O

Example. For the set Spec = X x I from our examples, the following lemma
shows a one-step version of relaxed conjunctive boundedness.

Lemma. For all k,{ € Spec for which there is m € Spec with d(m,k) # oo
and d(m,l) # oo, there exist k', ¢’ € Spec with k < k', £ V', (k: k) # oo,
d(l',0) # oo, and K'ol' defined, and then d(m/, k'®l) < max(d(m/, k), d(m’,())
for all m’ € Spec.

Proof: Let k,¢ € Spec such that there is m € Spec with d(m, k) # oo and
d(m,?) # oo. This implies that £k = (a,[l,r]) and ¢ = (a,[l',7']) for some
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a € X, kKl € ZU{—00,00}. Without loss of generality we can assume
that [ <1'.

Ifr >0, then k® ¢ = (a,[l',r]) is defined, and we take k' = k, ¢/ = £. Now
let m" = (a,[I”,r"]) € Spec. If @’ # a, the property to prove is trivially true.
If @’ = a, then we have

dim/, k' ® ') = max(0,I' = 1", 7" —r),
d(m’, k) = max (0,0 = 1", 7" —r),

d(m’,0) = max(0,' =" ,v" —+').
Thus we need to show that
max (0, =", 7" —r) <max(0,l =", " —r)I' =1" v" —+'),

which is clear as all left-hand terms also appear on the right-hand side.
In caser < ', welet k' = (a, [I,1']) and ¢’ = (a, [r,r']). Then k < k', £ L ¢/,
and k' ® ¢’ = (a, [r,l']) is defined. Also, d(k',k) =d({',0) =1 —r # oco.
Let m’ = (d/,[l”,7"]) as before, then the case a’ # a is again trivial. We
have
d(m', k' ® ¢') = max(0,r — 1", 7" = 1),

so we need to show that

max (0, —I",r" — ') < max(0,1 = 1",7" —r, ' =", 7" —1")

=max(0,r" —r,I' =1"),

where the equality follows from [ < I’, hence [ — 1" <1’ — 1", and r < 7/, hence
P <, But 0< U —r, r—1"<l'=1",and " — ' <" — r because
of r < l’, so the inequality follows. O

For the accumulating distance, it then follows that @ is relaxed conjunc-
tively bounded by C'(a, ') = a+a’: Using the notation from Lemma we
need to show (7.3), i.e., that d(m/, I'®l)+Xa+a’) < d(m/, k)+ a+d(m’, 0)+
A/, which however is clear by d(m/, k' ® ¢') < max(d(m/,k),d(m’,£)) <
d(m/, k) +d(m/, ¢).

Example. For the pointwise distance, @® is relaxed conjunctively bounded by
C(a, ) = max(a,a’): (7.3) is then equivalent to max(d(m/, k' ® '), a, ') <
max(d(m’, k), d(m’, £), a, '), which follows from Lemma

Example. For the limit-average distance, @® is relaxed conjunctively bounded
by C(a, ') = a @1, ¢: Again using the notation from Lemma we need
to show (|7.3]), so we need to see that for all j € N,

rd(m' K o) + s7a(i — 1) + 77/ (G - 1)

< cgd(m' k) + el — 1) + Hqd(m’ 0 + 757/ (- 1).
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This follows again from d(m/, k' ® ¢') < max(d(m/, k),d(m',£)) < d(m', k) +
d(m’, 0).

Example. Also for the maximum-lead distance, ® is relaxed conjunctively
bounded by C(a, ) = a @1, . To see this, we again use the notation from
Lemma We need to show that for all o,/ € L and all d € R,

sup inf max(|d+ z —w|,a(d+ 2z —w) + ' (d + z — w))

<2<y <<l
SESTT S < sup inf max(|[d+z—z|,a(d+z — 1)) (7.4)
M <z<r" 1<x<r

+ sup inf max(|d+z —y|, o/ (d+ 2z —y))
V<2< I <y<r’
Now for all z € [I”,7"], we have
inf |[d4+z—w|< inf |[d4+z—2z[+ inf |d+z—y|
r<w<l’ 1<z<r U <y<r!
and
inf (a(d+z—w)+d(d+z—w))
r<w<l’
< inf a(d+z—2)+ inf o (d+z2—vy);

I<z<r I <y<r!

both can be shown by simply considering all cases of the placement of the
infima. But then also

. B ) B , B
max(rglgf%l/m%—z w|,T£32l,(a(d+z w) + o (d+ 2z —w)))

mf |d—|—z—x!—|— <1nf d+2z =yl

< max fse
1nf ald+z—z)+ inf o(d+z—1y))
1<zx<r I <y<r!
< max( inf |d—|—z—af;| 1nf a(d—l—z—x))
I<z<r

+max(l 1nf |d+zfy| 1n£/oz(d+zf Y)),

the last inequality by distributivity of + over max. As this holds for all z, we
have proven ([7.4)).

Logical Characterizations

We show that quantitative refinement admits a logical characterization. Our
results extend the logical characterization of modal transition systems in [Lar89].
Our logic £ is the smallest set of expressions generated by the following ab-
stract syntax:

b, 01,02 :=tt [ fF | (£) | [{]d | d1 A p2 | b1V 2 (¢ € Spec)

148



7.41

7.5. Logical Characterizations

The semantics of a formula ¢ € £ is a mapping [¢] : S — L given inductively
as follows:

[tt]s = L [f]s =T
[(61 A d2)]s = max([1]s, [#]29) [(¢1V ¢2)]s = min([é1]s, [¢2]s)
[(0)¢]s = inf{F(k, €, [¢]t) | s — t.d(k, ) # Ty}
[[06]s = sup{ F(k, £, [$]t) | s > t,d(k,0) # Tv}
For a SMTS S we write [¢]S = [¢]so-

The below theorems express the fact that £ is quantitatively sound for
refinement distance, i.e., the value of a formula in a specification is bounded
by its value in any other specification together with their distance, and that
the disjunction-free fragment of L is quantitatively implementation complete,
i.e., the value of any disjunction-free formula in a specification S is bounded
above by its value in any implementation of S. Note that disjunction-freeness
is a very common assumption in this context, cf. [Lar89, BCK11].

Theorem. For all ¢ € L and all SMTS S, T, [¢]S CL [¢]T &1 dm(S,T).

Proof: Structural induction. The claim obviously holds for ¢ = tt and ¢ = ff;
if @ = ¢1 A ¢, then [¢i]s1 Cr [¢i]s2 &L dm(s1,s2) for ¢ = 1,2 imply that
also max([¢1]s1, [¢2]s1) Cr max([¢1]s2, [p2]s2) L dm(s1, s2), and similarly
for ¢ = ¢1 V ¢o.

For the case ¢ = (¢)¢/, there is nothing to prove if there are no transi-
tions sg —9 or if dy(s1,82) = Tp. Let thus so ﬂm to, then there exist

s1 £>1 t1 with F(k1, ko, dm(t1,t2)) T dm(s1, s2). Now by induction hypoth-
esis, [¢']t1 Cr, dm(t1,t2) @1 [¢]t2, and then, using the triangle inequality,

F(k1, 4, [¢']t1) Cr F(ky, k2, dm(t1,t2)) @1 F(ko, ¢, [¢']t2)
Cr dm (81, 52) oL F(kQ’Ev [[Qﬂ]tQ} .

As s9 ﬁ)g to was arbitrary, this entails

inf{F(ky, 0, [¢Tt1) | $1 —51 t1}
T inf{F(ky, £, [¢]t2) | 51 ~25 to} @1 din(s1,52)

For the case ¢ = [¢]¢’ the proof is similar: We have nothing to prove if
k
dm(s1,s2) = T, or if there are no transitions s; -251 t; with F(ky, 0, [¢']t1) #

k
T, so assume there is such a transition. Then we also have s ——2+2 to with
F(kla k?a dm(tlatQ)) EIL dm(817 82)7 and

F(ky,¢,[¢']t1) Cr F(ky, ko, dm(t1,t2)) &1 F(k2, ¢, [¢']t2)
Lo, dm(sb 52) oL F(k27 eu [[¢/]]t2) . U
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7.42 Theorem. For all disjunction-free formulae ¢ € L and all SMTS S, [¢]S =
supregsy [@]1-

Proof: Theorem|7.41]entails [¢]I Cp, [¢]S@rdm(L,S) = [¢]S forall I € [S],
hence also supcsy[#]1 Cr [¢]S. To show that [¢]S Ty, sup;cpsplo]f we use
structural induction on ¢. If ¢ = tt, both sides are Ly, and if ¢ = ff, both
sides are T, so the induction base is clear.

The case ¢ = ¢1 A @2 is also clear: By hypothesis, [¢1]S Cr, SUP/c[s] [o1]1
and similarly for ¢, hence

[9]S = max([¢1]S, [¢2]S) Cr max(féﬁﬁg [¢:1]1, IS;{gﬂ [p2]1)

= sup max([¢1]7, [¢2]1)-
I€[9]

For the case ¢ = (£)¢/, we are done if [¢]S = L. Otherwise, let a [,
[¢]S; we want to expose I € [S] for which a Cp, [¢]I. Start by letting
I= {20} and — = @

Now for each transition sy ——g t, we have a Cy, F(k,?, [¢']t), so (as-
suming for the moment that [¢'[t # Lr) there is af Cp [¢']t for which
F(k,£,a)) D1, o By induction hypothesis, there is J € [t,S] for which
o), Cr, [¢']J; let n € [k] such that F(n,¢, [¢']J) = F(k,£,[¢']J), and add J
together with a transition ig —; jo to I. In case [¢']t = L1,, we just take an
arbitrary J € [t, 5.

For the so-constructed implementation I we have

[6)1 = inf{F(m, ¢, [']j | io =1 j}
— inf{F(k, ¢, [¢']]) | so =g t,J € [t,S],[¢']t = Ly, or o Cy, [¢']J}
a inf({F(k, £, a}) | so i)g tyU{F(k,¢,[¢']t)}) DL (7.5)
the strict inequality in because S is compactly branching.

For the case ¢ = [(]¢/, let again a Cp, [¢]S, and let I € [S] be any imple-
mentation (there exists one because of local consistency of S). If F'(k, ¢, [¢']t) =
T, for all s —]—€+5 t, then [¢]S = sup® = Ly, and we are done. Otherwise let
50 —lf+5 t be such that [¢]S = F(k,?, [¢']t), which exists because S is com-
pactly branching. Then « Ty, F(k, ¥, [¢]t), so (assuming that [¢']t # L1,) we
have o, Cr, [¢']t with F(k, ¢, o)) T, .

Let J € [t, S] such that o, Cr, [¢']J, let n € [k] such that F(n, ¢, [¢']J) =
F(k,0,[#']J), and add J together with a transition ip —=; jo to I. Then

[811 = sup{F(m, ¢, [¢'In) | io —=1 5}
Ju F(n, 4, [¢']) ) = F(k, £, [¢']J) Or F(k,4,a}) O .

In case [¢']t = Lp instead, we again take an arbitrary J € [t, S], and then
[[(Zﬁ]][ iy F(kz,@, [[(Z)/]]t) L, o O
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8.1

8.1.1
8.1

Logical vs. Behavioral Specifications]

In this chapter we depart from the quantitative setting of this thesis and intro-
duce disjunctive modal transition systems. We show that this generalization
of MTS is closely related to other specification formalisms, viz. acceptance
automata and the modal v-calculus and that it admits both disjunction and
conjunction as well as a general notion of quotient which was unavailable for

MTS.

Specification Formalisms

In this section we introduce the four specification formalisms with which this
chapter is concerned. For the rest of the chapter, we fix a finite alphabet
3. In each of the formalisms, the semantics of a specification is a set of
implementations, in our case always a set of (finite) labeled transition systems
(LTS) over X, i.e., structures Z = (9,5, —) consisting of a finite set S of
states, an initial state s € S, and a transition relation — C S x ¥ x S.

Disjunctive Modal Transition Systems

Definition. A disjunctive modal transition system (DMTS) is a structure
D = (S,5% --»,—) consisting of finite sets S O S? of states and initial
states, a may-transition relation --+ C S x ¥ x S, and a disjunctive must-
transition relation — C S x 2¥*5. It is assumed that for all (s, N) € —
and all (a,t) € N, (s,a,t) € --»; furthermore, if (s,()) € — then there are
no a and ¢ such that (s,a,t) € --».

As customary, we write s -2 ¢ instead of (s,a,t) € --», s — N instead
of (s,N) € —, s -%» if there exists ¢ for which s -=» ¢, and s -» if there
does not.

The intuition is that may-transitions s St specify which transitions are
permitted in an implementation, whereas a must-transition s — N stipulates
a disjunctive requirement: at least one of the choices (a,t) € N has to be

!This chapter is based on the journal paper [BFK'20] published in Information and
Computation.
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implemented. A DMTS (S, 8%, --+, —) is an implementation if S° = {s°} is
a singleton and — = {(s, {(a,t)}) | s -%» t}.

DMTS were introduced in [LX90b] in the context of equation solving. They
are a natural extension of the modal transition systems (MTS) of previous
chapters. We say that a DMTS (9,5, --+,—) is a MTS if S° = {s°} is
a singleton and for all s — N it holds that N = {(a,)} is also a singleton.
When speaking about MTS, we usually write s — ¢ instead of s — {(a,t)}.

An LTS (S,s%,—) can be translated to a DMTS implementation
(S,8% --», —') by setting S® = {s%}, --» = — and —' = {(s,{(a,1)}) |
s —» t}. This defines an embedding of LTS into DMTS whose image is
precisely the set of DMTS implementations.

Definition. Let D; = (51,59, --+1,—1) and Dy = (52,59, --+2, —2) be
DMTS. A relation R C Sy x Sy is a modal refinement if for all (s1,s2) € R
the following conditions hold:

e for all 51 -2 ¢ there is to € Sy with s9 -5 o and (t1,t2) € R, and

o for all s —»9 Ny there is s; —>1 Nj such that for each (a,t1) € Ny
there is (a,t2) € N with (¢1,%2) € R.

We say that D1 modally refines Do, denoted Dy <, D2, whenever there exists
a modal refinement R such that for all s§ € S, there exists s§ € S for which
(59,89 € R.

We write D1 = Do if D1 <y Dy and Dy <, D;. For states s; € Sy,
So € S, we write s1 <p, S9 if (Sl, {81}, -=31, —)1) <m (SQ, {82}, -=39, —)2).
Sometimes we will refer to the last property of a modal refinement relation,
Vs € SV : 3§ € SY ¢ (sY,59) € R, as being initialised. Note that modal
refinement is reflexive and transitive, i.e., a preorder on DMTS.

The set of implementations of a DMTS D is [D] = {Z <m D | Z implement-
ation}. This is, thus, the set of all LTS which satisfy the specification given
by the DMTS D. We say that D; thoroughly refines Dy, and write D1 <y Ds,
if [D1] C [Ds]. We write Dy =; Dy if D; <; Dy and Dy < D;. For states
s1 € S1, s2 € So, we write [s1] = [(S1,{s1},--»1,—1)] and s1 <; so if
[s1] < [s2]-

The proposition below, which follows directly from transitivity of modal
refinement, shows that modal refinement is sound with respect to thorough
refinement; in the context of specification theories, this is what one would ex-
pect, and we only include it for completeness of presentation. It can be shown
that modal refinement is also complete for deterministic DMTS [BCK11], but
we will not need this here.

Proposition. For all DMTS D1, Da, D1 <m Dy implies D1 <; D>. O
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8.1.2 The Modal v-Calculus

We recall the syntax and semantics of the modal v-calculus, the fragment of
the modal p-calculus [SAB69,Koz83] with only greatest fixed points. Instead of
an explicit greatest fixed point operator, we use the representation by equation
systems in Hennessy-Milner logic developed in [Lar90b].

For a finite set X of variables, let H(X) be the set of Hennessy-Milner
formulae, generated by the abstract syntax

H(X) 3 ¢u=tt [ff |z [{a)¢][[al¢|dN[PVe,

fora € ¥ and z € X.

A declaration is a mapping A : X — H(X); we recall the greatest fixed
point semantics of declarations from [Lar90b]. For an LTS (S, s%, —), an as-
signment is a mapping o : X — 2°. The set of assignments forms a complete
lattice with order o1 C o9 iff o1(z) C o2(z) for all z € X and least upper
bound (Lics 0i)(z) = Ujes 0i(2).

The semantics of a formula is a subset of S, given relative to an assign-
ment o, defined as follows: [tt]Jo = S, [ff]o = 0, [z]o = o(z), [¢ AY]o =
[l N [¥]o, [¢V ¥lo = [¢]o U [¢]o, and

[(a)]lo = {s€ S| Is L 5" : 5 € [¢]o},
[[a]¢]o = {s € S | Vs -2+ 5" : &' € [¢]o}.

The semantics of a declaration A is then the assignment defined by
[A] = |_|{U X 525 |Vee X :o(z) C[A)]o);

the greatest (post)fixed point of A.

A v-calculus expression is a structure N = (X, X% A), with X° C X
sets of variables and A : X — H(X) a declaration. We say that an LTS
T = (5,5, —) implements (or models) the expression, and write Z = N,
if there is 20 € X° such that s° € [A](z"). We write [N] for the set of
implementations (models) of a v-calculus expression A/. As for DMTS, we
write [z] = [(X,{z},A)] for x € X, and thorough refinement of expressions
and variables is defined accordinglyﬂ

We are now going to introduce a normal form for v-calculus expressions.
The purpose of this normal form is twofold. One is to allow us to define modal
refinement for v-calculus, an analogue to the DMTS modal refinement that
can be seen as a sound approximation of the logical implication, c¢f. Propo-
sition [8.3l The second purpose is to facilitate a simple translation between
DMTS and v-calculus expressions, see Section [8.2.1] below.

2Any v-calculus expression is thoroughly equivalent to one with precisely one initial
state, i.e., X° a singleton, however this is not true for v-calculus expressions in normal form

as defined below. See also Section
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Lemma. For any v-calculus expression N1 = (X1, XY, A1), there exists an-
other expression No = (Xo, X3, Ag) with [N1] = [N2] and such that for any
x € X, Ao(z) is of the form

Ag(z) = ( \V <aij>l’ij> A [a]( V ya,j) (8.1)

i€l jeJ; a€y j€Ja

for finite (possibly empty) index sets I, J;, Jo, fori € I and a € ¥, and all
Tij,Ya,; € Xo. Additionally, for alli € I and j € J;, there exists j' € Jay; for
which zij <t Ya,; - Also if at least one of the J; = then J, =0 for all a.

Remark that this normal form includes a semantic check (zij <t Ya,; '),
so it is not entirely syntactic.

Proof: It is shown in [BL92] that any Hennessy-Milner formula is equivalent
to one in so-called strong normal form, i.e., of the form V,cr(Ajey, (aij)dij A
Naex[a]tiq) for HML formulas ¢;;, 15, which are also in strong normal form,
and such that for all i, j, ¢i; <t Vi q,;-

We can replace the ¢;;, 1; o by (new) variables x;;, y; o and add declara-
tions Ag(zi) = ¢ij, A2(Yia) = Viq to arrive at an expression in which all
formulae are of the form As(z) = V,c1(Ajes (@ij)Tij A Naexalyia) and such
that for all 4, j, x5 <t Yia,;-

Now for each such formula, replace (recursively) x by new variables {
i € I}, similarly for y, and set Ay (2') = Aje, (aij) (Vi Z55) AAaeslal (Vi GFa)
Using initial variables X3 = {#° | + € X{}, the so-constructed v-calculus
expression is equivalent to the original one. We know that for all 7, 7, \/;, if;] <i
Vi yjf,aij, hence for all 4, j, k there exists &’ such that ifj <t Qf ;” We can thus
rename variables and apply the distributivity of (-) over \/.

Finally, if at least one of the J; = () then As is false and we can simply set
J, = 0 for all a without changing the semantics of As. O

“”L|

As this is a type of conjunctive normal form, it is clear that translating
a v-calculus expression into normal form may incur an exponential blow-up.

We introduce some notation for v-calculus expressions in normal form
which will make our life easier later. Let N = (X, X°, A) be such an expression
and z € X, with A(z) = Aics (Vjes,{ai)2i) A Naeslal (Ve s, Yai) as in the
lemma. Define ¢(z) = {{(aij,zij) | 7 € Ji} | i € I} and, for each a € X,
0% x) = {Ya,j | j € Jo}. Note that now,

A = A (V @) A Al V).

Ned(z) (a,y)eEN a€x yela(x)

Definition. Let N7 = (X1, X0, A1), Vo = (X2, X9, Ay) be v-calculus expres-
sions in normal form and R C X7 x X5. The relation R is a modal refinement
if it holds for all (z1,z2) € R that
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o for all @ € ¥ and every y; € Of(x1), there is yo € O§(x2) for which
(y1, yz) € R, and

o for all Ny € Qa(x2) there is N1 € O1(x1) such that for each (a,y1) € Ny,
there exists (a,y2) € No with (y1,42) € R.

We say that N7 modally refines Na, denoted N7 <., N3, whenever there exists
a modal refinement R such that for every 29 € X9 there exists 2§ € X9 for
which (29, 29) € R.

We say that a v-calculus expression (X, X°, A) in normal form is an im-
plementation if X° = {2°} is a singleton, O(x) = {{(a,y)} | y € 0%x),a € X}
and O%x) =0 for all a ¢ X, for all z € X.

We can translate an LTS (5, s, —) to a v-calculus expression (S, 5%, A)
in normal form by setting S° = {s°} and O(s) = {{(a,t)} | s - t} and
O%s) = {t | s 2t} forall s € S, a € ¥. Like for DMTS, this defines an
embedding of LTS into the modal v-calculus whose image are precisely the
v-calculus implementations.

We will show below in Theorem [8.12]that for any LTS Z and any v-calculus
expression A/ in normal form, Z = N iff Z <., N, hence the fixed-point
semantics of [Lar90b] and our refinement semantics agree. As a corollary
of this result, we get that modal refinement is a sound approximation to
logical implication, i.e., that N7 <., N5 implies that for all implementations

I, (T EM)= (TEN,).

Nondeterministic Acceptance Automata

Definition. A nondeterministic acceptance automaton (AA) is a structure
A = (8,8° Tran), with S O S° finite sets of states and initial states and
Tran: S — 2277 an assignment of transition constraints.

Acceptance automata were first introduced in [Rac07] (see also [Rac08],
where a slightly different language-based approach is taken), based on the
notion of acceptance trees in [Hen85]; however, these are deterministic. We
extend the formalism to a nondeterministic setting here. The following notion
of modal refinement was introduced in [BKL*11].

Definition. Let A; = (51,59, Tran;) and Ay = (59,59, Trany) be AA. A
relation R C 57 X Sy is a modal refinement if it holds for all (s1,s2) € R and
all My € Tran;(s;) that there exists My € Trans(sz) such that

V(a,tl) € M : H(CL,tQ) € M, : (t1,t2) S R,

8.2
V(a,tg) e My : H(a,tl) e M : (tl,tg) ER. ( )

We say that A; modally refines As, and write A; <p, As, whenever there
exists a modal refinement R such that for all s{ € S?, there exists s§ € S for

which (s9,59) € R.
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An AA is an implementation if S° = {s°} is a singleton and, for all s € 9,
Tran(s) = {M} is a singleton. An LTS (S,s’, —) can be translated to an
AA by setting S° = {s°} and Tran(s) = {{(a,t) | s = t}}. This defines an
embedding of LTS into AA whose image are precisely the AA implementations.
As for DMTS, we write [.A] for the set of implementations of an AA A, and
through refinement and equivalence are defined accordingly.

8.1.4 Hybrid Modal Logic

As our fourth specification formalism, we introduce a hybrid modal logic,
closely related to the Boolean modal transition systems of [BKLT11] and
hybrid in the sense of [Pri68, Bla00]: it contains nominals, and the semantics
of a nominal is given as all sets which contain the nominal.

For a finite set X of nominals, let £(X) be the set of formulae generated
by the abstract syntax £(X) 2 ¢ :=tt | ff | (a)x | 7@ | ¢ N ¢, for a € X and
x € X. The semantics of a formula is a set of subsets of X x X, given as follows:
[tt] = 257X, [] = 0, [~6] = 22°X\[9], [{a}e] = {M C ©xX | (a,2) € M},
and o A Y] = [¢] N [v]. We also define disjunction ¢1 V ¢ = =(=¢1 A —¢2).

An L-expression is a structure & = (X, X, ®) consisting of finite sets
X0 C X of variables and a mapping ® : X — £(X). Such an expression is an
implementation if [®(x)] = {M} is a singleton for each x € X.

8.8 Definition. Let & = (X1, X),®1) and & = (Xa, XJ, ®5) be L-expressions.
A relation R C X x Xy is a modal refinement if it holds for all (z1,z2) € R
and all My € [®(x1)] that there exists My € [®2(x2)] such that

o Y(a,y1) € My :3(a,y2) € Ma: (y1,42) € R,
° V(a‘va) € M2 : El(a7y1> € M1 : (ylayQ) € R.

We say that & modally refines £, denoted & <., &, whenever there exists
a modal refinement R such that for all 2§ € X7, there exists 2§ € X3 for
which (z9,29) € R.

We can translate an LTS (S, s, —) to an L-expression (5, 5%, ®) by set-
. 0 _ 0 _ .
ting S = {s”} and @(s) = \_ o, (a)t A /\87/,,_)“ —(b)u. This defines an embed-
ding of LTS into L-expressions whose image are precisely the L-implementations.
As for DMTS, we write [£] for the set of implementations of an L-expression
&, and through refinement and equivalence are defined accordingly.

8.9 Remark. As all our four specification formalisms have the same type of im-
plementations, labeled transition systems, we can use thorough refinement
and equivalence cross-formalism. As an example example, for a given DMTS
D and an AA A, the expression D <; A is valid. We will use these types of
thorough refinement and equivalence in many places throughout the paper.
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DMTS - AA
ad
nd||dn la|| al
v-calculus ——— v-normal form hybrid modal logic

Figure 8.1: Six translations between specification formalisms

Structural Equivalence

We proceed to show that our four specification formalisms are structurally
equivalent. To this end, we shall expose six translations between them, see
Figure Section [8.2.1] is concerned with dn and nd, Section with al
and la, and Section [8.:2.3 with da and ad. We show in Theorems
and that all six translations preserve and reflect modal refinement.

DMTS vs. the Modal v-Calculus

Our first two translations are rather straight-forward. For a DMTS D =
(8,8% --»,—) and all s € S, define ¢(s) = {N | s — N} and, for each
a€y, 0%s)={t|s--»t}. Then, let

A= A (V @) Ald( V¢ (8.3)

Ne((s) (at)eEN acl tedo(s)

and define the (normal-form) v-calculus expression dn(D) = (S, SY, A).

Note how the formula precisely expresses that we demand at least one
of every choice of disjunctive must-transitions (first part) and permit all
may-transitions (second part); this is similar to the characteristic formulae
of [Lar89].

Conversely, for a v-calculus expression N' = (X, X% A) in normal form,
let

s ={(z,a,y) € X x B x X |y € O%x)},
—s ={(z,N) |z € X,N € O(z)}.

and define the DMTS nd(N) = (X, X?, --», —). Note how this is a simple
syntactic translation from diamonds to disjunctive must-transitions and from
boxes to may-transitions. Also, the two translations are inverse to each other:

dn(nd(N)) = N and nd(dn(D)) = D.

8.10 Example. Consider the v-calculus formula

X = ({a)((b)X A [a]fF) A [D)fF) V [a]fF .
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X1 =(a)Y A [a]tt A [b)fF H@—b’ }
Xo = [a]fE A [b]tt k/ b //
Y = (b)(X1 V X2) A [a]ff A [D]tt v o

Figure 8.2: wv-calculus expression in normal form and its DMTS translation,
cf. Example The state corresponding to ff is inconsistent and not shown

Converting the formula into the normal form of Lemma [8.4] yields the result
given in Figure [8.2] (left), where both X; and Xy are 1n1t1al variables. The
resulting DMTS is illustrated in Figure (right).

The following theorem follows easily:

Theorem. For all DMTS Dy, D2, D1 <m D2 iff dn(D1) <m dn(Ds3). For
all v-calculus expressions N1, Ny in normal form, N1 <m N2 iff nd(N1) <m
nd(N2). O

As a consequence, we can now show that the fixed-point semantics and
our refinement semantics for the modal v-calculus agree:

Theorem. For any LTS T and any v-calculus expression N in normal form,

ITENfI <. N.

Proof: We show that Z <p, D iff Z |= dn(D) for any DMTS D; the claim
then follows because Z <, N iff Z <., nd(N) iff Z |= dn(nd(N)) = N.

Write Z = (I,i°, —), D = (S, S, --»,—), and dn(D) = (5, S°, A).

We start with the only-if part. The proof is done by coinduction. We
define the assignment o : S — 27 as follows: o(t) = {j € I | j <m t}. We need
to show that for every s € S, o(s) C [A(s)]o. Let i € o(s).

As i <p s, we know that (1) Vs — N : 3i 7 j,(a,t) € N :j <m t and
(2) Vi %57 5:3s -2t :j <m t.

Due to (1), we see that for all N € {(s), there is i ——; j and (a,t) € N
such that j € o(t) and i € [(a)t]o. Hence i € Aycow) Vianenl{@)t)]o =
[[/\Ne(}(s) (a,t EN( > )HU

Due to ( ), it holds that for every a € ¥ and every i —— j, there is t €
00%(s) such that j € o(t) C [[\/teija t]]a Hence i € Ayes[[a ](VteDa(s) o =
[Naeslal(Viena(s) )]]0 Altogether, We have shown that i € [A(s)]o.

Clearly, there is s € S such that i® € o(s"). Therefore, Z |= dn(D).

For the other direction, define a relation R C I xS by R = {(j,t) | j = t}.
We show that R satisfies the conditions of modal refinement.
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Let (i,s) € R. As i = s, we know that (1) VN € (s) : 3(a,t) € N : i |=
(a)t and (2) Va € X i = [a](Vyepa(s) t)-
By (1), we know that for all s — N, there is (a,t) € N and i —; j such

that j = t. By (2), it holds that for all i % j, there is s -%5 t so that j =t
We have shown that i <, s.
Clearly, there is s° € SY for which (i, s) € R, hence T <., D. O

AA vs. Hybrid Modal Logic

Also the translations between AA and our hybrid modal logic are straight-
forward. For an AA A = (S, S° Tran) and all s € S, let

P(s) = \/ ( /\ (a)t A /\ —|<b>u)

MeTran(s) (at)eM (byu)gM

and define the L-expression al(A) = (S, SY, ®).
For an L-expression £ = (X, X", ®) and all x € X, let Tran(z) = [®(x)]
and define the AA [a(€) = (X, X°, Tran).

Theorem. For all AA Ay, As, A1 <m Az iff al(A1) <m al(Az). For all
L-expressions E1, Ea, E1 <m &2 iff la(E1) <m la(&2).

Proof: We show that for any AA (S, S°, Tran) and any L-expression (.9, S°, ®),
Tran(s) = [®(s)] for every s € S, for both translations. For the second one,
la, this is clear by definition, and for the first,

[esl=0 V A @tr A\ ~@ul

MeETran(s) (a,t)eM (byu)g M
= U (N M|@yeMin [ {M](bu)¢M})
M¢eTran(s) (a,t)eM (byu)¢gM
= U ({M|V(at)eM:(at)e M}
M €Tran(s) N {M’ | V(b,u) ¢ M : (b,u) ¢ M’})
= U (M| MMy | M C M)
MeTran(s)
= U {M} = Tran(s)
MeTran(s)
as was to be shown. O
DMTS vs. AA

The translations between DMTS and AA are somewhat more intricate. For a
DMTS D = (S5,5% --», —) and all s € S, let

Tran(s) = {M C X x S| V(a,t) € M :s-">t¥s — N : NN M # (0}
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and define the AA da(D) = (S, S°, Tran).
For an AA A = (S, S% Tran), define the DMTS ad(A) = (D, D%, --+, —)
as follows:

D ={M € Tran(s) | s€ S} U{4}
DY = {M° € Tran(s%) | s* € SO} U {4 | if 3s° € S° : Tran(s°) = 0}
— = {(M,{(a, M") | M’ € Tran(t)}) | (a,t) € M, Tran(t) # 0} U

{(M,{(a, £)}) | (a,t) € M, Tran(t) = 0} U {(4,0)}
--»={(M,a,M") | IM — N : (a, M") € N}

Note that the state spaces of A and ad(A) are not the same; the one of ad(A)
may be exponentially larger.

Theorem. For all DMTS Di, Dy, D1 <m D3 iff da(D1) <m da(D3). For all

AA Ay, A, A1 < Ao iff ad(Al) <m ad(Ag).

Proof: There are four parts to this proof, two implications to show the first
claim of the theorem and two implications for the second claim.
e Dy <p Dy implies da(D;) <y da(D2):

Write Dl = (51,5?,——+1,—>1), DQ = (SQ,Sg,——‘)Q,—>2). We have a
modal refinement relation (in the DMTS sense) R C S;x.S3. Now let (s1,s2) €
R and Mj € Tran;(s1), and define

My = {(a,t3) | s2 -2+3 t2,3(a,t1) € My : (t1,t2) € R}.

We prove that My € Trang(sg). First we notice that by construction,
indeed sy ——s9 to for all (a,ta) € Ma. Now let s9 —9 Na; we need to show
that No N My # (.

By DMTS refinement, we have s; —»1 Nj such that V(a,t;) € Ny :
H(G,tg) € Ny : (tl,tg) € R. We know that NyNM; # Q), so let (a,tl) € N1NM;.
Then there also is (a,t2) € No with (t1,t2) € R. But (a,t2) € N2 implies
59 ~2ay to, hence (a,t2) € M.

Now the condition

Y(a,t2) € Ms : I(a,t1) € My : (t1,t2) € R

in the definition of AA refinement is satisfied by construction. For the inverse
condition, let (a,t1) € My, then s; —C—Lel t1, so by DMTS refinement, there is
ty € Sy with so =39 £ and (t1,t2) € R, whence (a,t2) € Ms by construction.
e da(D1) <m da(Dy) implies D1 <m Da:

Let R C S; x Sy be a modal refinement relation in the AA sense and
(81,82) € R. Let s —2-)1 t1 and My = {(a,tl)} U U51—>1N1 Ny, then M, €
Tranj(s1) by construction. As R is a modal refinement, this implies that there
is My € Trang(sg) and (a,ty) € My with (£1,t2) € R, but then also so oty
as was to be shown.
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Let s5 —9 N> and assume, for the sake of contradiction, that there is no
s1 —1 V1 for which V(a,tl) e Ny : H(G,tz) € Ny : (tl,tz) € R holds. Then
for each s; —»1 Ny, there is an element (an,,tn,) € N; for which there is no
(aNl,tg) € Ny with (tNl,tQ) € R.

Let My = {(any,,tn,) | sS1 —1 N1}, then My € Tran;(s1) by construction.
Hence we have My € Trang(s2) satisfying the conditions in the definition of
AA refinement. By construction of Trans(ss), so —»2 Ny and Ny N My # 0,
so let (a,ty) € No N Ms. Then there exists (a,t1) € M; for which (¢1,t2) € R,
in contradiction to the definition of Mj.

o Ay <. Ag implies ad( A1) <m ad(As):

Write A1 = (51,59, Trany), As = (S2, 59, Trany), with DMTS transla-
tions (Dy, DY, —>1,--+1), (D2, DY, —=5, --+3). We have a modal refinement
relation (in the AA sense) R C S x S2. Define R’ C Dy x Dy by

R ={(4,M2) | M € D»}
U{(Mi, Ms) | 3(s1,52) € R: M; € Tran;(s1), My € Tran(sz),
V(a,t1) € My : 3(a,t2) € My : (t1,t2) € R,
V(a,t2) € My : I(a,t1) € M : (t1,t2) € R}.

We show that R’ is a modal refinement in the DMTS sense. Let (M, M) € R'.

If My = 4 then R’ trivially satisfies the modal refinement conditions as
there is no 4 -%5 transition and every My — Ny is matched by 4 — (). Let
us henceforth assume that M; # 4.

Let My —>9 {(a, 4)}. By construction of —4, there is (a,t2) € My with
Trang(tz) = (). Then (My, M) € R implies that there must be (a,t1) € M
for which (¢1,t2) € R. As R is a AA refinement, this means that Tran;(¢;) = 0
and thus M7 —1 {(a, 4)}. Clearly, (a, 4) is matched by (a, 4) and (4,4) € R'.

Let My —9 Na # {(a, 4)}. By construction of —»,, there is (a,t2) € M,
such that No = {(a, M}) | M} € Trana(t2)} # 0. Then (M, Ms) € R’ implies
that there must be (a,t;) € M; for which (¢1,12) € R.

If Trang(t1) = 0, we know that My —1 {(a,4)}. We can then match
(a, 4) with arbitrary (a, M}) € Ny as (4, M}) € R'.

If Trany(t1) # 0, we can define Ny = {(a, M) | M € Tran;(¢;)}, whence
M7 —1 Ny1. We show that V(a, M{) € Ny : H(G,Mé) € Ny : (M{,Mé) € R.
Let (a, M]) € Ny, then M| € Tran;(t1). From (t1,t2) € R we hence get M €
Trang(t2), and then (a, M}) € Ny by construction of Ny and (M], M}) € R’
due to the conditions of AA refinement (applied to (t1,t2) € R).

Let M; -%51 4. We then have M; —» {(a, 4)} which means that there is
(a,t1) € My with Tran; (1) = 0. By (M1, M) € R’ we get (a,t2) € Ma, hence
My —9 Ny with some (a, Mj}) € Ny and My BN M. By definition of R/,
(4,M3) e R.

Let My -5, M # 4, then we have M; —; N; for which (a, M{) € Ny
and by construction of --+1. This in turn implies that there must be (a,t1) €
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M such that Ny = {(a, M{") | M{ € Trany(t1)} # 0, and then by (M, Ms) €
R', we get (a,t2) € My for which (¢1,t2) € R. Due to the conditions of
AA refinement, Trany(te) # (0. Let No = {(a, M3) | M) € Trans(te)}, then
My —s9 Ny and hence My -9 M, for all (a, M}) € No. Furthermore, the
argument above shows that there is (a, M3) € Ny for which (M], Mj) € R'.

We miss to show that R’ is initialised. If 4 € DY, then (4, M) € R’ for
any MY € DS. If 4 # MY € DY, then we have s§ € S{ with M} € Tran;(s)).
As R is initialised, this entails that there is s3 € S9 with (s9,s3) € R, which
gives us M3 € Trang(s9) which satisfies the AA refinement conditions, whence
(M?, M) € R
e ad(A1) <m ad(Az) implies A1 <m As:

Let R C Dy x Dy be a modal refinement relation in the DMTS sense and
define R’ C S x S by

R = {(s1,52) | VM1 € Tran;(s1) : IMy € Trans(se) : (My, M3) € R} ;

we will show that R’ is an AA modal refinement.

Observe first that (M, ) € R implies M} = 4 as 4 is the only state in
D1 that has a must transition —q (). We shall occasionally refer to this
observation in the following.

Let (s1,82) € R’ and M; € Tranj(s1), then by construction of R’, we have
My € Tran2(52) with (Ml,MQ) € R.

Let (a,t2) € Ma; we need to find (a,t;) € M such that (t1,t2) € R'.

If Trang(te) = 0, then My —9 {(a,4)}. From (M;, M3) € R we get
M; —1 N such that all (a, M{) € N; are matched by (a, 4) with (M}, 4) €
R. By the observation above, this means that M{ = 4 and thus Ny = {(a, 4)}
due to the construction. This means that there exists (a,t;) € M; with
Tran; (1) = (). Hence (t1,t2) € R'.

If Trany(t2) # 0, define No = {(a, M}) | M} € Trana(t2)}, then My —o
Ny. Now (Mj, My) € R implies that there must be M; —; Nj satisfying
V(a,Mj) € Ny : I(a, M}) € Ny : (M{,M}) € R. If Ny = {(a, )}, we have
(a,t1) € My with Tran; (¢1) = 0 and thus trivially (¢1,t2) € R'. Otherwise, we
have (a,t1) € My such that Ny = {(a, M{) | M{| € Tran;(¢1)}; we only miss to
show that (t1,t2) € R'.

Let M{ € Trang(t1), then (a,Mj) € Ni, hence there is (a, Mj) € N
with (M{, M}) € R, but (a,M;) € Ni also entails Mj; € Trans(te); thus
(tl,tg) e€R.

Let now (a,t1) € Mi; we need to find (a,t2) € My such that (t1,t2) € R'.

If Tran (t;) = 0, then M; —»; {(a, 4)} and M; -» 4. By modal refine-
ment, we have My -» M} with (4, M}) € R. In any case (whether M} = 4 or
not), this means that there exists some (a,t2) € My and trivially (¢1,t2) € R'.

In case Trani(t1) # 0, define Ny = {(a,M]) | M{ € Trani(t;)}, then
Ny # 0 and M; —1 Ny. Now let (a, M{) € Ny, then M; 2y M{, hence
we have My -9 M} for some (M}, M3) € R by modal refinement. Note that
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Mi # 4 implies M) # 4 due to the observation above. By construction of
--39, this implies that there is My —9 Ny with (a, M}) € Na, and we have
(a,t2) € My for which Ny = {(a, MY) | My € Trans(t2)}. We show that
(tl, tg) e R.

Let M{ € Tran)(t), then (a,M{') € Ny, thus M; -2»; M}, so that
there is My -Zs5 MY with (M}, M}) € R. By construction of --»5, there is
My —9 N3 with (a, MY) € Nj, hence also M4 € Trans(tz).

We miss to show that R’ is initialised. Let s) € SY; if Trani(sy) = 0,
then trivially (s9,s9) € R’ for any s§ € SY. If Tranl(sl) # (), then there is
MY € Tran; (s)). As R is initialised, this gets us MY € Do with (M, MY) € R,
but MY € Trany(s)) for some s9 € SY, and then (s9,s3) € R'. O

Corollary. For all DMTS D, v-calculus expressions N, AA A, and L-ex-
pressions €, dn(D) =t da(D) =¢ D, nd(N) = N, ad(A) =, al(A) = A, and
la(€) = €. O

Translation Complexity

We have shown that our four specification formalisms are structurally equiv-
alent, which will be useful for us from a theoretical point of view. From a
practical point of view however, some of the translations may incur expo-
nential blow-ups, hence care has to be taken. On the other hand, all our
translations can be implemented in an on-the-fly manner, only creating states
when necessary.

We already noticed that the translation of v-calculus expressions into nor-
mal form may incur an exponential blow-up, so this also affects our translation
from the modal v-calculus to DMTS. When considering only normal-form ex-
pressions, the translations to and from DMTS incur no blow-ups.

When translating from AA to our hybrid modal logic, we see that, due
to the complementation (b,u) ¢ M, the length of a formula ®(s) is quadratic
in the representation of Tran(s). For the reverse translation, the number of
Tran constraints can be exponential in the number of states. The worst case
is ®(s) = tt, which gets translated to Tran(s) = 22" .

Remark. There is a direct translation from DMTS to hybrid modal logic:
for a DMTS D = (5, 8%, --», —), define dI(D) = (S, S°, ®) with

/\ \/ {a)t A /\ —(a)u

s—N (a,t)eN s
for all s € S. This translation is again quadratic, and da(D) = la(dl(D)).

The translations between DMTS and AA may involve exponential blow-

ups both ways. For the first translation, we can see this by considering the one-
state DMTS ({s}, {s} --»,—) with --» = {(s,a,s) | a € £} and — = 0.

Then Tran(s) = 227"
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The fact that also the translation from AA to DMTS may be exponential in
space is evident from the definition. To see that this blow-up is unavoidable,
we expose a special property of the Tran-sets arising in the DMTS-to-AA
translation.

Lemma. Let D = (S,5% --s,—) be a DMTS and s € S. For all My, M5 €
Tran(s) and all M C ¥ x S with My C M C M; U Ms, also M € Tran(s).

Proof: For i = 1,2, since M; € Tran(s), we know that
o forall (a,t) € M;, s -%5 ¢, and
o for all s — N, there is (a,t) € M; N N.

Now as M C M; U My, it directly follows that for all (a,t) € M, we have
s -2 t. Moreover, since M7 C M, we also have that for all s — N, there
exists (a,t) € M N N. As a consequence, M € Tran(s). O

Using this, we can show the following.

Proposition. There exists a one-state AA A for which any DMTS D = A
has at least 2"~ states, where n is the size of the alphabet 3.

Proof: Let ¥ = {a1,...,a,} and A = ({s°}, {s"}, Tran) the AA with Tran(s°)
{M C ¥ x {s°} | 3k : |M| = 2k} the transition constraint containing all dis-
junctive choices of even cardinality. Let D = (T,7°,--», —) be a DMTS
with D =; A; we claim that D must have at least 2”1 initial states.
Assume, for the purpose of contradiction, that 7° = {t9,...,#0 } with m <
21 AsD =, A, we must have J"; Tran(t?) = {M C xT | 3k : |M| = 2k},
so that there is an index j € {1,...,m} for which Tran(t}) = {M;, My}
contains two different disjunctive choices from Tran(s?). By Lemma
also M € Tran(t?) for any M with My € M C M; U Ms. But My U M has
greater cardinality than M, so that there will be an M € Tran(t(])-) with odd
cardinality. O

Figure [8.3] sums up the translation complexities.

Initial States

We finish this section with a justification for why we allow our specifications
to have several (or possibly zero) initial states. The first lemma shows that
for AA, and up to thorough refinement, this is inessential; due to their close
relationship, this also holds for £-expressions.

Lemma. For any AA Ay, there is an AA Ay = (So, 59, Trany) with S9 = {s9}
a singleton and Ay =¢ As.
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DMTS = AA
X
L||L A X Q
X
v-calculus :L> v-normal form hybrid modal logic

Figure 8.3: Complexity of the translations between specification formalisms.
“L” stands for linear (no blow-up), “Q” for quadratic blow-up, and “X” for
exponential blow-up

Proof: Write A; = (51,5, Tran;). If SY = 0, we can let Sy = S§ = {s9}

and Trany(sy) = 0. Otherwise, we let Sy = S; U {sJ}, where s} is a new
state, and Trany(s) = Tran; (s) for s € Sy, Trang(s9) = 00 Tran; (s9). Let

R =idg, U{(sY,59) | s¥ € SV, then R is easily seen to be a modal refinement
showing A; <m, As.

We show that Ay <; A;. Let T = (S,s°,—) € [A2], then we have a
modal refinement Ry C S x Sy, i.e., such that for all (s, s2) € Ra, there exists
My € Trang(sg) for which

Vs~ t: I(a,ta) € My : (t,t2) € Ry,

a (8.4)
V(a,tg) e My:ds — t: (t,tg) € Ry.

Now (5%, 59) € Ry implies that there must be My € Trang(s9) for which (8.4)
holds, but by definition of Trany(s9), this entails that there is s € Sy for
which My € Trani(s}). Define Ry C S x S; by

Ry ={(s,52) | (5,52) € Ra, 59 # 55} U{(s”,87)},
then R; is a modal refinement showing 7 <, A;. O

In order to show that the above statement does mot hold for DMTS, we
expose a special property of DMTS with single initial states, c¢f. [BKLS09,
Example 7.8]. Recall that for LTS Z; = (51,59, —1), Zo = (S2,59, —2),
their nondeterministic sum is given by 77 + Zo = (S, 5%, —) with S = S; U
Sy U {s%} (with the unions disjoint), where s is a new state, and transitions
s tiff s Ly tors —ot together with s° 25 ¢ for all ¢ with s(l) Lt
or s9 Lot

Lemma. IfD = (S,{s%},--»,—) is a DMTS with a single initial state and
7,,Z, € [D], then also I; + I, € [D].

Proof: Let i} and i be the initial states of Z; and T, respectively. Let further
i% be the initial state of Z; + Z». Assume that we have modal refinements Ry
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a a
—0————0 —O0—————0
b b
—O0———0 —O0————0
D I I

Figure 8.4: DMTS D with two initial states and its two implementations 71,
Iy

and Ry such that (i{,s°) € Ry and (39, s°) € Re. Let R = Ry URyU{(i%, s%)}.
Clearly, R is a modal refinement witnessing 77 + Zo <q, D.

Now let D be the DMTS, with two initial states, depicted in Figure [8.4
then [D] = {Z1,Z2} as also seen in Figure but Z; +Zy ¢ [D]. Hence D is
not thoroughly equivalent to any DMTS with a single initial state.

Applying the construction from the proof of Lemma to the AA gen-
erated by the DMTS in Figure gives an AA Ay = (Ss, {s3}, Trans) with
Trany(s9) = {{(a,s1)},{(b,t1)}} (where s; and t; are the target states of the
a and b transitions in D, respectively). This specifies an ezclusive disjunction:
one of @ and b has to be implemented, but not both. This also serves to show
that Lemma [8.20] does not hold for AA.

Corollary. There is a DMTS Dy for which there is no DMTS Dy = (S, S9,
——s,—) with SY = {s9} a singleton and Dy = Ds. O

Due to their close relationship with DMTS, this property also holds for v-
calculus expressions in normal form: there exist v-calculus expressions which
are not equivalent to any normal-form v-calculus expression with a single ini-
tial variable. (Of course, omitting “normal form” would make this statement
invalid; as disjunction is part of the syntax, any r-calculus expression is thor-
oughly equivalent to one with only one initial variable.)

We also remark that the above argument can easily be extended to show
that for any k € N, there exists a DMTS with k£ + 1 initial states which is not
thoroughly equivalent to any DMTS with at most k initial states.

Using again the example in Figure we can also show that the statement
in Lemma [8:.19 does not hold when thorough equivalence is replaced by modal
equivalence. Let A; = da(D), with initial states s” and t°, be the AA transla-
tion of the DMTS in Figure 8.4 and assume that there exists an AA As with
single initial state s for which Ay <, A;. Then there is a modal refinement
R with (s9,5°),(s9,t°) € R. Let My € Trany(sY), then by (s9,s°) € R, there
must be some (a,t2) € My with (t2,s1) € R. By (s9,t°) € R, this implies that
there must be (a,t1) € Tran;(t°), a contradiction.

166



8.3

8.3.1

8.3. Specification Theory

Specification Theory

Behavioral specifications typically come equipped with operations which al-
low for compositional reasoning, viz. conjunction, composition and quotient,
c¢f. [BDHT12]. On deterministic MTS, these operations can be given easily
using simple structural operational rules. For non-deterministic systems this
is significantly harder.

We remark that composition and quotient operators are well-known from
some logics, such as, e.g., linear [Gir87] or spatial logic [CC03], and were ex-
tended to quite general contexts [CLM11]. However, whereas these operators
are part of the formal syntax in those logics, for us they are simply opera-
tions on logical expressions (or DMTS, or AA). Consequently, composition is
generally only a sound over-approximation of the semantic composition.

Given the structural equivalence of DMTS, the modal v-calculus, AA, and
our hybrid modal logic exposed in the previous section, it suffices to introduce
the operations for one of the four types of specifications. On the other hand,
we will often state properties for all four types of specifications at the same
time, letting S stand for a specification of any type.

Disjunction and Conjunction

Disjunction of specifications is easily defined as we allow multiple initial states.
For DMTS Dy = (51,5, --+1, —1), Do = (52,59, --+2, —>2), we can hence
define Dy VvV Dy = (Sl U Sy, S? @] SS, =1 U=-=39,—1 U —)2) (With all unions
disjoint). Similar definitions are available for the other types of specifications,
and disjunction commutes with the translations.

Conjunction for DMTS is an extension of the construction from [BCK11]
for multiple initial states. Given two DMTS Dy = (S, S0, --»1, —>1), Dy =
(89,89, ~-22, —2), we define Dy A Dy = (S, 5%, --», —) with S = S; x Sy,
SV =89 x 89 and

o (51, 82) —C—L-) (tl,tg) lff S1 —L—L-)l tl and 59 —?-)2 tg,
e for all s; —1 N1, (s1,52) — {(a, (t1,t2)) | (a,t1) € Ny, 59 259 ta},
e for all s9g —>9 No, (51, 52) — {(a, (tl,tz)) | (a,tg) € No, s1 _2_)1 tl}.

For AA, conjunction can be defined using auxiliary projection functions
;2 25XS1xS2 _y 9%XSi given by

7T1(M) :{(a, 81) | dso € 55 : (a,81,82) S M},
7T2(M) :{(a, 82) | ds1 € 51 (a,sl,sz) S M}
Then for AA A; = (51,5, Tran;), As = (52,59, Trany), we let A; A A

(S, 80 Tran), with S = S; x Sy, SO = SY x S§ and Tran((s1,s2)) = {M
Y x S| m(M) e Trani(s1), (M) € Trana(sa)}.

N
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We can also define conjunction for L-expressions, using similar auxiliary
mappings on formulae. For sets X1, X3 and i € {1, 2}, we define p; : L(X;) —
L(X1 x X2) inductively, by

o pi(tt) =tt, pi(ff) =1, pi(—9) = —pi(d), pi(Pi A P2) = pi(d:i) A pi(P2),
* p1(<a):v1) = \/12€X2<a>(x17x2)’

o p2({@)x2) = Vy ex, (a) (@1, 72).

Then, for L-expressions & = (X1, X{, ®1), & = (X2, X§, @), we let ;A E =
(X1 x Xo, X7 x X3, @) with ®((21,22)) = p1(P1(x1)) A pa(P2(x2)).

Lemma. For all DMTS Dy, Do, AA Ay, Ao, and L-expressions &1, o,
da(D1AD3) = da(D1)Ada(D2), al(A1NA2) = al(Ar1)ANal(Ag), and la(E1NE) =
la(€1) A la(EQ).

Note that above makes no statement about the ad translation; due to the
change of state space during the translation, equality does not hold here.

Proof: The last two claims follow easily once one notices that for i € {1,2}
and all M, M = p;i(¢) iff m;(M) = ¢. To show the first claim, let D; =
(Sl,S?,——n,—n) and Dy = (SQ,SS, --+9, —>2) be DMTS, with AA trans-
lations da(D;) = (51,59, Trany) and da(D3) = (S, S9, Trang). Write A" =
da(D1 A D3) and An = da(D1) A da(Dz); we show that A" = A,.

First, remark that A" and Ax have precisely the same state space S1 x Sy
and initial states SY x S9. We now show that they have the same transition
constraints. Let Tran, (resp. Tran”) be the transition constraints mapping of
Ap (resp. AM). Let (s1,82) € S1 X Sg and M € Trana(s1, s2).

By construction of Trana, there must be M; € Tran;(s;) and My €
Trans(sz) such that 71 (M) = M; and ma(M) = M,. We show that M €
Tran”(s1, s2). Let (a, (t1,t2)) € M. Since m1 (M) = M and mo(M) = My, we
have (a,t1) € M; and (a,t2) € Ms. As a consequence, there are transitions
S1 N t1 and so N to in Dy and Do, respectively. Thus, by construction,
there is a transition (s, $2) N (t1,t2) in Dy A Do.

Let (s1,s2) — N in Dy A Dy. By construction, N is such that either (1)
there exists N7 such that s; — Nj in Dy and N = {(a, (t1,t2)) | (a,t1) €
Ny, (s1, 82) BN (t1,t2)}, or (2) there exists N such that ss — Ny in Dy and
N = {(a, (tl,tg)) | ((Z,tQ) € No, (81,52) BN (tl,tz)}. Assume that (1) holds
(case (2) being symmetric). Since M; € Tranj(s1), there must be (a,t;) €
Ny N M. As m (M) = M, there must be to € Sy such that (a, (t1,t2)) € M.
As a consequence, there is (a, (t1,t2)) € M N N.

We have shown that M € Tran”(s1,s2). Similarly, we can show that for
all M € Tran”(s1,s2), we also have M € Trana(s1, s2). We can thus conclude
that Tran” = Tran,, hence A" = A,. d
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8.23 Theorem. For all specifications Sy, Sa, Ss3,
o S1V S <y 83 iff S1 <m 83 and Sy <;m S3,
o 851 <m S2AS3 iff S1 Sm S2 and S1 < S,

. [[81 V 52]] = [[81]] U [[52]], and [[81 VAN 52]] = [[81]] N [[52]]

Proof: The proof falls into six parts. We show the second statement of the
theorem separately for DMTS and for AA. For the other formalisms, the
statement then follows by structural equivalence.

e 51 VS <m S3 iff S1 <m S3 and Sy <y S3:

Any modal refinement R C (S; U S2) x S3 splits into two refinements
R; C 51 x 83, Ry C S5 x S3 and vice versa.

e S1 <;n S A S3 is implied by S1<in S92 and S1 <m Sz

We first show this proof for DMTS. Let S; = (S;, S?, --+;, —;), for i =
1,2,3, be DMTS and Ry C S7 x Sy, R3 € S7 x S3 modal refinements and
define R = {(81, (82,83)) | (81,82) € Ry, (51,83) S Rg} C Sy x (52 X 53) Then
R is initialised.

Now let (s1,(s2,s3)) € R, then (s1,s2) € Ra and (s1,s3) € R3. Assume
that s; —‘3»1 t1, then by &1 < Sz, we have s —§+2 to with (¢1,t2) € Ra.
Similarly, by &1 <m S3, we have s3 —(—l+3 ts with (¢1,t3) € R3. But then also
(t1, (t2,3)) € R, and (s2, s3) —=» (t2,13) by definition.

Assume that (s2,s3) —> N. Without loss of generality we can assume
that there is sy —»9 Ny such that N = {(a, (t2,t3)) | (a,t2) € Ny, s3 —-»3 t3}.
By 51 < S92, we have s; —1 N7 such that

Y(a,t1) € Ny :3(a,t2) € Na: (t1,t2) € R (8.5)

Let (a,t1) € Ni, then also s; 2 t1, so by S1 <;n S3, there is s3 Lasty
with (¢1,¢3) € Rs. By (8.5), we also have (a,t2) € Ny such that (t1,t2) € R,
but then (a, (t2,t3)) € N and (¢1, (t2,t3)) € R.

e S1 <n S2 A S3 implies S1 <m S and S1 <m S3:

Let R C S; x (S2 x S3) be a (DMTS) modal refinement. We show that
S1 <m 89, the proof of & <., S3 being entirely analogous. Define Ry =
{(s1,2) | Is3 € S3: (s1,(s2,53)) € R} C S1 x So, then Ry is initialised.

Let (s1,82) € Ra, then we must have s3 € S3 such that (s1, (s2,s3)) € R.
Assume that sq --»1 t1, then also (sa, s3) -—» (ta,t3) and (t1, (2, t3)) € R. By
construction we have s —C—L+2 to and s3 —C—Leg t3. Moreover, by definition of Rs,
(tl, tg) € Rs.

Assume that s —9 Na, then by construction of So ASs, (s2,53) — N =
{(CL, (tg,tg)) | (a,tg) € N2,83 —g-)g tg}. By Sl Sm 52 A 83, we have S1 —1 N1
such that V(a,tl) € Ny 3(&, (tg,tg)) e N: (tl, (tg,t3>) € R.
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Let (a,t1) € N1, then we have (a, (t2,t3)) € N for which (t1, (t2,t3)) € R.
By construction of N, this implies that there are (a,t2) € Ny and s3 —?»3 ts.
Moreover, by definition of R, (t1,t2) € R.

o A < A A Asg is implied by Ay <m As and Ay <m As:

Now we show the second part of the lemma for AA. Let A; = (S;,S?, Tran,),
fori=1,2,3, be AA and Ry C 57 X So, R3 C 57 x S3 modal refinements and
define R = {(Sl, (82,83)) | (81,82) S Rl, (81, 83) S Rg} - S1 X (SQ X Sg) Then
R is initialised.

Let (s1,(s2,s3)) € R, then (s1,s2) € Rz and (s1,s3) € Rs. Let M; €
Tran;(s1), then we have My € Trans(s2) and M3 € Trans(sz) such that the
pairs My, Ms and My, M3 verify the conditions in Definition Let
M = {(CL, (tg,t3)) ‘ (a,tg) € Mo, (a,tg) S Mg} CYxS.

We show that mo(M) = My and, similarly, m3(M) = Ms: It is clear that
mo(M) C My, so let (a,tz) € Ms. By the refinement R, there is (a,t1) € My,
so by the refinement Rg, there is (a,t3) € Ms, but then (a,t2) € mo(M). Using
mo(M) = My and 73(M) = M3, we can now conclude that M € Tran((s2, s3)).

Let (a,t1) € My, then we have (a,t2) € Ms and (a,t3) € M3z such that
(tl,tg) € Ry and (tl,t3) S R3. But then (tl, (tg,t3)) € R and (a, (tz,tg)) e M.

Let (a,(te,t3)) € M, then (a,tz) € My and (a,t3) € Ms. By the re-
finements Re and Rj3, we have (a,t;) € Mj such that (t1,t2) € Rg and
(tl,tg) € Rj3, but then also (tl, (tg,tg)) € R.

o Ay < As A Ag implies A1 <mn Az and A1 <m As:

Let R C S1 x (S2 x S3) be a (AA) modal refinement. We show that
A1 <m Aa; the proof of A; <, A3 is similar. Define Ry = {(s1,s2) | Is3 €
S3 : (81, (82, 83)) € R} C 51 x So, then Ry is initialised.

Let (s1,s2) € Ro, then there is t3 € Sg with (¢, (t2,t3)) € R. Let M; €
Tranj(s1), then we have M € Tran((sz, s3)) such that the pair M;, M satisfies
conditions (8.2)). Let My = mo(M) € Trans(sz).

Let (a,t1) € My, then there is (a, (t2,t3)) € M such that (t1, (t2,t3)) € R;
hence (t1,t2) € R and (a,t2) € Ms.

Let (a,t2) € My, then there is t3 € S3 such that (a, (t2,t3)) € M. But
then we also have (a,t1) € My such that (¢, (t2,t3)) € R, thus (¢1,t2) € Rs.
° [[Sl V 82]] = [[Slﬂ U [[52]] and [[81 A 82]] = [[Slﬂ N [[52]]

[S1 A S2] = [S1] N [S2] is clear from what we just proved: for all im-
plementations Z, 7 <, S1 ASy iff T <, &1 and 7 <, S». For the other
part, it is clear by construction that for any implementation Z, any witness
R for T <, 81 is also a witness for Z <., &1 V Ss, and similarly for Ss, hence
[[81]] U [[52]] - [[81 V 52]]

To show the other inclusion, we note that an initialised refinement R wit-
nessing Z <, 81 V 8 must relate the initial state of Z either to an initial
state of &1 or to an initial state of Sz. In the first case, and by disjointness,
R witnesses 7 <, &1, in the second, Z <,, So. Note how it is essential here
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Figure 8.5: DMTS S and 7 whose composition cannot be captured precisely

that implementations have but one initial state; this part of the proof would
break down if we were to allow several initial states for implementations. [

Corollary. With operations V and A, each of our four classes of specifications
forms a bounded distributive lattice up to =p,.

Proof: The bottom elements (up to =) in the lattices are given by spec-
ifications with empty initial state sets. The top elements are the DMTS
({s°},{s°},{(s%,a,s°) | @ € £},0) and its respective translations. The other
lattice properties follow from Theorem [8.23

We miss to verify distributivity. Let A; = (S;, SY, Tran;), for i = 1,2,3,
be AA. The set of states of both A; A (A V A3) and (A1 A A2) V (A1 A A3) is
S1 X (S2US3) = 81 x S3US) x S3, and one easily sees that the identity relation
is a two-sided modal refinement. Things are similar for the other distributive
law. O

Composition

The composition operator for a specification theory is to mimic, at specifica-
tion level, the parallel composition of implementations. That is to say, if || is a
composition operator for implementations (LTS), then the goal is to extend ||
to specifications such that for all specifications Sy, So,

[S11S2] = {T1[Z2 | Zh € [S1], Z2 € [Sa] }- (8.6)

For simplicity, we use CSP-style synchronisation for parallel composition
of LTS, however, our results readily carry over to other types of composi-
tion. Analogously to the situation for MTS [BKLS09], we have the following
negative result:

Theorem. There is no operator ||, for any of our specification formalisms,

which satisfies .

Proof: We show that there exist DMTS S and 7 such that there is no DMTS
D with [D] = [S]IT] ={Z|J | T € [S],TJ € [T]}. They are given in
Figure S has initial state s, while T has initial state t. Note that in fact,
S and 7 are MTS, i.e., no disjunctive must transitions are used.
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7
a " oa a

Figure 8.6: Implementation state space in the proof of Theorem [8.25

Figure 8.7: The nondeterministic sum of Z; and Z;, unfolded

We make the following observations about implementations of S and 7.
They always admit one or more infinite runs labeled with a’s with one-step b
or ¢ branches. Moreover, all infinite runs in these implementations are of this
form. To each infinite a-run of an implementation we assign its signature, that
is a word over 2{0¢} that describes which one-step branches are available at
each step. This means that every implementation of S has runs with signatures
from {{b}, {b, c}}*, while every implementation of 7 has runs with signatures
from {{c}, {b,c}}*.

We now construct an implementation state space as illustrated in Fig-
ure Consider the implementations Z1,Zs,... that share the same state
space and have the initial state ¢1,149,..., respectively. The implementation
T, has only one a-run with the signature (" {b, c}¢*. Note that Z,, is the com-
position of an implementation of S that has only one a-run with the signature
{b}"{b, c}{b}* and an implementation of 7 that has only one a-run with the
signature {c}"{b, c}{c}*.

Assume now that there exists a DMTS D with [D] = [S]||[T]. As all
Z, belong to [D] and there is only a finite number of initial states of D,
there has to be at least one initial state of D, say d, such that there exists
a modal refinement R containing both (ix,d) and (i;,d) for some numbers
k < l. Let Dy be created from D by changing the set of initial states to the
singleton {d}. As both Z; <., Dy and Z; <, Dy and Dy has only one initial
state, we know by Lemma [8.20] that also Zy; = 7, + Z; <m Dy. The unfolding
of this implementation is illustrated in Figure

We now argue that Zy; ¢ [S]||[T]. We actually show that it cannot even
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be bisimilar to any Z||J with Z € [S] and J € [T]. Let us assume that there
exist such Z and J. We make the following observations:

« 7 has to contain at least one a-run with signature {b}*{b, c}{b}*. Oth-
erwise, it would be impossible to create the Z; part of Zj;.

« J has to contain at least one a-run with signature {c}{b, c}{c}*. Oth-
erwise, it would be impossible to create the Z; part of Zj,.

However, these observations mean that Z||J contains at least one a-run with
signature (*{c}!=*=1{b}(*. It is thus not bisimilar to Z;. O

Given that we cannot have , the revised goal is to have a sound com-
position operator for which the right-to-left inclusion holds in . For AA
Aj = (51,89, Tran; ), Az = (59,59, Trany), we define A; || Az = (S, SO, Tran)
with § = 1 x Sz, SO = Y x 89, and for all (s1,s2) € S, Tran(sy,s2) =
{M1||M2 | M, € Tranl(sl),Mg € TI‘ELHQ(SQ)}, where M1||M2 = {(CL, (tl,tg)) |
(a,t1) € My, (a,t2) € My}. Composition for DMTS is defined using the trans-
lations to and from AA; note that this may incur an exponential blow-up.

Lemma. Up to =, the operator || on AA is associative and commutative,
distributes over V, and has unit U, where U is the LTS ({s},s, —) with
s 5 s foralla € 2.

Proof: Associativity and commutativity are clear. To show distributivity
over V, let A; = (S;, SY, Tran;), for i = 1,2,3, be AA. We prove that A ||(A; V
A3) =m A1l Az V A;||As; right-distributivity will follow by commutativity.
The state spaces of both sides are S1 x So U .S1 X S3, and it is easily verified
that the identity relation is a two-sided modal refinement.

For the claim that A||U =, A for all AA A = (S, S° Tran), let u be the
unique state of U and define R = {((s,u),s) | s € S} € SxUxS. We show that
R is a two-sided modal refinement. Let ((s,u),s) € R and M € Tran(s,u),
then there must be M; € Tran(s) for which M = M;|[(¥ x {u}). Thus
M, = {(a,t) | (a,(t,u)) € M}. Then any element of M has a corresponding
one in M7, and vice versa, and their states are related by R. For the other
direction, let M; € Tran(s), then M = M;||(X x {u}) = {(a, (t,u)) | (a,t) €
M} € Tran(s,u), and the same argument applies. O

The next theorem is one of independent implementability, as it ensures
that a composition of refinements is a refinement of compositions:

Theorem. For all specifications S1, S2, S3, S1, S1 <m S3 and So <m S4
imply S1|S2 <m S3||Sq.
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D1|| D2

D1 D2

aa aa a a
e a a

p>(w) (u2)

Figure 8.8: Two DMTS and the reachable parts of the DMTS translation of
their composition. Here, s = {(a, (t1,%2)), (a, (t1,u2))}, t = {(a, (t1,t2))} and
u=7_0

82,

~

<
a\

@,m @‘

Figure 8.9: Two MTS and their MTS composition according to [Lar89]

Proof: Let &1 <m S3 and Sy <\ Sy, then &1V S3 = S3 and Sy V S84 = Sy
By distributivity,

83HS4 =m (81 \/83)“(82 \/84)
=m 81“82 V 81”84 V SgHSQ V 53“54 ,

thus
S1]|S2 V 81|84V S3|S2 <m S3|Sy -
But
S1/|S2 <m S1||S2 V S1|Sa V Ss|S2
finishing the argument. O
Example. An example of composition is shown in Figure Here the

DMTS translation of D;||D2 has two initial states; it can be shown that no
DMTS with a single initial state is thoroughly equivalent.

Remark that AA composition is more precise than the composition for
MTS introduced in [Lar89]. The MTS composition is given by the following
rules: (si,s2) N (t1,t2) whenever s; N t1 and s SN ta, (s1,52) N
(t1,t2) whenever s — t; and sy —— t5. The difference between the two
compositions is illustrated in Figure The figure shows two MTS and their

174



8.29

8.3. Specification Theory

MTS composition; for their AA composition,

Tran(soato) = {{(a’ (Sl’tl))}v
{(a7 (51’ tl))v (a’v (517 t2))}’ {(av (317 tl))7 ((1, (52’ tl))}v
{(a7 (Shtl))? (a7 (Slth))7 (a7 (527t1))7 (a7 (527t2))}} . (87)

The AA translation of their MTS composition has eight transition constraints
instead of four; note how the four constraints in precisely correspond to
the four implementation choices for s° and ¢°.

It can easily be shown that generally, AA composition is a refinement
of MTS composition. The following lemma shows a stronger relationship,
namely that the M'TS composition is a conservative approximation of the AA
composition.

Lemma. Let My, My, M3 be MTS and let ||\ and ||a be the MTS and AA
composition, respectively. It holds that Mi||MMsa <m Ms iff Mi|]aMa <m
Ms.

Proof: Let M; = (S?,{sV},--+;,—;) be MTS for i = 1,2,3. In the follow-
ing, we use the notation s1||ss2 to denote the states (s, s2) of M1||aMa2 and
similarly for |-

For an MTS translated into AA, the Tran sets have a special structure,
namely, for all states s, Tran(s) always has a maximal element {(a,t) | s -=» ¢}
and a minimal element {(a,t) | s —— t} (with respect to set inclusion;
cf. Lemmafor the similar property for DMTS). Furthermore, we note that
Tran(sy||as2) € Tran(si||ms2) and, moreover, Tran(s1]|as2) also has a min-
imal and a maximal element and these elements correspond to the minimal
and maximal element of Tran(si||ams2).

The fact that M |[aMa <p M1|[mMa follows from the observation that
Tran(sy||as2) € Tran(sy|[ms2) for all (s1,s2). This proves the ‘only-if’ part of
the lemma.

To prove the ‘if” part of the lemma, we let R = {(s1||mS2,53) | s1||as2
ss} and show that it is a modal refinement relation witnessing Mi|MMa
Ms. Let (s1||ms2,s3) € R.

VAIAN
3

o Let s1]|ms2 - |IMt2. Then (a, t1]|pt2) belongs to the maximal element
of Tran(sy||ps2), which is also in Tran(si||as2). Due to si]jase <m s3
we have some N € Tran(sg) with (a,t3) € N such that t1]ate <m ts.

a
Thus s3 --» t3 and (t1]|mte, t3) € R.

o Let s3 - t3. Then all elements of Tran(s3) contain (a,t3). If we now
chose the minimal element M € Tran(s;||as2) then it has to contain
(a,t1||at2) such that (t1][ate <m t3). This means that s1 ||ys2 — t1||mte
and (tlHMtQ,tg,) € R. O
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Quotient

The quotient operator for a specification theory is used to synthesise specifi-
cations for components of a composition. Hence it is to have the property, for
all specifications S, S1 and all implementations Z;, Zs, that

1, € [[51]] and 7o € [[8/81]] imply Il||IQ € [[Sﬂ (8.8)

Furthermore, S§/8; is to be as permissive as possible.

Quotient for MTS

Before we describe the general construction of the quotient, we start with
a simpler construction that works for the important special case of MTS.
However, MTS are not closed under quotient, cf. [Lar90a, Thm. 5.5]; we show
that the quotient of two MTS will generally be a DMTS.

Recall that MTS have only one initial state and all their must transitions
are singletons. Let My = (51,89, --+1, —1) and My = (Ss, 89, --+2, —2) be
MTS. We define M/ Msy = (S, 80, -+, —) with § = 251%52 50 = {(s0 )},
and the transition relations given as follows.

For s = {(s},s3),...,(s7,s%)} € S we say that a € ¥ is permissible from
sifforalli=1,...,n either s} L or s4 As, 4 4

For a permissible from s and i € {1,...,n}, let {t5' ... 5™} = {ty € Sy |
sé 24 t2} be an enumeration of the possible states in Sy after an a-transition
from s5. We then define the set of possible transitions from s under a as
pt(s) = {7 t57) |i=1,...,n,5=1,...,m;} | Vi,j: s BN 7).

The transitions of s are now given as follows: for every a permissible from
s and every t € pt,(s), let s -%5 t. Furthermore, for every st —%» t; let
s — {(a, M) € {a} x pt,(s) | Ita : (t1,t2) € M,sh 2t}

Note that as a special case we obtain () ~%5 0 for all @ € ¥ and there are
no must transitions from (.

Example. We illustrate the construction on an example. Let S and T be the
MTS on the top of Figure We construct S/T, displayed below; this can
be further simplified into the system on the bottom.

First we construct the may-successors of s°/t°. Both b and ¢ are admissible
due to 0 25 and £ £ and thus with pt(Hb(s°/t%) = pt()e(s°/t°) = {0}.
Consequently, the only successor here is (). Further, a is also admissible due
to s -5, TFor may-transitions under a, we have to consider all mappings
of successors of t° to successors of s, namely {si/t1,s1/ta}, {s1/t1,52/ta},
{sa/t1,s1/ta}, and {sa/t1,s2/t2}. Besides, since there is a must-transition
from s° (to s1), we create a disjunctive must-transition to all successors that
can be used to yield this must-transition s - s; when composed with the
must-transition t© - ¢;. These are all successors where #; is mapped to sq,
hence the first two.
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Figure 8.10: Two nondeterministic MTS, their quotient, and its simplification
by pruning

Further, {s1/t1, s2/t2} is obliged to have a must under b so that it refines
s1 when composed with ¢, but cannot have any ¢ in order to match sy when
composed with to. Similarly, {s2/t1, s2/t2} has neither ¢ nor b.

The first and third successor of s9/t? deserve special attention. Firstly,
{s1/t1, s1/t2} has (apart from a may-transition under a) transitions under b:
may to {e/e} and two musts. Both musts are due to sj, but the first one
because of s1 in s1/t; (leading to {e/e}) and the second one because of s; in
s1/t2 (leading to an empty disjunction because to /). The empty disjunction
is drawn as a line not branching anywhere. Note that it is very different from a
may-transition to () and cannot be implemented. States with such a transition
are drawn in gray here and called inconsistent.

Secondly, {s2/t1,s1/t2} is inconsistent for the same reason: it requires to
refine s1 by a composition with t5. As to has no must under b, the composition
has none either, hence the must of s; can never be matched.

We have seen that the construction may produce empty must-disjunctions
and thus also inconsistent states, i.e., states s such that s — (. Since in-
consistent states have no implementations, their presence in the system is
useless and we can remove them from the system using the procedure of prun-
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ing. 'This procedure produces a more readable system that has the same
set of implementations and, moreover, is modally refining the original sys-
tem. The procedure is standard for MTS, see e.g. [BJLT12a]; here we de-
scribe its straightforward adaptation for DMTS. The procedure exhaustively
repeats the following: if there is an inconsistent state s, then remove it to-
gether with all its outgoing transitions (both may and must) and incoming
may-transitions, and each remaining must-transition ¢ — D is modified into
t — D\ (2 x {s}); intuitively, we are removing the incoming must-branches
(not the whole transitions). This may of course turn other states inconsistent
and thus the procedure is repeated until there are no more inconsistent states.

Example. When we apply pruning to the quotient in the previous example,
we obtain the system on the bottom of Figure [8.10] Here the gray inconsis-
tent states are removed and the disjunctive must from {s"/t°} leads only to

{Sl/tl, 82/752}.

Now it is easy to see that T||(S/T) =m S in this case.

Recall from Lemma [8:29 that the MTS composition is a conservative ap-
proximation to the AA composition. This means that the following theorem
holds regardless of which of the two compositions is used.

Theorem. For all MTS specifications My, My and M3z, Mi|Ma <n Ms
iff Mo < Ms/M;.

Proof: In this proof only, let || denote MTS composition.

Write M; = (S;, 89, --+;, —;) for i = 1,2,3. We use the following nota-
tion to help distinguish states of M| Mg and M3/ M. The states of M || Moy
are denoted by si||se instead of (s1,s2) while the states of M3/M; are de-
noted by {s3/si,...} instead of {(s3,s1),...}. We also note that for states of
M3z /My, s Dt implies s <p, t due to the construction.

Now assume that My <p, M3/M; and let R = {(s1]|s2,53) | s2 <m
{s3/s1}}. We show that R is a witness for Mi|[|[Ms <., Mas, i.e., that it
satisfies the conditions of Definition Let (s1||s2,s3) € R.

o Let sq|sy -=» t1|lta. As sy <m {s3/s1} this means that {s3/s;} -=»
{th/t}, ... th/th} =t and t3 <n t. Due to the construction of {s3/s1},
we know that there is an index j for which t{ =t and s3 --» t?,;. Let
ts =t4. Ast D {t3/t1}, t <m {t3/t1}. Therefore, since to <p, ¢, we have

to <m {t3/t1} and thus (¢1 || t2,t3) € R.

o Let s3 —% t3. This means that {s3/s1} — U = {(a,u) € {a} x
pt,({s3/s1}) | Ft1 : t3/t1 € u,s1 — t1}. As s3 <m {s3/s1}, we know
that sy —— to and ty <m u for some (a,u) € U. Due to the construction
of U we know that there exists ¢; such that ¢3/t; € u with s; 25 1.
Thus 81”82 i) t1Ht2. Again, as u 2 {tg/tl}, t2 Sm {tg/tl}. Therefore,
(tl H tg,t3) € R.
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Assume, for the other direction of the proof, that M; || Ma <, Ms.
Define

R = {(32,{3%,/3%,...,33/3?}) |Vi=1,...,n: s’i | s2 <m sé};

note that (s3,0) € R for all s € S;. We show that R is a witness for
Mo <m M3/ M. Let (sq,8) € R with s = {si/s],...,s§/st}.

e Let sy -2 ty. If there is no i such that s -Z» then s -=» @ and (t2,0) €
R. Otherwise, for each i € {1,...,n} and each j € {1,...,m;} such that
st =25 97 consider that we have st ||sy -2 £17 ||ty and as si[|sy <m 55 we
also have a corresponding s} —2-)‘ téﬁj ~with til’j t2 <m té’j . We fix these
ty? for each i and j. Let t = {t5’ /t7’ |i € {1,...,n},j € {1,...,m;}}.
Clearly, s -=» t and (t2,t) € R.

o Let s — U (note that this means that s # () and let sj —% 5 be the
corresponding must transition in the construction. As si||s2 <m sj, this
means that sy —— ¢y and s —%+ ! such that t{||ty <n t. This also

means that so N ta. We thus build ¢ as we did in the previous case
where for i, j such that ¢}7 =t} we choose the corresponding t5’ to be

t4. Clearly (t2,t) € R. O

Quotient for AA

We now introduce the general quotient operator for AA. The construction
is similar to the previous one, with the notions of permissibility and pt,(s)
adapted to the more general setting.

Let A; = (51,59, Tran;), Az = (S2, 59, Trany) be AA and define A; /Ay =
(8,89 Tran), with S = 251%52, To define the set of initial states, let us first
enumerate the initial states of Ay as follows: S = {s3',...,s57}. The set of
initial states is given by all possible assignments of states from S? to states
of 89, formally: SO = {{(s)% s9%) | g€ {1,...,p}} | Vg : sP? € S9}.

The assignment of transition constraints Tran is given as follows. Let
Tran(@) = 22%10 For s = {(si,sd),..., (s}, %)} € S, say that a € X is
permissible from s if it holds for all i = 1,...,n that there is M; € Tran;(s?)
and t; € S; for which (a,t1) € My, or else there is no My € Trang(sb) and
to € SQ with (a,tg) € M.

Let us now fix a nonempty s = {(si,s3),...,(s},s%)} € S. We intro-
duce some notation that we are going to use throughout this construction and
the following proof to denote the successor states of sj for all i. For each
s let Trang(sh) = {My', ..., Mi™} be a fixed enumeration of Trans(sh).
For each a permissible from s and for each M3? we further fix an enumera-
tion of all states in My’ after an a-transition: {t2 € S2 | (a,t2) € M3’} =
{thdal . thiaerije} This means that t%9%* is the kth state (out of r; )
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with an a-transition in M2, which is the jth member of Trany(sb), where s}
is the state in the ¢th pair in s.
For a permissible from s, we define

pty(s) = {{(E%F i g 5P Ry i =1, nj =1, omi k=1, Tija}
| Vi, j,k : AMy € Trany(s}) : (a, t99"F) € M},

the set of all sets of possible assignments of next-a states from s{ to next-a
states from sb. Note that unlike the case of MTS quotient, we also keep
the indices 4, j in the assignments. We further define pt(s) = {(a,z) |
a permissible from s,z € pt,(s)}.

To deal with the elements of pt,(s) we define the following auxiliary opera-
tions. The first operation £ allows us to “forget” the indices ¢, j and is defined
as follows: £(x) = {(t1,t2) | 3i,7 : (t1,4,4,t2) € x}. The operation can be
naturally lifted to subsets of pt(s) as follows: ¢(N) = {(a,l(z)) | (a,z) € N}
where N C pt(s).

The second operation is a type of projection that given the two indices
i, 7 and the state t;’]’a’k produces the next-a state of s; assigned in the
given element x of pt,(s). Note that the projection is defined uniquely:
x| (i,j,té’j’a’k) = ti’j’a’k where z = {..., (ti’j’a’k,i,j,tg’j’“’k), ...}. The projec-
tion operation can also be lifted to subsets N of pt(s) and sets My € Trang(s?)
as follows: N | (i,j, M2) = {(a,z | (i,7,t2)) | (a,t2) € Ma}. Note that the
result of this operation is then a set of elements of the form (a,t3) where t3 is
an a-successor of ss.

Having the two auxiliary operations, we can then finally define

Tran(s) = {{(N) | N C pt(s),Vi € {1,...,n},j € {1,...,m;}:
N | (i,§, M37) € Tranz(sy)}. (8.9)

Theorem. For all specifications Si, Sa, Sz, S1/|S2 <m S3 iff S2 <m S3/S1.

Proof: We show the proof for AA. Let A; = (S1,5? Tran;) and Ay =
(S9, 89, Trany), A3 = (53, SY, Trans); we show that A;|| Az <m Az iff Ay <m
Az /A

We use the notation introduced in the proof of Theorem i.e., s1ls2
instead of (s1,s2) when speaking about states of A;||.A2 and {s3/s1,...} in-
stead of {(s3,s1),...} when speaking about states of .A3/.A;. We further note
that by construction, s D t implies s <n, t for all s,t € 25%51,

Now assume that Ay <n, Asz/A; and let R = {(s1]|s2,53) | s2 <m {s3/s1}};
we show that R is a witness for A || Ay <m As.

Let (s1]/s2,83) € R and M| € Tran|(s1||s2). Then M| = M| My with
M; € Trany(s1) and My € Trana(s2). As so <m {s3/s1}, we can pair My with
an M, € Tran/({s3/s1}), such that the conditions in are satisfied (see
Definition [8.7)).
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Note that, as M; € Tranj(sy), there exists some j such that M; = Mll’j,
e., Mj is the jth element of Tran(s;) in the enumeration as described in
the construction of the quotient. Further note that M; = {((N) for some
N C pt({ss/s1}) satisfying the conditions in (8.9).
We now define M3 = N | (1,7, M;) and show that holds for the pair
M” y Mg:

o Let (a,t1][ta) € M), then there are (a,t;) € M; and (a,t2) € M.
By applied to the pair My, M, there is (a,t) € M, such that
ta <m t. This means that there is (a,z) € N such that ¢t = {(z).
Due to the construction of pt({s3/s1}) there has to be some t3 such
that (t3,1,7,t1) € x. Due to the definition of Mj, this means that
(a,t3) € M3. We also know that ¢t D {t3/t1}, hence t <n, {t3/t1}, and
together with to <p, t we get to <p {t3/t1}. Thus (¢1||t2,t3) € R.

o Let (a,t3) € Ms. This means that there is some (a,z) € N with
(t3,1,4,t1) € x and (a,t1) € M;. Therefore, {(x) = t € M, with
ts/t1 € t. Due to applied to My, M, there has to be a corre-
sponding (a,t2) € My such that to <n t. Thus (a,t1[[t2) € M) and
again by t O {t3/t1} we have to <p, {t3/t1} and hence (¢1||t2,t3) € R.

It remains to show that R is initialised. Let 89|/3) be an initial state of
A1H.Ag By As <n, Ag/A1 We know that 89 <p s¥ for some s° € S°. We then
take 89 € S9 such that 33/37 € s° (there has to be exactly one due to the
definition of s ). We then have s D {A3/A1} and thus sY <m {89/89}. This
means that 89 <., {33/59} and hence (39]|39, 89) €

Assume, for the other direction of the proof, that Al A2 <y As. Define
R C Sy x 293%51 by

R = {(82,{8%/8%,...,8?/3?}) |Vi=1,...,n: 8 ||s2 <m st};
we show that R is a witness for Ay <p, As/A;. We first note that (s2,0) € R

for all sy. Let now (s2,s) € R, with nonempty s = {s3/s],...,s%/s7}, and
My € Trans(s2). N . -
Note that for every M;” € Tran(s%) we can build Mﬁ’j = M’ || Mz, and

as si]|s2 <m 83, there has to be a corresponding Mj € Tran(s}) satisfying the
conditions of . We fix such M3 for every i, j and denote it by M3’J .

We are going to build a subset N of pt(s). To that end, we first define an
auxiliary notion of an adequate element of pt(s) with respect to (a,te) € My
as follows. Let (a,z) € pt(s). We say that (a,z) is adequate w.r.t. (a,ta) if
for every i € {1 Lntged{l,...,mi},and k € {1,...,r; .}, the projection
ty =a | (i,7, 5" k) satisfies (a,t3) € M%7 and £o7E |1ty < ts.

Clearly, if we have (a,x) adequate w.r.t. (a,t2), then (t2,4(z)) € R.

We can now define

N = {(a,z) € pt(s) | I(a,t2) € My : (a,z) is adequate w.r.t. (a,t2)}.
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We first need to show that ¢(N) € Tran,(s). Let i € {1,...,n} and
Jj € A{l,...,m;}. We want to show that N [ (3,7, M{J) = M?f] Let first
(a,t3) € N | (z 4,M}7). This means that there is some (a,z) € N with
x = (t3,4,4,177"). Due to the definition of N, (a,t3) € M 7. Let now (a,t3) €
M3’J. Recall that the pair M;” M3’J satisfies . This means that
for (a,t3) € M2 there exists (a,tl’]’ It2) € Ml’JHMg such that t27F|/ty <m
ts. Hence (a, (t3,i,j,t27%)) is adequate w.r.t. (a,t2) and thus (a,ts) € N |
(1.4, M77).

We now show that the pair My, M = {(N) satisfies the conditions of .

o Let (a,t2) € My. We need to show that there exists (a, x) 6 N adequate
w.r.t. (a,t2). Recall that the pair M{7|| My, Mi” satisfies (8.2) for every
13k |ty) there thus has to be (a, t3) € M ' with
’Jk||t2 <m t3. We fix such t3 for every 4, j, k and denote it by ¢3 Lk
We then set = = {(t57F i, j,t27% | i e {1,...,n},5 € {1,...,mi}, k €
{1,...,7ja}. Clearly (a,z) € N and (a,z) is adequate w.r.t. (a,t2). As
noted above, we have (t3,4(x)) € R.

i, j. For every (a,t;

o Let (a,t) € M. This means that there is some (a,z) € N such that
t = ¢(x). Due to the definition of N, there exists (a,t2) € My such
that (a,z) is adequate w.r.t. (a,t2). Again, as noted above, we have

(ta,t) = (t2,4(x)) € R.

It remains to show that R is initialised. Let s be an initial state of As.
By A1 A2 <m Az we know that for every s\"? € S9 (recall the enumeration
of initial states in the construction of the quotient) there exists sJ € S§ such
that s(lj’q |59 <m s9. Let us fix for every ¢ such s and denote it by s3'?. Let
then s¥ = {sg’q/sl’q | ¢ € {1,...,p}}. Clearly, s is an initial state of A3/.A;
and (s9,5°) € R. O

As a corollary, we get : If Zy € [S/S1], ie., To <m S/Si, then
SillZe <m S, which using Z; <, §; and Theorem implies Z;||Zy <m
S1]|Z2 <m S. The reverse implication in Theorem implies that §/S; is as
permissive as possible.

Corollary. With operations A, V, || and /, each of our four classes of speci-
fications forms a commutative residuated lattice up to =p,.

Proof: We have already seen in Corollary that the class of AA forms
a lattice, up to =n, under A and V, and by Theorem / is the residual,

up to :m, of ||. All other properties (such as distributivity of || over V or
N|L=n L) follow. O
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Related Work

The modal v-calculus is equivalent to the Hennessy-Milner logic with great-
est fixed points, which arises from Hennessy-Milner logic (HML) [HMS85] by
introducing variables and greatest fixed points. If also least fixed points are
allowed, one arrives at the full modal p-calculus [SAB69, Pra81, Koz83]. Janin
and Walukiewicz have in [JW95] introduced an automata-like representation
for the modal p-calculus which seems related to our AA.

DMTS have been proposed as solutions to algebraic process equations in
Larsen and Xinxin’s [LX90b] and further investigated also as a specification
formalism [Lar90a, BCK11]. The DMTS formalism is a member of the modal
transition systems (MTS) family and as such has also received attention re-
cently. The MTS formalisms have proven to be useful in practice. Industrial
applications started with Bruns’ [Bru97] where MTS have been used for an
air-traffic system at Heathrow airport. Besides, M'TS classes are advocated as
an appropriate base for interface theories by Raclet et.al. in [RBBT09] and
for product line theories in Nyman’s [Nym08]. Further, an MTS based soft-
ware engineering methodology for design via merging partial descriptions of
behavior has been established by Uchitel and Chechik in [UC04] and methods
for supervisory control of MTS shown by Darondeau et.al. in [DDM10]. Tool
support is quite extensive, e.g., [BLS95, DFFU07, BML11,KS13b].

Over the years, many extensions of MTS have been proposed, surveyed
in more detail in [Kfel7, FLLT14, FLT14a]. While MTS can only specify
whether or not a particular transition is required, some extensions equip MTS
with more general abilities to describe what combinations of transitions are
possible. These include DMTS [LX90b], Fecher and Schmidt’s 1-MTS [FS08]
allowing to express exclusive disjunction, OTS [BK10] capable of express-
ing positive Boolean combinations, and Boolean MTS [BKL*11] covering all
Boolean combinations. The last one is closely related to our AA as well as
hybrid modal logic [Pri68, Bla00]. Our results show that all these formalisms
are at most as expressive as DMTS.

Larsen has shown in [Lar89] that any finite acyclic MTS is equivalent
to a HML formula (without recursion or fixed points), the characteristic
formula of the given MTS, cf. . Conversely, Boudol and Larsen show
in [BL92] that any consistent and prime HML formula is equivalent to a MTSE]
Here we extend these results to v-calculus formulae, and show that any such
formula is equivalent to a DMTS, solving a problem left open in [LX90b].
Hence the modal v-calculus supports full compositionality and decomposition
in the sense of [Lar90a]. This finishes some of the work started in [Lar89,
BL92, Lar90a]. Recently, the graphical representability of a variant of alter-
nating simulation called covariant-contravariant simulation has been studied

3A HML formula is prime if implying a disjunction means implying one of the alterna-
tives.
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in [AFAFE*T13].

Quotients are related to decomposition of processes and properties, an is-
sue which has received considerable attention through the years. In [LX90b],
a solution to bisimulation C'(X) ~ P for a given process P and context C is
provided (as a DMTS). This solves the quotienting problem P/C' for the spe-
cial case where both P and C' are processes. This is extended in [LX90a] to the
setting where the context C' can have several holes and C(Xy,...,X,,) must
satisfy a v-calculus property Q). However, C remains to be a process context,
not a specification context. Our specification context allows for arbitrary spec-
ifications, representing infinite sets of processes and process equations. Other
extensions use infinite conjunctions [FvGdWO06], probabilistic processes [GF12]
or processes with continuous time and space [CLM11].

Quotient operators, or guarantee or multiplicative implication as they are
called there, are also well-known from various logical formalisms. Indeed,
the algebraic properties of our parallel composition || and quotient / resem-
ble closely those of multiplicative conjunction & and implication —o in linear
logic [Gir87], and of spatial conjunction and implication in spatial logic [CCO3]
and separation logic [Rey02,0RYO01]. For these and other logics, proof systems
have been developed which allow one to reason about expressions containing
these operators. In these logics, & and —o are first-class operators on par
with the other logical operators, and their semantics are defined as certain
sets of processes. In contrast, for AA and hence, via the translations, also
for v-calculus, || and / are derived operators, and we provide constructions to
reduce any expression which contains them, to one which does not. This is im-
portant from the perspective of reuse of components and useful in industrial
applications. To the best of our knowledge, there are no other such reduc-
tions of quotient for the synchronisation type of composition in the context of
specifications.

Conclusion

In this chapter we have introduced a general specification framework whose ba-
sis consists of four different but equally expressive formalisms: one of a graph-
ical behavioral kind (DMTS), one logic-based (v-calculus) and two intermedi-
ate languages between the former two (AA and hybrid modal logic). We have
shown their structural equivalence.

The established connection implies several consequences. On the one hand,
it allows for a graphical representation of v-calculus. Further, composition on
DMTS can be transferred to the modal v-calculus, hence turning it into a
modal process algebra. On the other hand, such a correspondence identifies
a class of modal transition systems with a natural expressive power and pro-
vides another justification of this formalism. Further, this class is closed under
both conjunction and disjunction, a requirement raised by component-based
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design methods. However, it is not closed under complement and diﬁerenceﬁ
Nevertheless, since DMTS are closed under conjunction, disjunction and com-
position, we still have a positive Boolean process algebra.

Altogether, we have shown that the framework possesses a rich algebraic
structure that includes logical (conjunction, disjunction) and behavioral oper-
ations (parallel composition and quotient) and forms a complete specification
theory in the sense of [Lar90a, BDH"12].

Moreover, the construction of the quotient solves an open problem in the
area of MTS. All attempts to find the quotient for variants of MTS so far
have been limited to the much simpler deterministic case [Rac08]. Here we
have given the first solution to the quotient on nondeterministic specifications:
first, a quotient construction for MTS, and then a quotient for general DMTS.
Due to the established correspondence, the quotient can be applied also to v-
calculus formulae. We remark that all our translations and constructions are
based on a new normal form for v-calculus expressions, and that turning
a v-calculus expression into normal form may incur an exponential blow-up.
However, the translations and constructions preserve the normal form, so that
this translation only need be applied once in the beginning.

“Previous results on difference [SCU11] are incorrect due to a mistake in [FUO0S] on
conjunction of MTS, see [Kiel4, p. 36].
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9.1

9.2

Compositionality for Quantitative
Specifications]

This chapter continues and finishes the work of Chapter It extends the
quantitative theory of that chapter to the disjunctive modal transition systems
(DMTS) of Chapter [§|and shows that also in the quantitative setting, DMTS
are closely related to acceptance automata and the modal v-calculus. The
quantitative theory of DMTS is shown to be rather pleasant, with better
properties than for pure MTS.

Structured Labels

Let X be a poset with partial order <. We think of < as label refinement, so
that if a < b, then a is less permissive (more restricted) than b.

Definition. A label a € X is an implementation label if b < a implies b = a
for all b € ¥. The set of implementation labels is denoted I', and for a € X,
we let Ja] ={b €' | b < a} denote the set of its implementations.

Hence a is an implementation label iff ¢ cannot be further refined. Note
that a < b implies [a] C [b] for all a,b € 3.

Example. A trivial but important example of our label structure is the dis-
crete one in which label refinement < is equality (and I' = X). This is equiv-
alent to the “standard” case of unstructured labels.

A typical label set in quantitative applications consists of a discrete com-
ponent and real-valued weights. For specifications, weights are replaced by
(closed) weight intervals, so that ¥ = U x {[l,r] | | € RU {—o},r €
R U {oo},l < r} for a finite set U, ¢f. [BFJT13,BJL*"12a]. Label refine-
ment is given by (uq, [l1,71]) < (ug,[l2,72]) iff w1 = ug and [l1,7r1] C [la, 9],
so that labels are more refined if they specify smaller intervals; thus, I' =
Ux{[z,z] | x e R}~ U x R.

For a quite general setting, we can instead start with an arbitrary set I'
of implementation labels, let ¥ = 2', the powerset, and < = C be subset

'This chapter is based on the journal paper [FKLT18] published in Soft Computing.
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inclusion. Then [a] = a for all @ € ¥. (Hence we identify implementation
labels with one-element subsets of X.)

Label operations

Specification theories come equipped with several standard operations that
make compositional software design possible [BDH"12]: conjunction for merg-
ing viewpoints covering different system’s aspects [UC04,BDCU13], structural
composition for running components in parallel, and quotient to synthesize
missing parts of systems [LX90b]. In order to provide them for DMTS, we
first need the respective atomic operations on their action labels.

We hence assume that 3 comes equipped with a partial conjunction,
i.e., an operator @ : 3 x ¥ — ¥ for which it holds that

(1) if a1 ® ag is defined, then a1 ® az < a; and a1 ® az < ag, and
(2) if a3 < a1 and a3 < ag, then a; ® ay is defined and a3 < a1 ® as.

Note that by these properties, any two partial conjunctions on ¥ have to agree
on elements for which they are both defined.

Example. For discrete labels, the unique conjunction operator is given by

al if ayp = ag,
a1 ® ag = .
{undef. otherwise.

Indeed, by property , a1 ® ae must be defined for a; = a9, and by , if
a1 ® ag = ag is defined, then ag = a1 and a3z = as.
For labels in U x {[l,r] | [, € R,l < r}, the unique conjunction is

undef. if uy # ug or [lh,r1] N [la,re] =0,
(w1, [l1, r1] N [l2,72]) otherwise .

(ulv [ll,’f’l]) @) (UQ, [lQ,TQ]) = {

To see uniqueness, let a; = (u;, [l;, r;]) for i = 1,2, 3. Using property (2), we see
that a; ®ay must be defined when u; = ug and [l1,71]N[l2, 2] # 0, and by ,
if a1 ® ag = ag is defined, then uz = uy and ug = we, and [l3,73] C [l1,71],
[lg,Tg] - [lg,?"g] imply [ll,T’l] N [lg, 7’2] #* .

Finally, for the case of specification labels as sets of implementation labels,
the unique conjunction is a1 ® as = a1 N as.

For structural composition and quotient of specifications, we assume a
partial label synchronization operator @ : ¥ x ¥ — X which specifies how to
compose labels. We assume O to be associative and commutative, with the
following technical property which we shall need later: For all a1, a9, b1,by € X
with a1 < ag and by < by, a1 Oby is defined iff as O b, is, and if both are defined,
then a1 © b1 < as @ be.
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9.4 Example. For discrete labels, the conjunction of Example is the same as

9.2

9.2.1

CSP-style composition, i.e., a © b = a if a = b and undefined otherwise, but
other compositions can easily be defined.

Forlabelsin Ux{[l,r] | [,r € R, < r}, several useful label synchronization
operators may be defined for different applications. One is given by addition
of intervals, i.e.,

undef. if uy # us,

(us, [l1,71]) O (ug, [l2,r2)) = {

(w1, [l1 +la,r1 +12]) otherwise,

for example modeling computation time of actions on a single processor. An-
other operator, useful in scheduling, uses maximum instead of addition:

undef. if uy # us,

(u17 [llarl]) d/) (UQ, [ZQ,TQ]) = {

(u1, [max(ly,le), max(ri,r2)]) otherwise.

For set-valued specification labels, we may take any synchronization oper-
ator @ given on implementation labels I and lift it to one on ¥ by a1 @ as =
{bl @ by ’ b € [[al]],bQ S [[ag]]}.

Specification Formalisms

In this section we introduce the specification formalisms which we use in the
rest of the paper. The universe of models for our specifications is the one of
standard labeled transition systems. For simplicity of exposition, we work only
with finite specifications and implementations, but most of our results extend
to the infinite (but finitely branching) case.

A labeled transition system (LTS) is a structure Z = (9, s°, —) consisting
of a finite set S of states, an initial state s’ € S, and a transition relation
—+ C 8 xT x S. We usually write s - ¢ instead of (s,a,t) € —. Note
that transitions are labeled with implementation labels.

Disjunctive Modal Transition Systems

A disjunctive modal transition system (DMTS) is a structure D = (9, S°,
~—», —) consisting of finite sets S D S° of states and initial states, respec-
tively, may-transitions --» C S x ¥ x S, and disjunctive must-transitions
— C 8 x 279, Tt is assumed that for all (s, N) € — and (a,t) € N there
is (s,b,t) € --» with a < b.

Note that we allow multiple (or zero) initial states. We write s -4 tin-
stead of (s,a,t) € --» and s — N instead of (s, N) € —.

A DMTS (S, 8%, --», —) is an implementation if -—» C S xT' x S, — =
{(s,{(a,t)}) | 5 -2+ t}, and S = {59} is a singleton; DMTS implementations
are hence isomorphic to LTS.
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9. COMPOSITIONALITY FOR QUANTITATIVE SPECIFICATIONS

DMTS were introduced in [LX90b] in the context of equation solving,
or quotient of specifications by processes and are used e.g., in [BCK11] for
LTL model checking. They are a natural extension of modal transition sys-
tems [LT88], which are DMTS in which all disjunctive must-transitions s —
N lead to singletons N = {(a,t)}; in fact, DMTS are the closure of MTS
under quotient [LX90b].

We introduce a notion of modal refinement of DMTS with structured la-
bels. For discrete labels, it coincides with the classical definition [LX90b].

Definition. Let Dl = (51,5?,——-)1,—>1) and D2 = (SQ,Sg,——-)Q,—>2) be
DMTS. A relation R C Sy x Sy is a modal refinement if it holds for all
(s1,52) € R that

o for all s; —a—1->1 t1 there is so —a—2+2 ta such that a1 < ag and (t1,t2) € R,
and

o for all s9 —9 Ny there is s; —»; Nj such that for all (a1,t1) € Ny
there is (ag,ts) € No with a1 < a2 and (1,t2) € R.

D1 refines Dy, denoted D1 <, Do, if there exists an initialized modal refine-
ment R, i.e., one for which it holds that for every s € S there is s§ € S for
which (s9,s9) € R.

Note that this definition reduces to the one of [LX90b,BCK11] for discrete
labels (c¢f. Example .

We write D1 =y Dy if D1 <y D2 and Dy <, D1. The implementation
semantics of a DMTS D is [D] = {Z <m D | Z implementation}. This is,
thus, the set of all LTS which satisfy the specification given by the DMTS D.
We say that Dy thoroughly refines Do, and write Dy < Dy, if [D;] C [D2].

The below proposition, which follows directly from transitivity of modal
refinement, shows that modal refinement is sound with respect to thorough
refinement; in the context of specification theories, this is what one would ex-
pect. It can be shown that modal refinement is also complete for deterministic
DMTS [BKLS09], but we will not need this here.

Proposition. For all DMTS D1, Do, D1 <m Dy implies D1 < D>. Il

Acceptance automata

An acceptance automaton (AA) is a structure A = (S, S°, Tran), with S O S°
finite sets of states and initial states and Tran : S — 227°% an assignment of
transition constraints. The intuition is that a transition constraint Tran(s) =
{M,...,M,} specifies a disjunction of n choices Mji,..., M, as to which
transitions from s have to be implemented.

An AA is an implementation if S° = {s} is a singleton and it holds for all
s € S that Tran(s) = {M} C 29 is a singleton; hence AA implementations
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are isomorphic to LTS. Acceptance automata were first introduced in [Rac07],
based on the notion of acceptance trees in [Hen85|; however, there they are
restricted to be deterministic. We employ no such restriction here.

Let A1 = (51,589, Trany) and Ay = (S, 59, Trang) be AA. A relation
R C S; x Sy is a modal refinement if it holds for all (s1,s2) € R and all
M; € Tran;(s;1) that there exists Ms € Trany(sg) such that

V(a1,t1) € My : 3(ag, t2) € M : a1 < ag, (t1,12) € R,

9.1
V(ag,tg) e M, : 3(&1,751) € M : a1 <X ao, (tl,tg) €ER ( )

The definition reduces to the one of [Rac07] in case labels are discrete. We
will write My < My if My, Ms, R satisfy .

In Chapter [§ we have introduced translations between DMTS and AA. For
aDMTSD = (5,8° --», —)and s € S, let Tran(s) = {M C ©xS | V(a,t) €
M:s-%t,¥s — N : NN M # 0} and define the AA da(D) = (S, S°, Tran).
For an AA A = (9,8, Tran), define the DMTS ad(A) = (D, D°,--+,—) by

D ={M € Tran(s) | s € S},

D = {M" € Tran(s%) | s* € S°},
— = {(M,{(a, M') | M’ € Tran(t)}) | (a,t) € M},
——» ={(M,a,M") | IM — N : (a, M’) € N}

Theorem is easily extended to our case of structured labels:

Theorem. For all DMTS D1, Dy and AA Ay, As, D1 <m Do iff da(D1) <m
da(D2) and Ay <y Az iff ad(Ay) <m ad(A3). O

This structural equivalence will allow us to freely translate forth and back
between DMTS and AA in the rest of the paper. Note, however, that the
state spaces of A and ad(.A) are not the same; the one of ad(.A) may be
exponentially larger. Proposition [8.18shows that this blow-up is unavoidable.

From a practical point of view, DMTS are a somewhat more useful spec-
ification formalism than AA. This is because they are usually more compact
and easily drawn and due to their close relation to the modal v-calculus, see
below.

The Modal v-Calculus

The modal v-calculus [FP07] is the maximal-fixed point fragment of the modal
p-calculus [Koz83|, i.e., the modal p-calculus without negation and without
the minimal fixed point operator. This is also sometimes called Hennessy-
Milner logic with maximal fized points and represented using equation sys-
tems in Hennessy-Milner logic with variables, see [Lar90b, AILS07]. We will
use this representation below. In Chapter [8] we have introduced translations
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between DMTS and the modal v-calculus, showing that for discrete labels,
these formalisms are structurally equivalent.

For a finite set X of variables, let H(X) be the set of Hennessy-Milner
formulae, generated by the abstract syntax H(X) 2 ¢ s=tt | ff | z | (a)¢ |
[alp | NG | ¢V @, for a € ¥ and x € X. A v-calculus expression is a
structure N = (X, X%, A), with X% C X sets of variables and A : X — H(X)
a declaration.

We recall the greatest fixed point semantics of v-calculus expressions from
[Lar90b], but extend it to structured labels. Let (S, 5% —) be an LTS, then
an assignment is a mapping o : X — 2°. The set of assignments forms a
complete lattice with order o1 C oy iff 01(z) C o2(z) for all z € X and lowest
upper bound (| |;c; 0i) (@) = Ujes 0i(x).

The semantics of a formula in H(X) is a function from assignments to
subsets of S defined as follows: [tt]o = S, [ff|o =0, [z]o = o(z), [¢AY]o =
[6]o N [¥]o, [6V ¢ = [6]o U [¢]o, and

[(a)élo = {s € S| s > t: b€ [a],t € [¢]o},

lla]p]o = {s € S|Vs 2 t:be[a] =t [¢]o}
The semantics of a declaration A is then the assignment defined by

[A] =| {o: X = 2% |Vz e X :0(z) C [Alz)]o};

the greatest (pre)fixed point of A.

AnLTSZ = (S, s°, —) implements (or models) the expression A, denoted
T = N, if there is 2 € X such that s° € [A](2?).

In Chapter [8| we have introduced another semantics for v-calculus expres-
sions, which is given by a notion of refinement, like for DMTS and AA. For
this we recall the normal form for v-calculus expressions:

Lemma. For any v-calculus expression N1 = (X1, XY, A1), there exists an-
other No = (X2, X3, Ag) with [M1] = [N2] and such that for any x € X,
Ao (x) is of the form

Ao(z) = N\ (\ (aip)zig) A Nlal( ) Yay)
i€l jeJ; acx J€Ja
for finite (possibly empty) index sets I, J;, Jo and all zij,y,; € Xo. O
As this is a type of conjunctive normal form, it is clear that translating a
v-calculus expression into normal form may incur an exponential blow-up.

We introduce some notation for v-calculus expressions in normal form. Let
N = (X, X° A) be such an expression and x € X, with

A) = A (Vapzs) A Nl vay)

i€l jed; a€EX Jj€Jda
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as in the lemma. Define O(z) = {{(ai;,zi;) | 7 € Ji} | ¢ € I} and, for each
a €, 0%) ={ya; | j € Ja}. Intuitively, O(z) collects all (a)-requirements
from x, whereas (J%(z) specifies the disjunction of [a]-properties which must
hold from z. Note that now,

A= A (V @y)r Ald( V v). (92)

Ned(z) (a,y)eEN a€y yedea(z)

Let N1 = (X1, XY, A1), Ao = (X2, X9, Ag) be v-calculus expressions in
normal form and R C X7 x X5. The relation R is a modal refinement if it
holds for all (z1,z2) € R that

o forall a; € ¥ and y; € 07 (z1) there is ag € ¥ and yo € 05%(x2) with
a1 < az and (y1,y2) € R, and

o for all Ny € Qg(x2) there is N1 € ¢1(x1) such that for all (aq,y1) € Ny
there exists (az,y2) € No with a1 < ag and (y1,y2) € R.

We say that a v-calculus expression (X, X% A) in normal form is an im-
plementation if X° = {z°} is a singleton, ¢(x) = {{(a,y)} | y € O%x),a € ¥}
and O%x) =0 for all a ¢ T, for all z € X.

We can translate a LTS (S, 5%, —) to a v-calculus expression (5, 5%, A)
in normal form by setting O(s) = {{(a,t)} | s = t} and O%(s) = {t | s % t}
for all s € S, a € ¥. This defines a bijection between LTS and v-calculus
implementations, hence, like for DMTS and AA, an embedding of LTS into
the modal v-calculus.

We have shown in Chapter [8] that for discrete labels, the refinement se-
mantics and the fixed point semantics of the modal v-calculus agree; the proof
can easily be extended to our case of structured labels:

Theorem. For any LTS Z and any v-calculus expression N in normal form,

ITENffT<mN. O

For a DMTS D = (S5,5% --», —) and all s € S, let O(s) = {N | s — N}
and, for each a € &, 0%s) = {t | s -=» t}. Define the (normal-form) v-
calculus expression dn(D) = (S,S5% A), with A given as in (9.2). For a v-
calculus expression N = (X, X% A) in normal form, let -+ = {(x,a,y) €
XxEx X |yeD ()}, — ={(z,N) | z € X,N € {(x)} and define the
DMTS nd(N) = (X, X, --»,—). Given that these translations are entirely
syntactic, the following theorem is not a surprise:

Theorem. For DMTS Dy, Dy and v-calculus expressions N1, Na, D1 <m Ds
iff dn(D1) <m dn(D2) and N1 <m Na iff nd(N1) <m nd(N3). O
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Specification theory

Structural specifications typically come equipped with operations which per-
mit compositional reasoning, viz. conjunction, structural composition, and
quotient, ¢f. [BDH12]. On deterministic M'TS, these operations can be given
easily using simple structural operational rules (for such semantics of weighted
systems, see for instance [KS13a]). For non-deterministic specifications this
is significantly harder; in [BDF*13] it is shown that DMTS and AA permit
these operations and, additionally but trivially, disjunction. Here we show
how to extend these operations on non-deterministic systems to our setting
with structured labels.

We remark that structural composition and quotient operators are well-
known from some logics, such as, e.g., linear [Gir87] or spatial logic [CCO03],
see also [CLM11] for a stochastic extension. However, whereas these operators
are part of the formal syntax in those logics, for us they are simply operations
on logical expressions (or DMTS, or AA).

Given the equivalence of DMTS, AA and the modal v-calculus exposed
in the previous section, we will often state properties for all three types of
specifications at the same time, letting S stand for any of the three types.
For definitions and proofs, we are free to use the type of specification which is
most well suited for the context; we will use DMTS for the logical operations

(Section|9.3.1]) and AA for the structural operations (Sections and|9.3.3]).

Disjunction and conjunction

Disjunction of specifications is easily defined, as we allow for multiple initial
states. For two DMTS Dy = (51, 5y, -1, —>1) and Dy = (59, 89, ~—39, —2),
we can hence define Dy V Dy = (S1 U Sz, SV U 89, ——31 U ——39, —1 U —2)
(with all unions disjoint).
For conjunction, we let D1 A Dy = (S1 x Sa, 5V x §Y, --+, —), with
o (s1,82) 21042 (t1,t2) whenever s; —a—1+1 t1, So —a—2+2 ty and a; ® ay is
defined,

e forall S1 — Nl, (51, 82) — {(a1®a2, (tl,tg)) | (al,tl) € N1,82 —a—2->2 t2,
ai @ ay defined},

o forall sy — Ny, (s1,52) — {(a1®as, (t1,12)) | (ag,ta) € Na,s1 ~=»1 t1,
a1 ® az defined}.

The following theorem generalizes Theorem [8.23]to structured labels. Also
its proof is a generalization, but our structured labels do introduce some extra
difficulties.

Theorem. For all specifications Sy, Sa, Ss3,
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e S51 VS <y Sz iff S1 <m 83 and Sy <y S3,
e S1 <m S2AS3 iff S1 <m S2 and 1 <m S3,

o [S1V 8] =[S1]U[S2], and [S1 A S2] = [S1] N [S2]-

Proof: The proof that S1VSy <, S3iff S1 <, 83 and Sy <, S3 is trivial: any
modal refinement R C (S7US2) x S3 splits into two refinements Ry C Sy X Ss,
Ry C 59 x S5 and vice versa.

For the proof of the second claim, which we show for DMTS, we prove the
back direction first. Let Ry C S x Sg, Rz C S1 x S3 be initialized (DMTS)
modal refinements which witness §1 <., Sz and S1 <., S3, respectively. Define
R = {(51, (SQ,Sg)) ‘ (81782) € Rs, (81,53) € Rg} C S5 x (SQ X Sg), then R is
initialized.

Now let (s1,(s2,s3)) € R, then (s1,s2) € R2 and (s1,s3) € R3. Assume
that sy —a—1+1 t1, then by & < &2, we have s —a—2»2 to with a1 < a9 and
(t1,t2) € Ro. Similarly, by &1 <. S3, we have s3 —a—3+3 t3 with a1 < as
and (t1,t3) € Rs. But then also a1 < a2 ® ag and (t1, (t2,t3)) € R, and
(s2,83) 209 (t2,t3) by definition.

Assume that (s2,s3) — N. Without loss of generality we can assume that
there is s5 —o Ny such that N = {(a2®as, (t2,13)) | (az,t2) € No, 53 - =53 t3}.
By 51 < 52, we have s; —»1 Nj such that V(al,tl) € Ny El(ag,tz) € N :
a; < ag, (tl,tQ) € Ro.

Let (a1,t1) € Ny, then also s; —a—l->1 t1, so by S1 <., S3, there is s3 —a—3+3 t3
with a1 < az and (t1,t3) € R3. By the above, we also have (ag,t2) € Ny such
that a1 < ag and (t1,t2) € Ry, but then (ay ® as, (t2,t3)) € N, a1 < az A as,
and (tl, (t2,t3)) € R.

For the other direction of the second claim, let R C S x (S2 x S3) be
an initialized (DMTS) modal refinement which witnesses S; <n, Sz A S3. We
show that S; <., S92, the proof of §7 <, S3 being entirely analogous. Define
Ry = {(81, 82) | dsz € S3 : (81, (82,83)) € R} C 51 x Sy, then Ry is initialized.

Let (s1,82) € Ra, then we must have s3 € S5 such that (s1, (s2,s3)) € R.
Assume that s1 -—s1 t1, then also (so, s3) BN (ta,t3) for some a with a1 < a
and (t1, (t2,t3)) € R. By construction we have so —a—2+2 to and s3 —(1—3»3 t3 such
that a = as ® ag, but then a; < ag ® a3z < ag and (t1,t2) € Ra.

Assume that ss —9 No, then by construction we have (s2,s3) — N =
{(az O ag,(tg,tg)) | (ag,tz) € Ny, s3 —(1—3-)3 tg}. By &1 <m 82 A S, there is
s1 —1 V7 such that V(al,tl) € Ny: E(a, (tz,tg)) €N :a; < a, (tl, (tg,tg)) S
R.

Let (a1,t1) € Nip, then we have (a,(t2,t3)) € N for which a1 < a and
(t1, (t2,t3)) € R. By construction of N, this implies that there are (az,t2) € N
and s3 —a—3-)3 t3 such that a = as ® ag, but then a1 < as ® ag < as and
(tl, tg) € R.
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D1 ()
Dy (@@

Figure 9.1: Two simple DMTS

As to the last claims of the theorem, [S; A S2] = [S1] N [Sz] is clear from
what we just proved: for all implementations Z, Z <., S1 A Sy iff Z <., &1
and Z <, 8. For the other part, it is clear by construction that for any
implementation Z, any witness R for Z <., &7 is also a witness for Z <, S1VSo,
and similarly for Sa, hence [S1] U [S2] C [S1V S2].

To show that also [Si] U [S2] 2 [S1 V S2f, we note that an initialized
refinement R witnessing 7 <., S1 V S must relate the initial state of Z either
to an initial state of S; or to an initial state of So. In the first case, and by
disjointness, R witnesses Z <., S, in the second, Z <, So. O

With bottom and top elements given by L = ((,0,0) and T = ({s}, {s},

_ 22E><{S}

TranT) with Tran+(s) , our classes of specifications form bounded

distributive lattices up to =n.

Structural composition

For AA A; = (51,80, Trany), As = (59,89, Trany), their structural composi-
tion is A1 Az = (S1 x Sz, 59 x S9, Tran), with Tran((s1,s2)) = {M; © M |
M € Tran;(s1), My € Trans(s2)} for all s; € S1, so € Sy, where My © My =
{(a1 O az, (tl,tg)) | (al,tl) € My, (ag,tg) € Ms,a1 O as deﬁned}.

Remark a subtle difference between conjunction and structural compo-
sition, which we expose for discrete labels and CSP-style composition: for
the DMTS Dy, Dy shown in Figure both D; A Dy and D ||Dy have only
one state, but Tran(s; A t1) = () and Tran(s;||t1) = {0}, so that Dy A Dy is
inconsistent, whereas D;|| D2 is not.

This definition extends the structural composition defined for modal tran-
sition systems, with structured labels, in [FL14a]. For DMTS specifications
(and hence also for v-calculus expressions), the back translation from AA to
DMTS entails an exponential explosion.

Theorem. Up to =, the operator || is associative, commutative and mono-
tone.

Proof: Associativity and commutativity are clear by associativity and com-
mutativity of @©. Monotonicity is equivalent to the assertion that (up to
=m) || distributes over the least upper bound V; one easily sees that for
all specifications Sy, Sz, S3, the identity is a two-sided modal refinement
81”(82 V 83) =m 81”82 vV SlHSg O
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9.13 Corollary (Independent implementability). For all specifications S, Sa,
S3, S4, S1 <m Sz and Sy <m Sy imply S1||S2 <m S3|Ss. O

9.3.3 Quotient

Because of non-determinism, we have to use a power set construction for the
quotient, as opposed to conjunction and structural composition where product
is sufficient. For AA A3 = (53,59, Trang), A; = (51, S?, Tran; ), the quotient
is A3/ A1 = (S, {s°}, Tran), with S = 2951 and s° = {(s9,59) | sJ € 59,9 €
S9}. States in S will be written {s3/s},...,s%/s?)}. Intuitively, this denotes
that such state when composed with sj conforms to sj for each i; we call this
consistency here.

We now define Tran. First, Tran(f) = 2°*{% 5o () is universal. For any
other state s = {si/s},...,s%/s?} € S, its set of permissible labels is defined
by

pl(s)={az € X |Vi=1,...,n: (a1, t1) €€ Tran;(s}) :
I(as, t3) €€ Trang(sé) ta1 Qaz < agl,

that is, a label is permissible iff it cannot violate consistency. Here we use the
notation x €€ z as a shortcut for Jy:z €y € z.

Now for each a € pl(s) and each i € {1,...,n}, let {t; € S1 | (a,t1) €€
Tran (£)} = {t4', ..., 2™} be an enumeration of all the possible states in S}
after an a-transition. Then we define the set of all sets of possible assignments
of next-a states from s} to next-a states from si:

pty(s) = {7 ) [i=1,...,n,5=1,...,m}
| Vi : V5 : (a,t5’) €€ Trang(s)}

These are all possible next-state assignments which preserve consistency. Now
let pt(s) = Uqepis) Pta(s) and define

Tran(s) = {M C pt(s) |Vi=1,...,n:
VM, € Trang(s}) : IM3 € Trang(sh) : M > My <p M3},

where M > My = {(a1 © a,t}) | (a, {t3/t1, ..., t5/th}) € M, (al,t’i) € M}, to

guarantee consistency no matter which element of Tran;(s}), s is composed
with.

9.14 Example. Figure shows two simple specifications and their quotient un-
der a—), i.e., using addition of intervals for label synchronization (see Exam-
ple . During the construction and the translation back to DMTS, many
states were eliminated as they were inconsistent (their Tran-set was empty).
For instance, there is no may transition to state {sa/t2}, because when it is
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(send, [1,2]) early .
o
(send, [2, 3]) *

late

send, [1, 2 early

( [1,2])
@ () .
late

early

late, (send, |0, 1[), (send,]1, o))

Figure 9.2: Two DMTS (top and center) and their quotient (bottom)

composed with to there is no guarantee of a late-transition, hence no guarantee
to refine ss.

Note that in order to have a finite representation of the quotient, we have
to extend the label set to allow intervals which are not closed; for instance,
the may-transition (send,]1,00]) from {so/to} to ) comprises the fact that
pt,({so/to}) = 0 for all a = (send, [z, 00]) with = > 1. This can be formalized
by introducing a (partial) label quotient operator @ : ¥ x ¥ — ¥ which is
adjoint to label synchronization @, see Chapter [7}

9.15 Theorem. For all specifications Si, S2, S3, S1]|S2 <m S3 iff So <m S3/S:1.

Proof: We show the proof for AA; for DMTS and v-calculus expressions
it will follow through the translations. Let A; = (S1,S), Tran;), Ay =
(SQ, SS,Tranz), Az = (S3,S§,Tran3); we show that .,41H./42 < Az iff Ay <,
As/Aj.

We assume that the elements of Tran;(s;) are pairwise disjoint for each
s1 € S1; this can be achieved by, if necessary, splitting states.

First we note that by construction, s O ¢ implies s <., t for all s,t € S.

Assume that Ay <, A3/ A; and let R = {(s2,53/51) | s2 <m s3/s1} be the
witnessing refinement relation. Let R’ = {(s1]|s2,s3) | (s2,s3/s1) € R} (for
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readability, we abuse notation here and write (s1]|s2, s3) instead of (s1, s2, s3));
we show that R is a witness for A;||A2 <m As.

Let (81H82,83) € R and MH S TranH(slHSQ). Then M” = MlHMQ with
M € Trany(s1) and My € Trans(sz). As so <p, $3/81, we can pair My with a
set M, € Tran,(s3/s1) such that My <r M.

Let M3 = M, > M;. We show that M g Ms:

o Let (a,t1]ta) € M, then there are aj,az € ¥ with a = a3 © az and
(a1,t1) € My, (ag,tz) € My. By My g M), there is (a5, t) € M, such
that as < a) and to <p, t. Note that ag = a1 © @ is defined and a < ag.
Write t = {ti/t1,...,t3/t7}. By construction, there is an index i for
which #§ = 1, hence (ag,t3) € Ms. Also, t D {t}/t'}, hence ty <p t§/t}
and consequently (t1||t2,t3) € R’.

o Let (a3, t3) € Ms, then there are (ay,t) € M, and (a1,t1) € My such
that a3 = a1 @ CLIQ and tg/tl €t. By My Xp M/, there is (ag,tg) € Mo
for which as < ab and ty <, t. Note that a = a1 @ ag is defined and

< as. Thus (a,tl”tg) S MH’ and by tDO {tg/tl}, to <m t3/t1.

Assume, for the other direction of the proof, that A;||A2 <m A3 and let
R = {(s1]|s2,53) | s1lls2 <m s2} (again abusing notation) be the witnessing
refinement relation. Define R’ C Sy x 293%51 by

R={(s2,{s3/s1,--,85/s1}) | Vi=1,...,n: (s1]s2, ) € R};
we show that R’ is a witness for Ay <., As/A;. Let (s2,s8) € R/, with
s={s3/si,...,s%/st}, and My € Trany(ss).
For every i = 1,...,n, write the set Tran;(s}) = {M{' ..., M{"™}. By

assumption, M}7' N M”2 = 0 for j1 # jo, hence every (al,tl) EE Tran; (s%)

,0i t
is contained in a unique M, (a101) ¢ Tranl(sl)

For every j = 1,...,m;, let M = M| M; e ’I‘ranH(sleQ) By si[s2 <m
s%, we have M3’J c Trang(sg) such that M* xp M, =
Now define

M = {(ag,t) | I(az,t2) € My : Vtg/t1 € t: i a1,a3: (a1,t1) €€ Tranl(szi),
(ag,tg) € M;’éi(al’tl),al Das ag,tlHtQ <m tg} . (9.3)

We need to show that M &€ Tran/(s).

Leti € {1,...,n} and M}’ € Tran;(s}); we claim that M>M{7 <p M57.
Let (as, t3) E.M > M;”, then a3 = aj @ az for some ay, ay such that ts/t1 € t,
(a1,t1) € M’ and (ag,t) € M. By disjointness, j = d;(as,t1), hence by
definition of M, (as,t3) € M3’] as was to be shown.

For the reverse inclusion, let (a3,?3) € M3’] By M g Mg’j and defini-
tion of M%J, there are (al,tl) € M7 and (ag,t2) € My for which a1 QD as < a3
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and t1|[ty <m t3. Thus j = d;(a1,t1), so that there must be (az,t) € M for
which t3/t; € ¢, but then also (a1 © az,t3) € M > M.
We show that My < M.

o Let (ag,t2) € M. Foreveryi =1,...,nand every (a1, t1) €€ Tran;(t}),
we can use M <p Méj and choose an element (n;(a1,t1),7(a1,t1)) €
Mé’(si(al’tl) for which t1Ht2 <m Ti(al,tl) and a1 O ay < m(al,tl). Let
t = {Ti(al,tl)/tl | 1=1,...,n, (al,tl) SIS Tranl(tzi)}, then (GQ,t) eM
and (to,t) € R'.

o Let (ag,t) € M, then we have (ag,t2) € My satisfying the conditions
in (9.3). Hence t1][ta <m t3 for all t3/t1 € t, so that (t2,t) € R'. O

Robust Specification Theories

We proceed to lift the results of the previous sections to a quantitative setting,
where the Boolean notions of modal and thorough refinement are replaced
by refinement distances. We have shown in previous chapters that a good
setting for quantitative analysis is given by the one of recursively specified
trace distances on an abstract complete lattice I.. In order to extend this
to specification theories, we enrich I with an addition like in Chapter [7] and
require it to be a (commutative) quantale, see below.
Denote by ¥ = ¥* U 3¢ the set of finite and infinite traces over X.

Recursively specified trace distances

Recall that a (commutative) quantale consists of a complete lattice (IL, Cy,)
and a commutative, associative addition operation @y, which distributes over
arbitrary suprema; we denote by Ly, T, the bottom and top elements of
L. We call a function d : X x X — L, for a set X and a quantale L,
an L-hemimetric if it satisfies d(z,xz) = L, for all z € X and d(z,z) Cr,
d(z,y) @& d(y, z) for all z,y,z € X.

IL-hemimetrics are generalizations of distances: for I = R>o U {oo} the
extended real line, an (R>oU{oo})-hemimetric is simply an extended hemimet-
ric, i.e., a function d : X x X — R0 U {oo} which satisfies d(z, ) = 0 for all
x € X and the triangle inequality d(x, z) < d(z,y) +d(y, 2) for all z,y, 2z € X.
If d also is symmetric, i.e., satisfies d(x,y) = d(y, x) for all z,y € X, then d is
usually called a pseudometric. If d also satisfies the principle of separability,
or indiscernibility of identicals, i.e., such that d(x,y) = 0 implies x = y, it is
called a metric.

A recursive trace distance specification (IL,eval, d]tLr, F) consists of a quan-
tale L, a quantale morphism eval : I — R>o U {oo}, an L-hemimetric
dl . ¥ x ¥° — 1L (called lifted trace distance), and a distance iterator
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function F' : ¥ x ¥ x . — L. For our purposes, F' must be monotone in
the third and anti-monotone in the second coordinate and satisfy an extended
triangle inequality: for all a,b,c € ¥ and o, 8 € I, F(a,b,a) &1, F(b, ¢, 5) I,
F(a,c,a®r B).

F is to specify di recursively in the sense that for all a,b € ¥ and all
o,7 € X (and with “.” denoting concatenation),

d¥(a.0,b.7) = F(a,b,d(c,7)). (9.4)

The trace distance associated with such a distance specification is dy, : X°° x
¥ — R given by di, = eval o di.

Note that di specializes to a distance on labels (because ¥ C X>);
we require that this is compatible with label refinement in the sense that
a < b implies d%(a,b) = Ly,. Then implies that whenever a < b, then
F(a,b, L1) = d%(a,b) = L1,. As an inverse property, we say that F is recur-
siwvely separating if F(a,b,a) = Ly, implies that a < b and o = L.

Example. We have shown in previous chapters that all commonly used trace
distances obey recursive characterizations as above. We give a few examples,
all of which are recursively separating:
The point-wise distance from [dAFHT05] has L = R>o U {oo}, eval = id
and
d%(a.0,b.7) = max(d(a,b), d= (o, 7)),

where d : ¥ x ¥ — R>o U {oo} is a hemimetric on labels. For the label set
Y =Ux{[l,r] |l € RU{—o0},7 € RU{oo},! < r} from Example[9.2] one use-
ful example of such a hemimetric is d((u1, [l1,71]), (u2, [l2,72])) = supg, ey )
info, ey, ro] |x1 — z2| = max(la — I3, 71 — 72,0) if w3 = ug and oo otherwise.

The discounting distance, also used in [dAFHT05], again uses L = R>o U
{00} and eval = id, but

d(a.0,b.7) = d(a,b) + \d:(o,7)

for a constant A € [0, 1].

For the limit-average distance used in [CHR12] and other papers, L =
(R0 U {oo})N, eval(a) = liminfjen a(j), and

d(a.0,b.7)(j) = j%d(a, b) + jjﬁd]tl;(a, ) —1).

It is clear that limit-average distance has no recursive specification which uses
L = R>0 U {oo} as for the other distances above. Intuitively, the quantale
(R>0U{oo})N has to be used to memorize how many symbols one has seen in
the sequences o, 7. This and other examples show that using general quantales
in recursive trace distance specifications instead of simply I = R>o U {oo} is
necessary.

The discrete trace distance is given by dy(o,7) = 0 if 0 < 7 and o
otherwise (here we have extended < to traces in the obvious way). It has a
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recursive characterization with I = R>o U {00}, eval = id, and di(a.0,b.7) =
dy (o, 7) if a < b and oo otherwise.

For the rest of this paper, we fix a recursively specified trace distance.

Refinement distances

We lift the notions of modal refinement, for all our formalisms, to distances.
Conceptually, this is done by replacing “V” quantifiers by “sup” and “3” by
“inf” in the definitions, and then using the distance iterator to introduce a
recursive functional whose least fixed point is the distance.

Definition.  The lifted refinement distance on the states of DMTS Dy =
(S1, S, --»1,—>1) and Dy = (59,59, --+9, —2) is the least fixed point to
the equations

sup inf F(al,ag,dk(tl,tg)) y

L al az
dm(Sl, 82) = max { S1-72t1 s2--t2
sup  inf sup inf  F(a1, a2, d%(t1,t2)),
s9—>No s1—> N1 (al,tl)ENl (ag,tz)GNz

for s1 € S1, s9 € Sy. For AA A = (51,5’?,Tran1), Ay = (SQ,SS,TI"ELHQ), the
right-hand side is replaced by

sup inf  F(ay,as, d%;(tl, t2))
sup inf  max { (@M (azt2) €M )
My€Tran, (s1) Mo €Tranz(s2) sup inf  F(a1,a9,dy(t1,t2)),

(a2,t2)€M2 (a1,t1)eM;

and for v-calculus expressions N7 = (X1, XY, A1), N2 = (X2, X9, Ag) in nor-
mal form, it is

sup inf F(ay,az,d%(y1,y2)) ,

max ¢ 4 eSy1€07 (z1) az€X,y2€052 (22)

sup inf sup inf  F(ay,az,d%(y1,12)).
Na€Q2(x2) N1€01(21) (a1,y1)EN1 (az,y2)EN2

Using Tarski’s fixed point theorem, one easily sees that the lifted refine-
ment distances are indeed well-defined. (Here one needs monotonicity of F' in
the third coordinate, together with the fact that sup and inf are monotonic.)

Note that we define the distances using least fixed points, as opposed to
the greatest fixed point definition of standard refinement. Informally, this is
because our order is reversed: we are not interested in maximizing refinement
relations, but in minimizing refinement distance.

The lifted refinement distance between specifications is defined by

d¥(81,82) = sup inf dh(sY,s9).

$9€59 9€59
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Analogously to thorough refinement, there is also a lifted thorough refinement
distance, given by d% (S1,S2) = SUpz, es,] {7, [s,] d% (T, Io).

Using the eval function, one gets distances dm = eval o d¥ and dy, =
eval o d% | with values in R>o U {oo}, which will be the ones one is interested
in for concrete applications.

We recall the notion of refinement family from Chapter [7]and extend it to
specifications. We give the definition for AA only; for DMTS and the modal
v-calculus it is similar.

Definition. A refinement family from A; to As, for AA Ay = (51, Sy, Trany),
Az = (52,89, Trany), is an L-indexed family of relations R = {R, C S x S5 |
a € L} with the property that for all « € I with « # Ty, all (s1,2) € Ra,
and all My € Tran;(s1), there is Ma € Trany(sg) such that

. V(al,tl) € M1 : H(GQ,tQ) € Mg,ﬂ cl: (tl,tg) € Rg,F(al,ag,ﬁ) C «,

. V(ag,tg) e M : E|(a1,t1) eM,pel: (tl,tg) € Rg,F(al,ag,ﬁ) C a.

Lemma. For all AA Ay = (S1,5), Tran;), Ay = (S92, 89, Trany), there exists
a refinement family R from Ay to Ag such that for all s§ € SY, there is sJ € S9
for which (s9,s9) € Rav(a,,4)-

We say that a refinement family as in the lemma witnesses dx (A1, Az2).

Proof: Define R by R, = {(s1,82) | d%(s1,s2) Cp a}. First, as (s{,s9) €
Rd%(sg’sg) for all s§ € S9, s € 59, it is indeed the case that for all s € SY,
there is sJ € S9 for which

0 .0 —
(Sl) 82) € Rd%(Al,A2) - Rmaxs[l)es? minsgesg dE(s9,s9) -

Now let a € IL with o # T, and (s1,$2) € Ry. Let M; € Trang(s;). We
have d% (s, s2) CL a, hence there is My € Trans(s2) such that

sup inf  F(ay,ae, d%(tl,tg)) ,
o Jp, max (a1,t1)EM; (az,t2)€Ms
- sup inf  F(ay,a9,d%(t1,t2)) .

(az,t2)eMa (a1,t1)EMy

But this entails that for all (aj,t1) € M, there is (ag,t2) € My and 8 =
d¥(t1,t2) with F(a1,a2,8) Cr «, and that for all (ag,t2) € Mo, there is
(a1,t1) € My and = d%(tl,tg) such that F(ai,as2, ) Cr, a. O

The following quantitative extension of Theorems and shows that
our translations preserve and reflect refinement distances.
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9.20 Theorem. For all DMTS Dy,Ds, all AA Ay, As and all v-calculus expres-
sions N1, Na:

d% (D1, Dy) = d%(da(D;), da(Dy))
d¥ (A1, As) = d¥ (ad( A1), ad(A3))
d% (D1, Dy) = d%(dn(Dy), dn(Dy))
d (N1, N2) = d%(nd(NY), nd(N2))

Proof:
dg;(da(Dl), da(Dz)) EL d%(pl, DQ)Z

Let Dl = (51,5?,——61,—&) and DQ = (52,58, ——->2,—>2) be DMTS.
There exists a DMTS refinement family R = {R, C S1 X S2 | @« € L} such
that for all s € S, there is s € SY with (s, s9) € Rgv(p, p,)- We show that
R is an AA refinement family.

Let a € IL and (s1, s2) € Ry. Let My € Trang(s;) and define

M,y = {(027’52) | 52 —a—2+2 to, Iay,t1) € My : 3 el
(t1,t2) € Rg, F(a1,a2,8) Cr, o} .

The condition
V(az,tg) e My : H(al,tl) S Ml,ﬁ cl: (tl,tg) € Rﬁ,F(al,GQ,ﬂ) C «o

is satisfied by construction. For the inverse condition, let (a1,t1) € M, then
51 -2y t1, and as R is a DMTS refinement family, this implies that there is
S92 —a—2»2 to and § € L for which (t1,t2) € Rg and F(ai,a2,3) Cr «, so that
(a2, t2) € My by construction.

We are left with showing that M, € Trany(sq). First we notice that by
construction, indeed s —a—2+2 ty for all (ag,t2) € My. Now let so — Na; we
need to show that No N My # ().

We have s; — Nj such that V(ai,t1) € Ny : I(ag,ta) € No, g € L :
(tl,tz) € Rﬂ,F(al,az,,B) Cr, a. We know that Ny N My # @, so let (al,tl) €
N1 N M. Then there is (az,t2) € Ny and € LL such that (¢1,t2) € Rg and
F(a1,a2,B) Cr, a. But (ag,t2) € Ny implies so —a—2+2 ta, hence (ag,t) € M.
dIrE;('Dl,'Dg) EIL d]rI;(da(Dl), da(Dg)):

Let Dl = (51,5?,——-)1,—>1) and DQ = (52,58, ——+2,—>2) be DMTS.
There exists an AA refinement family R = {R, C S; x Sz | a € L} such that
for all s§ € SY, there is s§ € S9 for which (s9,s3) € Ry (da(Dy),da(Ds))- We
show that R is a DMTS refinement family. Let o € IL and (s1, s2) € Ra.

Let s -—») ¢, then we cannot have s; —» (). Let M) = {(a1, 1) }UU{N] |
s1 — N1}, then M; € Tran;(s1) by construction. This implies that there
is My € Trany(s2), (az,t2) € My and 8 € L such that (t1,t2) € Rg and

F(ay,a2,8) Cr, a, but then also sy 2, ty as was to be shown.
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Let so — Ny and assume, for the sake of contradiction, that there is
no s; — N for which V(al,tl) € Ny : 3(@2,152) S Ng,ﬁ e L : (tl,tg) S
Rg, F(a1,a2,8) Cp, o« holds. Then for each sy — N, there is an element
(an,,tn,) € Ny such that (ag,t2) € No, B € I : (tn,,t2) € Rg, Fl(an,, a2,
B) Cr, a does not hold.

Let My = {(an,,tn,) | s1 —> N1}, then M; € Tran;(s;1) by construction.
Hence we have My € Trang(sz) such that V(ag, te) € My : I(ay,te) € My, €
L : (tl,tQ) S Rﬁ,F(al,ag,ﬂ) C «a. Now Ny N My ?é @, so let (a2,t2) S
Ny N My, then there is (a1,t1) € My and 8 € L such that (¢1,t2) € Rg and
F(ay, a2, ) Cp, «, in contradiction to how M; was constructed.

dg‘q(ad(./ll), ad(Asz)) Cr, d%(Al,AQ):

Let Ay = (51,59, Trany), Az = (Sa, 59, Trany) be AA, with DMTS trans-
lations ad(A1) = (D1, DY, —1, --+1), ad(As) = (Da, DY, —2, --+3). There
is an AA refinement family R = {R, C S1 x S2 | a@ € L} such that for all
sY € 57, there is 5§ € 5§ with (9, 59) € Ry (4, a,)-

Define a relation family R’ = {R], C Dy x Dy | « € L} by

R), = {(My,M>) | 3(s1,52) € Ry : My € Tran;(s1), Mo € Tran(sz),
V(ay,t1) € My : Iag, ta) € My, B € LL:
(t1,t2) € Rg, F(a1,a2,8) Cr, o,
V(ag,te) € My : I(ay, t1) € My, € LL:
(t1,t2) € Rg, F(a1,a2,8) CL a} .

We show that R’ is a witness for d~(ad(A1), ad(As)) Cr, d%(A1, As). Let
a € L and (M, M) € R.,.

Let My —9 Na. By construction of —, there is (ag,t2) € Ma such that
No = {(ag, M}) | M} € Trans(tz)}. Then (My, My) € R, implies that there
must be (a1,t1) € My and § € L such that (t1,t2) € Rg and F(a1,az, 5) Cr, o
Let N1 = {(al,M{) | M{ € Tranl(tl)}, then M7 —1 N;.

We show that V(ai1, M{) € Ny : 3(ag, M3) € Na : (Mj,M;) € Rj: Let
(a1, M{) € Ny, then M| € Trani(t;). From (t1,t2) € Rg we get My €
Trang(t2) such that

V(bl,ul) € M{ : 3(1)2,“2) € Mé,*y cl: (ul,uQ) € RW,F(bl,bQ,'}/) Cy, 5,
V(bz,Ug) € Mé : El(bl,ul) € M{,’y cl: (ul,ug) < RW,F(bl,bg,’y) Cy, ﬁ,

hence (M{, M3) € Rj; also, (az, M3) € N2 by construction of Na.

Let My -=»; M], then we have M; —s; Nj for which (ay, M]) € Ny by
construction of --+;. This in turn implies that there must be (a;,t1) € M
such that Ny = {(a1, M7) | M{ € Tran;(t1)}. By (Mi, M) € R, we get

(a2,t2) € My and B € LL such that (t1,t2) € Rg and F(a1,a2,8) T, a. Let
Ny = {(ag, M}) | M} € Trany(t2)}, then My —s5 Ny and hence My -Z>o M)
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for all (az, Mj) € Na. By the same arguments as above, there is (ag, M5) € Na
for which (M7, M3) € Rj.

We miss to show that R’ is initialized. Let MY € DY, then we have s € S
with MY € Tran;(sY). As R is initialized, this entails that there is s§ € S9
with (s9,s3) € Ryr(4,,4,), which gives us MJ € Trany(s)) which satisfies the
conditions in the definition of R&% (Ar,A,): Whence (MY, MY) € R&% (A As):

dg;(.Al, .AQ) CL d%(ad(Al), ad(Az)):

Let Ay = (51,89, Trany), As = (Sa, 59, Trany) be AA, with DMTS trans-
lations ad(A;) = (D1, DY, —1, —-+1), ad(As) = (Dg, DY, —5, --+2). There
is a DMTS refinement family R = {R, C D; x Da | a € L} such that for all
MY € DY, there exists MY € DY with (M, MY) € Rk (ad(A1),ad(A2))-

Define a relation family R’ = {R], C S; X S2 | a € L} by

R:l = {(81, 82) ‘ VMl (S TTanl(sl) : EMQ S Tran2(82) : (Ml,MQ) S Ra};

we will show that R’ is a witness for d% (A1, As) Cp, d%(ad( A1), ad(A2)).

Let o € L, (s1,52) € R,, and M; € Tran;(s1), then by construction of R/,
we have My € Trang(sg) with (My, Ma) € R,.

Let (ag,t2) € My and define Ny = {(ag, M3) | Mj € Trans(te)}, then
My —9 Ny. Now (M, Msy) € R, implies that there must be M; —
N satisfying V(ai1, M{) € Ny : 3(az, My) € No, 5 € L : (M, M) € Rpg,
F(ai,a2,8) Cp, a. We have (a1,t;1) € My such that Ny = {(a1, M7) | M{ €
Tran; (1) }; we only miss to show that (¢1,t2) € R} for some 8 € I for which
F(ai,a2,8) Cp, a. Let M{| € Trani(t1), then (a1, M) € Ny, hence there is
(ag, M3) € Ny and 8 € L such that (M], M3) € Rg and F(ay,as, 5) C a, but
(ag, M}) € Ny also entails M) € Trana(t2).

Let (a1,t1) € M; and define Ny = {(a1,M{) | M] € Tran;(¢1)}, then
M; —1 Ni. Now let (ai, M{) € Ni, then M, N M, hence we have
My %55 M} and 8 € IL such that (M}, M}) € Rg and F(a1,as, 8) Cp, o By
construction of --»9, this implies that there is My —o Ny with (ag, M}) € Na,
and we have (ag,t2) € My for which Ny = {(ag, MY) | MY € Trans(t2)}. Now
if M{ € Tran;(t1), then (a1, M{) € Ni, hence there is (a2, My) € Na with
(M{, M%) € Rg, but (a, M) € Ny also gives M4 € Trans(tz).

We miss to show that R’ is initialized. Let s € SY and MY € Tran;(s?).
As R is initialized, this gets us MS € Dy with (M?, MQO) € Rd%(ad(Al),ad(Ag))a
but MY € Trany(sJ) for some s9 € SY, and then (s,s3) € R&%(ad(Al)ﬂd(AQ)).

d%(dn(Dl), dn(D2)> Co, d% ('Dl, 'Dg):

Let Dl = (51,5(1),——-)1,—>1) and DQ = (52,58, ——+2,—>2) be DMTS,
with v-calculus translations dn(D1) = (51,5, A1) and dn(Ds) = (S2, SY, As).
There is a DMTS refinement family R = {R, C S1 x S2 | a € L} such that
for all 5§ € S?, there exists s§ € 59 for which (s, s9) € Ry(p, p,)-
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Let o € L, (81,52) € Ry, a1 € X, and ¢; € 7" (s1). Then s; RN t1, hence
we have so —a—2+2 to and f € L with (t1,t2) € Rg and F(a1,a2, ) Cr, «, but
then also to € [052(s2).

Let Ny € Qo(s2), then also ss —>9 Na, so that there must be s —»1 Ny
such that V(al,ﬁ) € Ny 3(@2,152) € Nop,Bell: (t1,t2) € RB,F(al,aQ,B) CL
a, but then also Ny € ¢1(s1).

d% (Dl, Dg) EIL d%(dn(Dl), dn(Dz)):

Let Dl = (Sl,S?,——-)l,—)l) and DQ = (SQ,SS, ——-)2,—)2) be DMTS,
with v-calculus translations dn(Dy) = (S1,5Y, A1) and dn(Ds) = (S2, 59, As).
There is a v-calculus refinement family R = {R, C S1 X S2 | @ € L} such that
for all 59 € S?, there exists s§ € S9 for which (s, s9) € Ry (p, p,)-

Let @« € L and (s1,82) € R, and assume that s; —a—1->1 t1. Then t; €
07" (s1), so that there is as € X, to € [052(s2) and § € IL for which (¢1,t2) € Rg
and F(ay,as, ) Cr, , but then also s9 —(1—2-)2 to.

Assume that sy —9 Na, then No € Qa(s2). Hence there is Ny € O1(s1)
so that V(a1,t1) € N1 : I(ag,t2) € No, B € L : (t1,t2) € Rg, F(a1,a2,8) C1, o,
but then also s; —»1 V7.

d% (nd(N1), nd(N2)) Cr, d% (N1, N3):

Let M1 = (X1, XY, A1), Ao = (X2, X9, As) be v-calculus expressions in
normal form, with DMTS translations nd(N;) = (X1, X}, --+1,—1) and
nd(N2) = (Xz2, X9, -+, —3). There is a v-calculus refinement family R =
{R, C X1 x X2 | @ € L} such that for all 2 € X7, there is 23 € X§ for which
(29, 29) € Rt (v nz)-

Let « € L and (x1,72) € Ry, and assume that x; —a—ln y1. Then y; €
07" (x1), hence there are ag € X, yo € 5% and § € LL such that (y1,y2) € Rg
and F(ay,as, ) Cr, a, but then also x5 —(1—292 yo.

Assume that zo —9 N, then Ny € Oo(w2). Hence there must be
Ny € Ql(xl) such that V(a1,y1) € Ny : El(ag,yg) € Ny,p € LL: (y1,y2) €
Rg, F(a1, a2, B) Cr, a, but then also z7 —1 Nj.

d%(/\/’l,]\/‘g) EIL dﬁ(nd(/\/’l), nd(Ng))

Let N1 = (X1, XY, A1), Ao = (X2, X9, As) be v-calculus expressions in
normal form, with DMTS translations nd(N7) = (X1, X}, --+1,—1) and
nd(Ns) = (X2, XY, --+3,—>3). There is a DMTS refinement family R =
{R, C X1 x X | a € I} such that for all 2 € X9, there is 29 € X9 for which
(7, 23) € Ran vy a)-

Let « € L, (z1,22) € Rq, a1 € X, and y; € 07" (z1). Then 4, Y1,
hence we have o -9 y2 and S € I so that (y1,y2) € Rg and F(ai, a2, 3) Cp,
a, but then also y; € 05%(x2).

Let Ny € Q2(x2), then also x9 —9 Na. Hence we must have z; —1 Ny
with V(ai,y1) € N1 : I(az,y2) € No, S € L : (y1,92) € Rg, F(a1,a2,5) Cr o,
but then also Nj € O1(z1). O
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Properties

We sum up some important properties of our distances.

Proposition. For all specifications S1, Sz, S1 <m So implies d%(Sl,Sg) =
1, and 81 <i Sy implies d% (S1,S2) = Ly. If F is recursively separating,
then d%(S1,Ss2) = Ly, implies S1 <m Sa.

Proof: We show the proposition for AA. First, if A1 <, Ao, with A =
(81,59, Trany ), Az = (59,59, Trany), then there is an initialized refinement
relation R C S7 x Sa, i.e., such that for all (s1, s2) € R and all M; € Tran;(s1),
there is My € Trany(sg) for which

. V(al,tl) e M : H(GQ,tQ) € M : a1 < as, (tl,tz) € R and
. V(ag,tQ) e My : 3(al,t1) € M : a1 <X as, (tl,tg) € R.

Defining R’ = {R), | « € L} by R), = R for all a € I, we see that R is an
initialized refinement family which witnesses d (A1, A2) = L.

We have shown that A; <n, As implies d% (A1, A2) = L. Nowif A; <; Ay
instead, then for all Z € [A;], also Z € [Az], hence d% (A1, As) = Ly..

To show the last property, assume F' to be recursively separating. Define
R C Sy x Sy by R={(s1,52) | d%(s1,52) = Lp,}; we show that R is a witness
for A; <m Az. By d% (A1, A2) = Lg, R is initialized.

Let (s1,s2) € R and M; € Tran;(s1), then there is My € Trans(ss) such
that

V(al,tl) c M1 : 3(@2,152) c Mg,,@l cl:

dr(t1,t2) Ty, B1, F(a1, a2, 81) = L1,
V(ag,tz) € Mg : 3(&1,151) S Ml,ﬁl cl:

dy(t1,t2) T B1, F(ay, a2, B1) = L1,

As F is recursively separating, we must have a1 < ag in both these equations
and f; = B2 = Lp. But then (¢1,t2) € R, hence R is indeed a witness for

Proposition. The functions d% and dfg are IL-hemimetrics, and dn,, din are
hemimetrics.

Proof: We show the proof for AA. The properties that d% (A, A) = Ly and
d% (A, A) = Ly, follow from Proposition

We show the triangle inequality for dy:. The triangle inequality for dﬁ
will then follow from standard arguments used to show that the Hausdorff
metric satisfies the triangle inequality, see for example [AB07, Lemma 3.72].
Let .Al == (Sl,S?,Tranl), ./42 = (SQ,SS,TI‘&HQ), .Ag = (Sg,Sg,TI‘ang) be AA
and R = {R. C S1 x Sy |a €L}, R? = {R2 C S5 x S3 | a € L} refinement
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families such that Vs € S9 : 35§ € S9 : (s9,9) € RdL(Al 4,) and Vsd € 59 :
383 - 53 (82,83) = Rd]L(.AQ ~A3)
Define R ={R, C 51 x S3 | a € L} by

Ra = {(s1,83) | a1, 0 € L, 59 € Sy :
(s1,52) € Ra17 (s2,83) € 3227041 SL ag = af.

Then for all s € S} thereis s§ € S3 such that (7, 53) € Ryr(a, Ay @ dk (A, A5);
we show that R is a refinement family from A; to As.

Let a € L and (s1,83) € Ry, then we have a1, a9 € I and s2 € S such
that a1 @1, as = a, (s1,s2) € R, and (s9,s3) € R2,. Let M; € Trani(s1),
then we have My € Trans(sz) such that

V(ai,t1) € My : I(ag,tz) € Mo, 1 € L :

(t1,t2) € R,B ,F(ai,a2,61) Cr, a1, (9.5)
V(ag, ty) € My : I(ay,t1) € My,51 € L:

(t1,t2) € Rﬁlv (a1,a2,p1) Cr a1 . (9.6)

This in turn implies that there is M3 € Trans(s3) with

V(ag,t2) € M : 3(as, t3) € M3, 32 € L

(t2,t3) € R3,, F(ag, a3, B2) CL as, (9.7)
V(as,ts) € M3 : I(ag,ta) € Mo, B2 € IL:

(t2,t3) € R3,, F(az, a3, B2) Cr a2 (9.8)

Now let (aj,t1) € M, then we get (as,t2) € Ma, (as,t3) € Ms and
b1, P2 € I as in and (9.7). Let 8 = B1 &1 B2, then (t1,t3) € Rg, and
by the extended triangle inequality for F', F(ai,as,) Cp F(ai,as2,51) &L
F(ag, a3, B2) Cr, o1 @1, a2 = a.

Similarly, given (as, t3) € M3, we can apply and to get (a1,t1) €
M, and 8 € IL such that (t1,t3) € Rg and F(a1,as, 8) Cr, o

We have shown that d% and d& are L-hemimetrics. Using monotonicity of
the eval function, it follows that d,, and d;, are hemimetrics. O

Proposition. For the discrete distances, d3%¢(S;,8;) = 0 if S1 <m S2 and
oo otherwise. Similarly, dfciﬁsc(Sl,Sg) =0 if S < S and oo otherwise.

Proof: We show the proposition for AA. We already know that, also for the
discrete distances, A; <p, Ag implies dy (A1, A2) = 0 and that A; <; As
implies dy, (A1, A2) = 0. We show that dn(Ag, A2) = 0 implies A; <., As.
Let R ={R, C S; x S2 | a € L} be a refinement family such that Vs € S9 :
35y € SY ¢ (sY,59) € Ry. We show that Ry is a witness for Ay <p, Ajg; it is
clearly initialized.
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Let (s1,82) € Rp and M; € Tran;(s1), then we have My € Trans(sz) such
that

V(a,t1) € My : 3(ag, ta) € M, B € I : (t1,t2) € Rg, F(a1,a2,8) =0,

9.9
V(ag,tz) € My : 3(&1,251) eM,BeL: (tl,tz) S Rg,F(al,ag,ﬁ) =0. ( )

Using the definition of the distance, we see that the condition F(aj,az2,5) =0
is equivalent to a1 < ag and 8 = 0, hence degenerates to

V(al,tl) e M : H(GQ,tQ) e My : (tl,tz) € Ro,a1 <X as,
V(a2,t2) e M : 3(al,t1) e M : (tl,tg) S Ro,a1 < asg,

which are exactly the conditions for Ry to be a modal refinement.

Again by definition, we see that for any AA Ay, Ajg, either dy,(A1,.42) =0
or dm(Aj1, Az) = 00, hence A; £, As implies that dm(A;, A2) = 0.

To show the last part of the proposition, we notice that

din (A1, A3) = sup inf  dn(Z1,Zs)
T1€[A1] T2€[A2]

_ {0 if VI; € H»Al]] 375 € [[.Ag]] 1 <m Do,

oo otherwise,

_ {0 if [A1] C [A2],

oo otherwise.
Hence di, (A1, A2) =0 if A <; Ay and dp (A1, Az) = 0o otherwise. O

As a quantitative analogy to the implication from (Boolean) modal refine-
ment to thorough refinement (see Proposition , the next theorem shows
that thorough refinement distance is bounded above by modal refinement dis-
tance. Note that for the discrete trace distance (and using Proposition ,
this is equivalent to the Boolean statement.

Theorem. For all specifications S1, Sa, d]tl;] (S1,82) Cp, d%(S1,S).

Proof: We prove the statement for AA; for DMTS and v-calculus expressions
it then follows from Theorem [0.201

Let A; = (S1,57, Tran;), Az = (S, 59, Trang). We have a refinement
family R = {R, C S1 x S2 | a € IL} such that for all s € S, there is 5§ € S9
with (59, 53) € Ryr(a, 4,)- Let T=(5,5°,T) € [A1], i.e., T <m Ar.

Let R' C S x S; be an initialized modal refinement, and define a relation
family R?2 = {R2 C S x Sy |a €L} by R2 = R'o R, = {(s,82) | 351 € S :
(s,81) € RY, (s1,52) € Ry. We define a LTS Zy = (59,89, T») as follows:

For all o € L with a # T, and (s, s2) € R2: We must have s; € S; with
(s,81) € R! and (s1, 82) € Ry. Then there is My € Tran;(sq) such that
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o for all s —% ¢, there is (a,t1) € My with (t,t1) € Ry,
o for all (a1,t;) € My, there is s — t with (¢,t1) € Ry.

This in turn implies that there is My € Trang(s2) satisfying the conditions in
Definition For all (az,t2) € My: add a transition sy —2 t5 to Tb.

We show that the identity relation {(s2,s2) | s2 € S2} is a witness for
Ty <m Ag. Let s9 € Sy and s9 —2 to. By construction, there is an My €
Trang(s2) with (ag,t2) € Moa, and for all (a),th) € Mo, so R th.

We show that R? is a witness for d%(Z,Z,); clearly, R? is initialized. Let
a € L with a # T, and (s,s2) € R2, then there is 51 € S; with (s,s1) € R
and (s1,s2) € R,. We also have M; € Tran(s;) such that

o for all s —% ¢, there is (a,t1) € My with (t,t,) € R,
o for all (a,t;) € My, there is s %+ t with (¢,t;) € R}

and thus My € Trany(sg) satisfying the conditions in Definition [9.18]

Let s % t, then there is (a,t;) € M; with (t,t;) € R', hence also
(a2,t2) € My and f € L with (t1,t2) € Rg and F(a,a,3) Cr, a. But
then (¢,t2) € R%, and sy 23 t5 by construction.

Let s9 —2 t5. By construction, there is an My € Trany(sz) with (ag, t2) €
M. This implies that there is M; € Trani(s1), f € L and (a1,t1) € M
with (t1,t2) € Rg and F'(a1,a2,) C . But then there is also s s ¢ with
(t,t1) € R', hence (t,t2) € R3. O

Disjunction and conjunction

In order to generalize the properties of Theorem to our quantitative
setting, we introduce a notion of relaxed implementation semantics:

Definition. The a-relazed implementation semantics of S, for a specification
Sand a €, is

[S]® = {Z implementation | d%(Z,S) C a}.

Hence, [S]“ comprises all labeled transition systems which are implemen-
tations of S up to a. Note that by Proposition [0.21] and for F' recursively
separating, [S]** = [S].

Theorem. For all specifications Sy, So, S and o € I,
e d5 (81 V Sy, 83) = max(dk (S, Ss), d%(Sa, S3)),
e d%(S1,82 A S3) Jr, max(dk(S1,S82),d(S1,S3)),
o [S1V 8] =[S1]*U[S2]%, and
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e [S1AS:]" C [Si1]° N [Sa]e.

Proof: We show the proof for DMTS.

The proof that d%(D; V Dg,D3) = max(d%(Ds,Ds3), d% (D, D3)) is triv-
ial: any refinement family witnessing d% (D1 V Da, D3) splits into two families
witnessing d% (D1, D3) and d%(Ds, D3) and vice versa.

To show that d (D1, De A D3) Jp, max(dh(Dy, Ds), d%(Dy,Ds3)), let R =
{R, C S x (S2 x S3) | @ € L} be a witness for d% (D1, Dy A D3) and define
R?={R?2 C S xSy |acl}by R2={(s1,s2) | Is3 € S3: (s1,(s2,83)) €
R} for all o € L.

Let s? € S, then we have (s9,s9) € S9 x 59 so that (s9,(s3,s9)) €
R4L(p, pynDs), hence also (s9,59) € RZ&(Dl,DQ/\Dg)'

Let o € L and (s1, s2) € R, then we have s3 € S3 for which (s, (s2,53)) €
R,. Assume first that s --» t1, then there is (s2, s3) N (t2,t3) and f € L
such that F(a1,a,3) Cr, « and (t1, (t2,t3)) € Rg, hence (t1,t2) € R%. By

construction of Dy A D3, there are so 2, to and s3 2, ts such that a = as®as,
but then by anti-monotonicity, F'(a1, a2, ) Cr, F(a1,a,5) C a.

Now assume sa —> Na, then, by construction, (s2,s3) — N = {(a2 ®
as, (tg,tg)) | (ag,tg) € N, s3 —(1—3—)3 tg}. Hence we have s; —>1 N7 such that
V(al,tl) € Np: 3((1, (tg,t3)) eEN,Bel: F(al,a, B) Cr, «, (tl, (tg,tg)) S Rﬁ.

Let (a1,t1) € Ny, then we have (a,(t2,t3)) € N and § € L for which
F(a1,a,B) Cr, o and (1, (t2,t3)) € Rg, hence (t1,t2) € R%. By construction

of N, this implies that there are (ag,t2) € N2 and s3 —a—3+3 t3 such that
a = ay ® as, but then by anti-monotonicity, F'(a1, a2, ) Cr, F(a1,a,5) C a.

We have shown that d% (D1, D2 A D3) Cp d%(D1,D2). The proof of
d% (D1, Dy A D3) Cy, d%(Dy, Ds3) is entirely analogous.

The inclusion [D; AD2]* C [D1]*N[D2] is clear now: If Z € [D; AD2]?,
i.e., d%(Z,D1 A Do) Cp, «, then also d%(Z,D;) Cy, a and d%(Z, D) Cr, a,
thus 7 € [[Dl]]a N [[DQ]]&.

To show that [D; VDs]* = [D1]“U[D2]¢, one notices, like in the proof of
Theorem that for any LTS Z, any refinement family witnessing d (Z, D)
or d%(Z, D) is also a witness for d%(Z,D; V Ds) and vice versa. O

The below example shows why the inclusions above cannot be replaced
by equalities. To sum up, disjunction is quantitatively sound and complete,
whereas conjunction is only quantitatively sound.

Example. For the point-wise or discounting distances, the DMTS in Fig-
ureare such that dm(Z,D1) = 1 and dn(Z, D) = 1, but dm(Z, D1 AD3) =
oo. Hence dm(Z, D1 AD2) # max(dm(Z,D1),dm(Z, Ds)), and Z € [D1]'N[D2]},
but 7 ¢ [[Dl /\Dgﬂl.
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Figure 9.3: LTS Z together with DMTS D;, Dy and their conjunction.
For the point-wise or discounting distances, dm(Z,D1) = dm(Z,D2) = 1, but
dm(I, D1 A Dg) =0

Structural composition and quotient

We proceed to devise a quantitative generalization of the properties of struc-
tural composition and quotient exposed in Section [9.3] To this end, we need
to use a uniform composition bound on labels:

Let P: L x L. — IL be a function which is monotone in both coordinates,
has P(«, Ly,) = P(lp,a) = aand P(a, Ty,) = P(Tp,a) = Ty, for all o € L.
We require that for all aj,by,a2,b € ¥ and «, 5 € L with F(ay,a2,a) # T
and F(by,be, B) # Tr, a1 © by is defined iff ag @ be is, and if both are defined,
then

F(a1 O by, a2 O bo, P(Oz,,@)) Cr P(F(al, as, a), F(bl, bg,,@)) . (9.10)

Note that (9.10]) implies that
d(a; © ag, by © by) T P(di(ay,b1), di(as, ba)) . (9.11)

Hence P provides a uniform bound on distances between synchronized labels,
and extends this property so that it holds recursively. Also, this is
a generalization of the condition that we imposed on @ in Section [9.1} it is
shown in [FL14a, p. 18] that it holds for all common label synchronizations.

Remark that P can be understood as a (generalized) modulus of continu-
ity [Con] for the partial function f : 3 x ¥ — ¥ given by label synchroniza-
tion f(a,b) = a @ b: with that notation, asserts that the distance from
f(a1,az2) to f(b1,by) is bounded by P applied to the distance from (a1, a2) to
(b1,b2).

The following theorems show that composition is uniformly continuous
(i.e., a quantitative generalization of independent implementability; Corol-
lary and that quotient preserves and reflects refinement distance (a
quantitative generalization of Theorem .

Theorem (Independent implementability). For all specifications Sy, Sa,
Sz, S, di(S1(|S2, S3/84) T P(dRi(S1, S3), dpg (S2, S1))-
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Proof: We show the proof for AA. For i = 1,2,3,4, let A; = (S;,SY, Tran;).
Let R = {R] CSleglael[J} RQZ{R2 C5’2><S4]a€IL}be
refinement families such that Vs € SY : 35§ € S : (sY,59) € Rd]L(A Ay and
Vsd € 89 :3sh € SY ¢ (s9,59) € Rd]L(A Ay Define R = {Rq C (51 x S2) x
(S3 % S4) | €L} by

Ro = {((s1,52), (s3,84)) | o1, 00 € L :
(s1,83) € Ral, (s9,84) € R2 , P(ay,9) Cp, @},

)

then it is clear that V(s?, s9) € SYxS9 : 3(s9, 59) € SIx ST : ((s9,59), (s9,59)) €
Rp(dL(A;,As),dE(Az,A))- We show that R is a refinement family from A |[.Az
to ./43||A4.

Let o € L and ((s1,82), (s3,54)) € Ry, then we have aj,ay € IL with
(s1,83) € RS, (s2,84) € R%, and P(aq, a2) Cp, . Let Mys € Tran((sy, s2)),

then there must be My € Tranj(s1), My € Trang(sz) for which Mys = M; ©
M,. Thus we also have M3 € Tranz(s3) and My € Trany(s4) such that

V(ay,t1) € My : I(as, t3) € M3, 5 € L :

(t1,t3) € Rp,, Fay, a3, B1) Cr aa, (9.12)
V(as,t3) € M3 : 3(a1,t1) € My, 51 € L:

(t1,t3) € RBN (a1,as3,61) Cp, a7, (9.13)
V(ag,to) € My : I(ayg,ty) € My, By € I :

(t2,ts) € R3,, Flaz, a4, B2) Cr a2, (9.14)
V(aq,ts) € My : I(ag,ta) € Ma, 5y € I :

(ta,t4) € RBz? (ag2,aq4,B2) Cr, ag. (9.15)

Let M3y = M3 © My, then M3y € Tran((ss, s4)). Let (a12, (t1,t2)) € M2,
then there are (aj,t;) € M; and (ag,ty) € My for which a2 = a1 O as.

Using (9.12) and (9.14)), we get (a3, t3) € M3, (a4,ts) € Myand By, B2 € L such
that (t17t3) € R%’la (t27t4) € R%y F(alaai’nﬁl) L at, and F(a27a4a62) CL
a9.

Let asqy = az ® a4 and § = P(B1, B2), then we have (asq, (t3,t4)) € Msy.
Also, (t1,t3) € Ry and (ta,t4) € R3, imply that ((t1,t2), (t3,t4)) € Rg, and

F(a12, a34,5) = F(al O ag, a3 O aq, P(/Bhﬁ?))
C P(F(abaiivﬁl)aF(a%a4762))
Cp, P(ar,a2) Ep, «.

We have shown that for all (aj9, (t1,t2)) € Mia, there exists (asq, (t3,t4)) €
Ms34 and 8 € IL such that ((t1,t2), (t3,t4)) € Rg and F(ai2, as4, ) Cr, . To
show the reverse property, starting from an element (asq, (t3,t4)) € Msy, we

can proceed entirely analogous, using and ( - O
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9.29 Theorem. For all specifications Sy, Sa, S3, d%(S1||S2, S3) = d%(Sa,S3/S1).

Proof: We show the proof for AA. Let A; = (S5;,SY, Tran;) for i = 1,...,3;
we prove that d&(A;[| Az, A3) = d%(As, A3/ Ay).

We assume that the elements of Tran;(s;) are pairwise disjoint for each
s1 € S7; this can be achieved by, if necessary, splitting states.

Define R = {Ra C 51 x 85 x 83 | o € ]L} by R, = {(SlHSQ,Sg) |
d¥(s9,53/51) C1, a}. (We again abuse notation and write (s1| sz, s3) instead
of (s1,52,53).) We show that R is a witness for d(A1]]As, A3).

Let s||s9 € SY x S, then there is s3/s) € s” for which it holds that
d%(sg’ Sg/s(l)) Cp d%(A%A?)/‘Al)? hence (3(1]”8(1)7 Sg) S Rd%(AQ,AS/AI)'

Let o € L\ {TwL}, (s1][s2,83) € Ro and M) € Tranj(s1][s2). Then M) =
M;i||Ms with My € Trani(s1) and My € Trang(sz). As d(s2,s3/s1) C1 «a,
we can pair My with an M, € Tran,(s3/s1), i.e., such that the conditions in
Definition are satisfied.

Let M3 = M, > M;. We show that the conditions in Definition are
satisfied for the pair M), M3:

o Let (a,t1]ta) € M, then there are ai,az € ¥ with a = a1 © az and
(a1,t1) € My, (az,t2) € Ma. Hence there is (ay,t) € M, and § € L such
that F(az,ab, ) Cr, a and d¥(t2,t) Cr, 5.

Note that ag = a3 © df is defined and F(a,as3,3) C «. Write ¢t =
{t/t1,... % /t7}. By construction, there is an index i for which ¢} = 1,
hence (a3, ty) € Msz. Also, t D {ti/t'}, hence d%(to,t5/t}) T B and
consequently (t1[t2,t3) € Rg.

o Let (a3, t3) € Ms, then there are (ay,t) € M, and (a1,t1) € My such
that ag = a; ©d) and t3/t1 € t. Hence there are (ag,t2) € My and 8 € L
for which F(ag, ab, 3) Cr, o and d%(t2,t) Cp, 3. Note that a = a; Qas is
defined and F(a,as, ) Cp, . Thus (a,t1|[t2) € M, and by t D {t3/t1},
dm(ta, t3/t1) C 5.

Assume, for the other direction of the proof, that A;|As <n, As. Define
R={Ry C Sy x 25%51 | ¢ € L} by

R, = {(327{5;,/3%7 s 787??/8711}) | Vi=1,...,n: dI,.%(SziHSQ,Sé) L Oé};

we show that R is a witness for d%(As, A3/ A1).

Let sJ € S§. We know that for every s{ € SV, there exists o(s}) € S9 such
that d&(s9]|s9,s%) Cr d&(A1| A2, A3). By s° D {a(s))/s} | s} € SV}, we see
that (s3,5°) € Rak (4, || 4z, 43)-

Let « € L\ {TL} and (s2,5) € Ra, with s = {s3/si,...,5%/s}}, and
My € Trans(s2). A '

For every i = 1,...,n, let us write Tran;(s}) = {M{*,..., MI"™}. By
assumption, M{"jl N M{"jZ = () for j; # jo, hence every (aj,t1) €€ Tran;(s})
is contained in a unique Mf’éi(al’tl) € Trani(s?).
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9.5

9. COMPOSITIONALITY FOR QUANTITATIVE SPECIFICATIONS

For every j = 1,...,m;, let M = MM|M, € Tran (s} s2). From
d (s1lls2,8%) T a we have My” € Trang(s}) such that the conditions in
Definition hold for the pair M7, M3”.

Now define

M = {(ag,t) ‘ 3(@2,t2) e M, : Vtg/tl €t:di,a1,a3,0:
(a1,t1) €€ Tran (s}), (a3, t3) € M @),
F(ay © as, a3, 8) Cr, o, dis(t||t2, t3) T B} . (9.16)

We need to show that M € Tran/(s).

Let i € {1,...,n} and M7 € Tran; (s}); we claim that M > M <p Méj
Let (as, t3) € M > M;”, then ag = a1 ® as for some a1, as such that t3/t € t,
(a1,t1) € M}’ and (ag,t) € M. By disjointness, j = d;(a1,t1), hence by
definition of M, (as,t3) € Mé’j as was to be shown.

For the reverse inclusion, let (a3,t3) € Méj . By definition of M%7 there
are (a1,t1) € M}”, (ag,t2) € My and 8 € LL for which F (a1 @ az,as, 3) Cp, «
and df (t1]|t2, t3) T 8. Thus j = §;(a1,t1), so that there must be (as,t) € M
for which t3/t; € t, but then also (a1 © ag,t3) € M > M;”.

We show that the pair Ma, M satisfies the conditions of Definition [9.18

o Let (ag,ts) € M. Foreveryi = 1,...,nand every (a1,t;) €€ Trani(t}),
\s . . i,0;(a1,t1) i,0;(a1,t1)
we can use Definition 9.18/applied to the pair M; | Ma, M,
to choose an element (n;(a1,t1), 7 (a1,t1)) € M;’(Si(al’tl) and f;(a1,t1) €
IL for which dy(t1]/t2, 7i(a1, 1)) Er Bi(ar,t1) and F(ay © ag,mi(ar, tr),
5i(a1,t1A)) Cp, . Let t = {Ti(al,tl)/tl ‘ 1 = 1,...,n, (al,tl) €cc
Trani(t7)}, then (ag,t) € M and (t2,t) € Rg.

o Let (ag,t) € M, then we have (ag,t2) € My satisfying the conditions
in . Hence for all t3/t; € t, there are i, a1, az, and B(t3/t1)
such that (as,t3) € Mé’éi(al’tl), F(a1 © ag,as,B(t3/t1)) Cr «, and
d(tillt2,t3) Cr B(ta/t1). Let 8 = sup{B(t3/t1) | t3/t1 € t}, then
d%(tlntz,tg) Cp, S8 for all t3/t1 € t, hence (tg,t) S Rﬁ. O

Conclusion

We have presented a framework for compositional and iterative design and
verification of systems which supports quantities and system and action refine-
ment. Moreover, it is robust, in that it uses distances to measure quantitative
refinement and the operations preserve distances.

The framework is very general. It can be applied to a large variety of
quantities (energy, time, resource consumption etc.) and implement the ro-
bustness notions associated with them. It is also agnostic with respect to the
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9.5. Conclusion

type of specifications used, as it applies equally to behavioral and logical spec-
ifications. This means that logical and behavioral quantitative specifications
can be freely combined in quantitative system development.
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