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structs a 3D polyhedral complex P(I) which is homotopy equivalent to Q(I) and whose
boundary surface is a 2D manifold. A polyhedral complex satisfying these properties is
called well-composed. In the present paper we extend these results to higher dimen-
sions. We prove that for a given n-dimensional picture the obtained cell complex is well-
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1. Introduction

Ensuring that the boundary of an object in a discrete image is constructed from closed surfaces in R3 allows to
implement surface parameterization [10]. This is crucial for certain applications in geometric modeling [30] and computer
graphics [11]. For example, texture mapping can be used to enhance visual quality of polygonal models. Also, as discussed
in [12], the computation of homology groups [16] and, in particular, the computation of homology generators on a sur-
face [7-9], can be helpful for topology repairing, model editing and feature recognition. In discrete geometry, it is well-known
that the multigrid convergence of some geometrical estimators is slowed when there are “pinches” in the boundary of an
object in a discrete image [21,23]. Requiring that the boundary surface be a manifold avoids such problematic situations.
For all these reasons, well-composedness [4,24-26] (meaning that the boundary of a set is a topological manifold) is a good
topological property to be required. Thereafter, strong results such as the Jordan Curve Theorem can be applied on the
connected components of the boundary [19,33] in 2D. Moreover, the Jordan-Brouwer separation property [20,22] can be
applied in nD. Since nD signals appear more and more frequently in applications such as 3D Magnetic Resonance Imaging
and 4D Computerized Tomography scans, it is important to extend the theory of well-composedness to higher dimensions.

In digital topology, two main families of methods are used to make 2D and 3D binary images well-composed: topological
reparation, which does not preserve the topology of the initial image in general; and well-composed interpolation, which
typically preserves the topology but requires an increase of resolution of the whole domain of the image. Regarding
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topological reparations, the first 2D method was introduced by Latecki [26], the first 3D method by Siqueira et al. [34| and
the first nD method by Boutry et al. [3]. Regarding well-composed interpolations, one has to mention the 3D method of
Stelldinger and Latecki, called Majority Interpolation [35], the nD min/max method of Mazo et al. [29], and the nD self-dual
in-between method of Boutry et al. [2]. In the midst of these two families, Gonzalez-Diaz et al. [13] proposed a 3D method
to construct well-composed cell complexes that are homotopy equivalent to the 3D cubical complex canonically associated
to the given image. This can be very useful when computing (co)homological information of a set only based on its surface
(see [17]). Furthermore, the cell complex resulting from this method, that is, the positions of the cells, their geometry, and
their boundary face relationships, can efficiently be stored into 3D binary images [14,15]. This method is strongly related to
boundary extraction methods, such as the marching cubes of Lorensen and Cline [27] and its nD extensions, due to Daragon
et al. [6] (which ensures that the boundary is a discrete surface), and Lachaud and Montanvert [22] (which ensures that the
resulting boundary is a (pseudo-)manifold). However, whether or not these methods preserve the topology is unknown and
a procedure for efficiently storing the resulting complex into an nD binary image is also unknown.

Finally, some other definitions of well-composedness such as the one based on the equivalence of connectivities [2],
digital well-composedness [2], well-composedness in the sense of Alexandrov [2,5,32], or well-composedness on arbitrary
grids [1,4,36] exist, but they do not ensure that the boundaries consist of surfaces in R" and their parameterization may not
be possible.

Procedure 1: Obtaining the critical points in Fj.

Input: The picture I = (Z", F) and the binary image J = (Z", ).
Output: The set R of critical points in F.
V:i=0; R:=0,
for B € B(4Z™) of dimension k € [2,n] and p € B do
p’ = antagg(p);
if (FNB={p.p'} or B\ F={p.p'}) then
* . M . 0 *
pri= 5, V._VUDF](p )
end
end
for q € F; such that Dg(q) NV # 0 do
| R:=RuU{q}
end

In this paper, we extend to any dimension the method presented in [13-15]. In brief, given an nD binary image I (also
called an nD picture), the nD cubical complex Q(I) canonically associated with I is constructed and stored as an nD binary
image J = (Z", F). Each point in the foreground F; of J is the barycenter of a cell of Q(I) (see Section 4.1). Then, using
Procedure 1, we detect the critical points of F; that correspond to critical cells of Q(I) (i.e., cells that are involved in critical
configurations). By applying the repairing process given in Procedure 5, we replace each critical point p of F; by a suitable
set S(p) of points (that depends only on the coordinates of p), to obtain a new nD binary image L = (Z", F). By applying
Procedure 6 to the points of F;, we construct a simplicial complex Ps(I) such that Q(I) is a deformation retraction of P(I).
Finally, we prove that there always exists a face-connected path in Ps(I) of n-simplices incident to a common vertex v/, join-
ing any two n-simplices o and o’ incident to v/, that is, Ps(I) is what we call weakly well-composed (WWC). Fig. 1 graphically
illustrates the basic stages of our method. At the end of the paper we include a table with main notations used.

2. nD well-composed pictures

Latecki et al. introduced in [24] the notion of well-composedness for 2D pictures as those sets not containing any critical
configuration. Later, well-composedness was extended to 3D sets in [25] defining again forbidden subsets that make the
continuous analog of the picture have a boundary surface that is not a manifold. In [2], the concept of critical configurations
(i.e., forbidden subsets) was extended to nD. In this section, after introducing some notations and definitions, we recall how
we can characterize critical configurations in nD.

Definition 1 (nD picture). Let n>2 be an integer and Z" the set of points with integer coordinates in nD space R". An nD
binary image is a pair I = (Z", F;) where F, is a finite subset of Z" called foreground of I. If Ff c 4Z" (i.e., coordinates are
multiples of 4), we will say that I is an nD picture.

We need the foreground F; included into 4Z" (and not Z") because, as we will see later, in a first step we add new
points between the elements of F; to obtain Fj, encoding the cubical complex associated to I, which justifies a scale factor
of 2; in a second step, during the reparation, we add new points between points of F; to obtain F;, encoding the repaired
complex, which justifies a second factor of 2. In fact, any given nD binary image image Io = (Z", ) can be transformed
into an nD picture I = (Z", F) by setting F := 4F,.
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Fig. 1. Graphical diagram of the method: we start from an nD picture I = (Z",F) (then F c 4Z"). The set F; of points in Z" encodes the cells of the
associated cubical complex Q(I) (blue is used for 0-cells, red for 1-cells and green for 2-cells). In this example, the set R of critical points is composed
by the points encoding the vertex v and all the cells of Q(I) incident to v. Now, we “repair” F; to obtain a set F; of points in Z". Then, we compute the
simplicial complex Ps(I) whose set of vertices is F;. Observe that for any two n-simplices o and ¢’ incident to a common vertex v’ in Ps(I), there exists a
face-connected path 7 of n-cells in Ps(I) incident to v/, joining o and ¢’; therefore, Ps(I) is weak well-composed. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Table 1
Notations used throughout the paper.
Notation Definition/Explanation
K| Underlying polyhedron of the cell complex K
A0 (o) Set of ¢-cells incident to the cell o in K
o*o’ Cone join of the simplices o and o’
Nu(p) {ie[1.n] : x; =N mod M}
Nan(p) p+4e : e[l n]}
N*(p) p+ZjEDZ(p)Ajef : Aje{0,+1}
S-block S(p) P+ Y, prie : Aje{0.£1)
B(z, F) Block associated to the point z and the family of vectors F
I=(Z"F) An nD binary image (called picture when F c 4Z")
Q) Cubical complex associated to I
Vv The set of critical vertices in Q(I)
Qs(I) The simplicial subdivision of Q(I)
Ps(I) Weakly well-composed simplicial complex over the picture I
J=(@"F) nD binary image encoding the vertices of Qs(I) (i.e, the cells of Q(I))
R The set of critical points in F; (which encode the critical cells of Q(I))
L= (Z"R) nD binary image encoding the vertices of Ps(I)
ax(p) simplex in K encoded by p (K=Qs(I),pe F; or K=P(I),peF)
& {p €2z : Card(04(p)) is ¢}, being ¢ € [0, n]
O, {pez"\2z" : Card(0(p)) is ¢}, being ¢ € [0,n—1]
Cn (EnNE)UR
C (& \R)UO,)NE, being ¢ € [0,n—1]
Dy (p) {p+ Tjco,m 2i€ : Aj € {0,+2}} encodes the faces of ag, ) (p)
Ag (p) {p+ Yic2i(m M el : Ajefo, iZ}} encodes the simplices incident to o) (p)
D;L (p) Set of points used for the construction of Ps(I). See Definition 30
A;L(p) Set of points used to prove that Ps(I) is weakly well-composed. See Definition 34
x(p) X*(p)\ {p} for X € {N, Dy, Ag, Dy, Ag }
KDFJ (p) Subcomplex of Qs(I) formed by the simplices whose vertices lie in Df (p)
KD"L (p) Subcomplex of Ps(I) formed by the simplices whose vertices lie in D, (p)

Notation 2. For integers k <k/, [k, k'] denotes the set {k,k+1,..., k' —1,k'}.

Let B = {e',...,e"} denote the canonical basis of Z". Given a point z € 4z" and a family of vectors F = {f1,..., f} ¢ B,
we define the blockof dimension k associated to the couple (z, F) (see Fig. 2) as:

Bz.F)={z+ Y Aif': % e{0,4},Vie[lk
ie[1.k]
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Fig. 2. Examples of blocks: in pink, B((0, 4), #); in red, B((4, 4), {e'}); in blue, B((12, 0), {e?}); in green, B((16, 0), {e', e2}). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

)

A subset B c 47" is called a block if there exists a couple (z, ) € 42" x P(B)? such that B = B(z, 7). We will denote the set
of blocks of 47" by B(4Z").

Two points p, q belonging to a block B € B(4Z") are said to be antagonists in B if their distance equals the maximum
distance using the L'-norm> between two points in B. The antagonist of a point p in a block B € B(4Z") containing p exists
and is unique. It is denoted by antagg(p). Note that when two points (x1,...,Xp) and (y1,...,yn) are antagonists in a block
of dimension k € [0, n], then |x; —y;| =4 fori e {i;,..., i} € [1,n] and x; = y; otherwise.

Now, let I = (Z", F) be an nD picture and B € B(4Z") a block of dimension k € [2, n]. We say that I contains a primary
critical configuration of dimension k in the block B if FNB = {p, p’}, with p, p’ being two antagonists in B. We say that |
contains a secondary critical configuration of dimension k in the block B if FNB =B\ {p, p’}, with p, p’ being two antag-
onists in B. More generally, a critical configuration (CC) of dimension k € [2,n] is either a primary or a secondary critical
configuration of dimension k.

Definition 3 (DWC). An nD picture is said to be digitally well-composed (DWC) if it does not contain any CC.

The 2n-neighborhood of a point p € 4Z" is the set N, (p) = {pi4ei :ie[1,n]}. A sequence (p',...,p*) of elements of
47" is said to be a 2n-path in 4Z" if, for any i € [1,k — 1], p' € Mo, (p™1).

Proposition 4 ([2]). Let I = (Z", F) be an nD picture. If I is DWC then, for any pair of points p, p’ of F; which are antagonists in
some block B € B(4Z™), there exists a 2n-path in F,NB joining p and p'.

Proposition 5. Let [ = (Z", F) be an nD picture. If I is DWC then, for any block B € B(4Z™) and for any two points p, qe F;NB,
there exists a 2n-path in F;NB joining p and q.

Proof. Let B < B(4Z") be a block such that F;nB is non-empty. For any two points p, g F;NB, there exists a block B’ < B
such that q = antagg (p). Then by Proposition 4, there exists a 2n-path joining p and q in FNB’ € FFNB. O

3. nD wWC cell complexes

Roughly speaking, a regular cell complex K is a collection of cells (where k— cells are homeomorphic to k-dimensional
balls) glued together by their boundaries (faces), in such a way that a non-empty intersection of any two cells of K is a
cell in K. When the k-cells in K are k-dimensional cubes, we refer to K as a cubical complex. When they are k-dimensional
simplices (points, edges, triangles, tetrahedra, etc.), we refer to K as a simplicial complex. Regular cell complexes have
particularly nice properties, for example, their homology is effectively computable (see [28]).

Definition 6 (Face-connected path). Let ¢ € [1,n]. Let S be a set of ¢-cells of K. We say that two ¢-cells ¢ and ¢’ are
face-connected in S if there exists a path w(0,0’) = (07 =0,03,...,0m_1,0m =0’) of ¢-cells of S such that for any i e
[1,m—1], o; and o, share exactly one (¢ —1)-cell of K. The set S is face-connected if any two ¢-cells o and ¢’ in S are
face-connected in S.

The set of cells incident to a cell o in K is denoted by Ag (o) and the set of ¢-cells incident to o, by A,(f)(a). A k-face p
of a cell o is a k-cell that is face of o it is a proper face of o if k <¢ and a maximal face of o if k=¢— 1. A cell of K which
is not a proper face of any other cell of K is said to be a maximal cell of K. An external cell of K is a proper face of exactly
one maximal cell in K. A regular cell complex is pure if all its maximal cells have the same dimension. The rank of a cell
complex K is the maximal dimension of its cells. The boundary surface of a pure regular cell complex K, denoted by 9K, is
the regular cell complex composed by the external cells of K together with all their faces. Observe that 0K is also pure.

Definition 7 (nD cell-complex). An nD cell complex K is a pure regular cell complex of rank n embedded in R". The under-
lying space (i.e., the union of the cells as subspaces of R") will be denoted by |K].

An nD cell complex K is said to be (continuously) well-composed if |0K| is an (n — 1)-manifold, that is, each point of |dK]|
has a neighborhood homeomorphic to R*~! into |9K].

Definition 8 (WWCness). An nD cell complex K is weakly well-composed (wWC) if for any O-cell p in K, A,&")(u) is face-
connected.

2 The expression P(B) represents the set of all the subsets of B.
3 The L'-norm of a vector & = (x1,..., xn) is [lell = Yicping 1%l
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We will see later, in Section 4, that if an nD picture I is DWC, then the cubical complex Q(I) canonically associated to I
is wWC.

Definition 9 (Cubical complex Q(I)). The nD cubical complex Q(I) canonically associated to an nD picture I = (Z", F;) is com-
posed by those size-4 n-dimensional cubes centered at each point in F; whose (n — 1)-faces are parallel to the coordinate
hyperplanes, together with all their faces.

Roughly speaking, two topological spaces are homotopy equivalent if one can be continuously deformed into the other.
A specific example of homotopy equivalence is a deformation retraction of a space X onto a subspace A which is a family of
maps fr: X— X, te[0, 1], such that: fo(x) =x, VxeX; fi(X) =A; fit(a) =a, VaeA and t€|0, 1]. The family {fe: X = X};co, 1]
should be continuous in the sense that the associated map F: X x [ — X, where F(x,t) = f;(x), is continuous. See [18].

Definition 10 (Cell complexes over nD pictures). A cell complex over an nD picture I is an nD cell complex, denoted by K(I),
such that there exists a deformation retraction from K(I) onto Q(I).

4. The cubical complex canonically associated to an nD picture I

In Section 4.1, we explain how to compute an nD digital image J = (Z", ;) encoding the nD cubical complex Q(I). We use
this codification to prove that if I is DWC then Q(I) is wWC. Later, in Section 4.2 we give a procedure to obtain the points
in F; encoding the critical cells of Q(I) responsible of Q(I) not being wWC. Finally, in Section 4.3, we compute a simplicial
complex Qs(I) which is, in fact, homeomorphic to Q(I), and prove that Qg(I) is also weak-well-composed if I is DWC.

4.1. The nD binary image | = (Z", Fy) encoding Q(I)
We say that J = (Z", F) encodes Q(I) if F; is the set of barycenters of the cells in Q()*. We say that peFj encodes o € Q(I)
if p is the barycenter of o. In that case, we denote o as o o)(p).

Notation 11. Let N,M e Z such that O<N<M. Let p= (x1,...,x5) € Z". Then Ny(p) denotes the set of indices
{ie[1,n] : x; =N mod M}.

Now notice that 27" can be decomposed into the disjoint sets & := {p € 22" : Card(04(p))’ is ¢}. For example &, = 42"
and & = 27" \ 4Z".

Proposition 12. The set of points of F; encoding the faces of o yy(p) is:

D (p) = Dg(p) \ {p} where D;]r(p) = {p+ Z rjel 1 A€o, iZ}}.
j€04(p)

The subset of points encoding the i-faces of o y;)(p) will be denoted by D};](p).

For example, if p € FN & then DF](p) =@.1f pe FNé&, then Dpj(p) ={p’ € F such that ||[p — p'||c = 2}°

Proof. The following procedure computes the set of points encoding the faces of o = o) (p), for a point p € F; with 04(p) =

(i, ie)

Initialization (¢ = 0): Then p € & and DFj (p) = {p} encodes o plus its faces.

Heredity (¢ € [1,n]): We assume that for any point q € EnNF, with me [0, ¢ — 1], D;)f(q) encodes o plus its faces.

Then the set of faces of o is the set of cells {o;}m covered’ by o and encoded by {qm}m := {p+ A* ek : ke [1,¢] and
A* e {£2}}. Thanks to the induction hypothesis:

D (qm) = {p+)»* et Y At A ef0, iz}}.
re[1,e]\{k}
Therefore, the cell o and its faces are encoded by the points in the set:

(phuUD; (an) = {p+ S agel e o, j:Z}} =D} (p).

jel1.e]

By induction on ¢, for any pFj, Dg(p) encodes o o(p) plus its faces. O

4 Observe that F C 27",

5 Card(S) is the cardinality of the set S.

6 The L*-norm of a vector y = (xq, ..., Xn) is ||Y lloo = MaXicpy ap IXi-
7 A cell o' is covered by a cell 62 if ! is a maximal face of o2.
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Proposition 13. If p encodes an ¢-cell o € Q(I), then the set of points encoding the cells in Q(I) incident to o is:

Ag(p) = Ag(p) \ {p} where Ag(p) = {p+ Z rjel i efo, iz}} NnE.
Jj€24(p)
Besides, the set of points encoding the n-cells incident to o in Q(I) is AQ] (p):=HFn {p + 2 je24(p) Aj el : Aj e {iz}}. In general,
the ¢-cells incident to o in Q(I) are encoded by the points in the set A”FJ (p) := AF] (p) N &.

Proof. Let p € & NF. Each point g =p+ 2 ie24(p) Aj e/, where Aje{0, £2}, lies in &,,, being k the number of non-null
coefficients A;. If g € Fj, then q encodes a (k + ¢)-cell incident to p in F; since p € D, (9. O

Lemma 14. For any p, p’ in 2Z", we have the following equivalences:

PeAi(p) & p=p+ > Ajel, Aje {02}
j€24(p)
s p=p+ Z k;-ej, )\.} e{0,£2} o pe Dg(p/).
Je04(p')
Proof. Only the central equivalence needs to be proved. Assume that p’ = P+ 22, k]-ef, kj. € {0, £2}. Then 04(p’) =
04(p) U{j € 24(p) : A #0}. Define the coefficients )L}, j€04(p’), such that }L} ;=0 when je04(p) and )L} :=—A; when
je24(p) and A;j#0. Then p=p' + 2 je0, () )L}ef. The reasoning is dual for the converse implication. O

Remark 15. Let p,p’,p”,p"’eF] such that p’ eDF](p). Then, (1) if p” eDﬁ(p’), then p” eDFJ(p); (2) if p/, p” eDFJ(p)m
Aﬁ(p/”), with

P'=p+ Y Ael and p"=p+ Y Afel, where 1), A} € {0, +2}
j€04(p) j€04(p)
and if A} #0+# A;’, for some index j e 04(p), then A;. = )\3/.

Proposition 16. If two points p and p’ encoding two n-cells o and o’ of Q(I) are 2n-neighbors, then o and o’ share exactly one
(n—1)-cell.

Proof. Since p, p’ € & are 2n-neighbors then p’ = p+ Ae! for some i e [1,n] and A e{+4)}. Then q = %(p-i— p) e &1 en-
codes the common (n — 1)-face. O

Now we are ready to prove the main result of this subsection.
Proposition 17. If an nD picture I = (Z", ) is DWC then, the associated nD cubical complex Q(I) is wWC.

Proof. We assume that F; is DWC. Let peF; be a point of 2Z" encoding a cell o of Q(I). Then the set of points of 4Z"
encoding the n-cells in Q(I) incident to o is A?j (p). Since F; is DWC, it means, by Proposition 5, that for any two points

k—1

q and ¢’ belonging to AI’}](p), there exists a 2n-path (q = p',p%, ..., pk=1, pk = ¢’) of points in A?j (p) encoding n-cells of

Q(I) incident to o such that, for each i e [1,k — 1], p' € No(p'*1). By Proposition 16, (agq (ph). ... oo (PY)) is a path of

n-cells such that, for any i e [1,k — 1], GQ(,)(pf) and GQ(,)(pi“) share exactly one (n — 1)-face of Q(I). Since this is true for
any pair of n-cells incident to o o)(p), for any p € Fj, then Q(I) is wWC. O

4.2. Critical cells in Q(1)

In this subsection, we define the notion of critical cells of Q(I) that are derived from the notion of critical configurations
given in Section 2 and give a procedure to compute the points in F; that encode them.

Definition 18 (Critical cells). Let I = (Z",F) be an nD picture and Q(I) its associated cubical complex. At each block B e
B(4Z™) such that F;NB is a primary or a secondary critical configuration, let p and p’ be two antagonists in B. Then, the cell
centered at %"/ is defined as a full-critical cell of Q(I), its vertices as critical vertices, and each cell containing at least one
critical vertex will be called critical.

We say that a point p in F; is critical if p encodes a critical cell of Q(I) (see Fig. 3). Procedure 1 computes the set R of
critical points in F: starting from the nD picture I, for each block B € B(4Z") in the domain of the image, it checks if there
exists a couple of antagonists {p, p’} € B such that either ;N B = {p, p’} (primary configuration) or B\ F = {p, p’} (secondary
configuration). Then the intersection of the continuous analogs of the cells encoded by p and p’ is a “pinch” (in the sense
that the boundary of the continuous analog will not be homeomorphic to R*1). This pinch, encoded by p* = %"/, is then
a full-critical cell of Q(I). Consequently, all the vertices of Q(I) contained in Dg(p*) are critical, and all the cells of Q(I)
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Fig. 3. Left: a critical vertex (in red) resulting from a 2D CC in a 2D space. Middle: a “full” critical edge resulting from a 2D CC in a 3D space and its
corresponding critical vertices (in red). Right: a critical vertex (in red) resulting from a 3D CC in a 3D space. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

) - 28 = - P

Fig. 4. Three examples of cone joins.

containing a critical vertex are critical cells. We obtain then that V encodes the critical vertices of Q(I) and R encodes the
critical cells of Q(I). Note that a discussion about the complexity of a similar algorithm, able to verify that an image is DWC,
is discussed in [1]; summarily, the complexity of this algorithm is linear with respect to the number of blocks contained in
the smallest hyperrectangle containing F;, and is particularly fast in small dimensions.

Remark 19. If a point p € & NR, with ¢ € [0, n], then any point p’ € AF](p) is in R. Conversely, if a point p € & \ R, then no
point p’ € DFJ(p) lies in R.

4.3. Computing the simplicial complex Qs(1) over 1

In this subsection we explain how the simplicial complex Qs(I) (which is, in fact, a subdivision of Q(I)) is constructed.

Definition 20. [31] The cone (join) on a simplicial complex K with vertex v, denoted by v*K is the simplicial complex whose
simplices have the form (vy, ..., v, V) (Where (vp,...,v,) is a simplex of K spanned by the set of points {vg, ..., v,}), along
with all faces of such simplices.

Procedure 2: Obtaining the simplicial complex Qs(I).
Input: The point set F.
Output: The simplicial complex Qs(I).
Qs() :={(p) : pe&onf}
for ¢ € [1,n] do
for pec &N do
compute the subcomplex KDF] (p) of Qs(I)formed by the simplices of Qg(I) such that all their vertices lie in
Dy (p);
Qs(D) :=Qs(Dhu (p*KDF] ()
end
end

Some examples of cone joins are depicted in Fig. 4.
The simplicial complex Qg(I) is constructed using Procedure 2 recursively with the cone join operation.

Observe that |Qs(0) (D] =F and [Qs(I)| = |Q(@)|. By construction, any ¢-simplex o e Qs(I), with ¢ € [0, n], can be defined
by an (ordered) list of its vertices (v, ..., V,) satisfying that v; € D}'i (vj) for 0 <i<j<¢. Besides, if o is an n-simplex of Qs(I)
then there always exists a set of points {v; € §NF : i€ [0,n]} such that o = (vg, ..., vy).

Remark 21. Next tips help to construct simplices incident to a given simplex:

« Let v e & with ¢ [0,n—1]. If w=v+ 2el, with ie24(v), then w e &_4. Furthermore, when w belongs to Fj, thenve
Dﬁ} (w). Additionally, when ¢ € [1,n], if z= v+ 2eJ, with je0,(v), then z € Dﬁjf’ v).

Please cite this article as: N. Boutry et al., Weakly well-composed cell complexes over nD pictures, Information Sciences
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« Let vy € & NF with ¢ € [1,n]. Then, there exist subindices 1<ij <--- <i;<n, such that {iy,..., i} = 04(v,). For j de-
creasing from ¢ —1 to 0, define v; := v +Aj+1e’i+1, where A;e{+£2}. Then, og ) (V) = (vo, ..., ve) is an ¢-simplex in
Aggy (V).

< Let £e[1,n], ke [0,n—{], vy p €&y NEand vy € Dg (Vkye). Then, there exist subindices 1 < i, < -+ < iy, <n with
ij€24(vi) and A7 e {£2}, for j e [k+1,k+¢], such that Vi, = Vi + X jepistpne A;fe"j.
For j increasing from k+1 to k+ ¢ — 1, define v; :=v; 4 +)f;.elf. Then, o, (1) (Vi Vire) = (Vks - -+, Ueye) 1S an £-simplex in
Ags () (Vs Viee))-
Example 22. Let us consider I = (Z*, F) such that § = {(0,0,0,0)}. Then Q(I) consists in a 4-size 4-dimensional cube cen-
tered at (0,0,0,0) and Qs(I) is a subdivision of the cube in 4-simplices, all of them incident to vertex v = (0,0,0,0). Let

k=0,¢=3v9=(2,-2,2,-2) e §nF and v3 = (2,0,0,0) € & NF. Then, v3 = v + 2e? — 2¢3 + 2¢*. Define v; := g + 2¢?
and v, := vy + 2% — 2¢3. Then, o, (V0. V3) = (vo, V1, V2, V3) € Qs(]).

Procedure 3: Obtaining a face-connected path in Ags)(l)((w)), for a given vertex v, € & NF, ¢ € [1,n], joining two
different ¢-simplices o = (vg, ..., v,_1, V¢) and o’ = (vp, ..., v,_;, ve) in Qs(I), where v;, v} € & N F for i € [0, ¢ — 1].

Input: 0 = (vp, ..., V,_1. ) and ' = (v, .... v, ;. V) in Qs(I) with v, € & NFand o # o',
Output: A face-connected path in4Y (1)) joining o and o”.

Qs(D
Let j e [0, ¢ — 1] such that v; # 1/;. and for each s e [j+1,¢], vs = v5;
if j =0 then
| o and o’ share exactly the (¢ — 1)-face (vq,...,v,)
else

Vj=Vj1 +refandv; = v + Ve for somer, ' € 04(vj,1)and A, A/ € {£2};
if r # 1’ then

S . r /ot =14, J—107.
vy =Vjq +Ae" + e eDF] (U])O'DFJ (vj),

Let o, (1) (v;’fl) =(vg..... v}L]) obtained using Remark 21;
o= <V6/---v”3'/—1vvjv TR ve) and o' := (v, __.,1;9./_], v;, Vji1, ..., Ve)share the (¢ —1)-face
(Vg,---,U;»/_pUH],---,Ve):

if o and a (resp. o’ and o’) do not share an (¢ — 1)-face then
| repeat the process for o and o (resp. «’ and ¢”)

end

else

r=r"and A # A/Take A* € {+2} and 1" € 04 (Vj;q).7" #T1.17;
V] =i+ rre’ e Déj W)

00,(1) (v;.’) =(Vg..... v}’) obtained using Remark 21;

o= (vg,...,v;’,vjﬂ,...,w);

if o and « (resp. o and o’) do not share an (¢ — 1)-face then
| repeat the process for o and « (resp. @ and ¢”)

end

end
end

An example of Procedure 3 computing a face-connected path in A(Q?(,)( (v¢)), joining two different ¢-simplices o and ¢’
is depicted in Fig. 5.

Proof of Proc 3. Let v, € & N, with ¢ € [1,n]. Let 0 = (v, ..., Ve1.Ve), 0/ = (g, ..., V, .)€ A(Q?(I)(W)) with o #0”.

Let us prove property (P;): “there exists a face-connected path 7 (o, ¢’) in A© ({(v¢)) joining o and ¢’ and whose

Qs
vertices are all in Dg (V).
Initialization (¢ =1): two different 1-simplices o = (vp,v1) and o’ = (v[, v;) are joined by the face-connected path (o,
a’) in AG), (1))
Heredity (¢ € [1,n]): assume that (Py) is true for me [0,¢—1]. Let je [0,¢—1] such that vj;évj. and for any
ielj+1,¢-1], v;=v}. Now, let A, A’ e{£2} and 1,1’ € 04(vj;1) such that v; =vj 4 + Ae" and 1/3. =Vj41 + Ae”. Then, two
cases are possible:

Please cite this article as: N. Boutry et al., Weakly well-composed cell complexes over nD pictures, Information Sciences
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Fig. 5. Let Qs(I) be the simplicial subdivision of a 4-size 2-dimensional cube. Starting from two simplices o = (vg, 1, v2) (in dark blue) and o’ = (vg, v}, 1)

(in

light blue) in Qs(I) sharing a vertex v, € &, we look for a face-connected path joining o and ¢’ in Aé?(”((vz)). Using Procedure 3, we define an

intermediary simplex o = {(vg, V], v;) (in green) since we are in the case r =’. Then we reiterate the procedure on (o, @) and on (e, o’) defining y (in
yellow) and p’ (in orange) to get the path 7 = (o, u, v, i/, 0’) joining o and ¢’ in A2 (,)((u2> ). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

LI d

Vi

Fig. 6. A path in Ag’(, ({v2)) (light gray) induces a path in A&)(,)((Uﬁ) (dark gray).

(1) When r#r, we define 1/;/71 =V +xe + e and deduce vy, .. v;’ , such that oq (v;/q) = (vg,...,v;/f]). We
define then « := (vg,,..,u}’fl, Vi, Vjgq,.... V) and o' := (1/6’,... 1/] 1,11 Vji1..... V). Since @ and o share the face
(vg,...,v;/_1,vj+1,...,w), then 7(a, a'):=(a, a’). By (P;) (j<¢) there exists a face-connected path m(u, y') in

A(Q?(I)((vj)) joining = (vo,...,vj_q,v;) and p' :=(vy,.... v} |, v;). We can rewrite each ith element of 7(u, y')

such that: w(u, n') (i) = (56,4.. ]' 1-Vj), where for each i, ék le & where k belongs to [0, j — 1]. From this path,
we can deduce (see Fig. 6) a face-connected path m(o, o) in A(‘)(l)(( v¢)) joining o and « based on m(y, p'):
Vi, (o, o)) = (&, ..., Ejl 12 VjVjt1. ... V). The reasoning is similar for ¢’ and o', so we can obtain w(a’, o).
Using the concatenation operator A, we obtain that a face-connected path in Al (1)(< v¢)) joining o and o’ is 7 (o,

o)A (o, & )/\TL’(O{ ,o').
(2) When r =1/, between o and « (respectively, « and o’), we can apply (1), from which we deduce 7 (o, o) and 7 (c,
o’)in AY (v¢)), and then a path joining o and ¢’ in AQS(I)((w)) is (o, a)ar(a, o’).

By induction on ¢, we deduce that (P,) is true for any ¢ € [1,n]. O

(1)(

Example 23. Let = (Z* F) and F ={(0,0,0,0)}. Let v3=(2,0,0,0), vg=(2,2,2,2), v;=(2,2,2,0), 1, =(2,2,0,0),

J/
Vo =

=(2,-2,-2,2), v} =(2,-2,0,2) and v, = (2,-2,0,0). Let us apply Procedure 3 to obtain a face-connected path in

A(3),)((v3)) joining o = (vg. V1. v, v3), and o’ = (v, v}, V5, v3).

Take o and o, then j=2, v, =v;+2e? and v, =v;—2e2. We are in case (2): r=2=r" Let v, :=v;-2¢3 =
(2,0,-2,0), v\ :=(2,2,-2,0) and v\, := (2, 2, -2.2). Let oy := <gg,uq,ug,u3>. '
Take o and o, then j =2, v, = v3 +2e? and v}, = v3 — 2€3. Let Vi 1= v3 +2e2 — 2e3 = (2,2, -2.0) = v}, vii := v, oy :
2 1 0-="
(V. v vy, v3) and o == (Vi V) 15, v3) = oy, then o and &y share a 2-face.
Take o and o, then j=1, vy =1, +2e3 and vV, = v, — 23, Let Vil ;= v, + 2 = (2,2,0,2), vill := (2,2,2,2) =1, and
o3 := (v, Vi, v, v3), then o and a5 share a 2-face.
Take a3 and «,, then j=1, vil=v,+2e* and v)=v,—2e3. Let ViV =v, +2e*—2e3=(2,2,-2.2) =vil, a4:
1 0
(v” v”' vy, v3) and o 1= (Vi v” vy, U3) = ofy, then a3 and a4 (resp. o4 and «y) share a 2-face.
4
Take «; and o/, then ]_2, VL =v3-2e3 and v, =v3—2e2 Let VW:=v3—2e3—-2e*=(2,-2,-2,0), V:
2 2 1 0
,—2,-2,2) =1, as := (V), 1V, v, v3) and ol := (v}, V¥, 1),,v3), then a5 and o (resp. o, and o’) share a 2-face.
2,-2,-2,2) =1, L v d o = (v, 0¥ V), vs), th daf . and ¢”) share a 2-f
Take oy and as, then j=1, v\ =1} +2e? and v¥ = v, — 2e2. Let v} := 1 + 2 = (2,0,-2,2), V) := (2,2, -2,2) =1}
and o := (v, V', v, v3), then oy and ag share a 2-face.
Take g and as, then j=1, v} =v} +2e* and v¥ =vi, — 22 Let v§i:=vi, +2e* —2e2 = (2,-2,-2.2) =1, a7 :=
v, L vl v3) and & v, W, 1L, v3) = a5, then g and a7 (resp. a7 and as) share a 2-face.
0 'l" ’2 daof: 0 VY, Uy h d ( d h 2-f;
Finally, the resulting face connected path is (0, a3, 04, 0. 0y, 0. 7. 5. L, 07).
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Proof of Procedure 4. Let 0 = (v}, ..., Vg1, Vkye) and o’ = (v, s Vipeo1» Vkre)s 0 #0’. Let us prove property

Ve
k+1°
(P;) : “there exists a face-connected path (o, ¢’) in Ag‘s)(l)((vk, Vi,¢)) whose vertices are all in A;; )N D;}f (Vk4¢). joining

o and ¢,

Initialization (¢ =2): Observe that o = (Vg Vg1, VUps2) and o' = (U, Vi, . Vgyp) share the 1-face (vy, vpyp). Then
n(o,0') = (o,0).
Heredity (¢ € [3,n]): we assume that (P},) is true for m € [2,¢—1]. We want to prove that (P;) is true. We define

o= (vk,vfgﬂ,...,v}’fl,vj,vjﬂ,...,ukH) and o := (vk,vL’H,...,v}’fl,vg,vjﬂ,...,ka). It follows that o and o’ share an
(¢ — 1)-face. Since je[k+1,k+¢— 1], then j—k < ¢— 1. Then (by (P}Lk)), the (j — k)—simplices W= Vg, V15 - - Vi1, Vj)
and u/z(vk,v;jﬂ ..... v;.’_1,vj) are joined by a face-connected path m(y, g) in A(Q{g‘(;‘))((vk,vj)). By rewriting each
ith element of m(y, p): n(,u,u’)(i):(vk,éliﬂ,.“,éj';l,vj), we deduce the ith element of a new path m(o, «):
(o, o)) = (vk,é,iﬂ,.“,&j'ffl,vj,vjﬂ,...,ka), in Ag«s)(l)((vk,vkﬂ)) joining o and «. We proceed similarly with o’

and o’ to obtain (&, o’) in Ags)(,)((vk, Vy4e)). We obtain the path we were looking for, using the concatenation operator
Ao, o'):=m(o, a)ar(a, o' )ar(a!, o).
By induction on ¢ € [2,n], (P,) is true for any ¢ € [2,n] and k € [0,n—¢]. O
Remark 24. Given vertices v; € & NF and vy, v € A?] (v¢), there exist subindices 1 <i; <---<ig<nand 1 <ipq < <ip <
n, such that {i;,..., ir} =04(ve) and {ipyq, ..., in} = 24(v¢). We have
Up = Uy + Z rjeli and v, = v, + Z Mel,  where Aj, 1 e {£2}.

jele+1,n] jele+1,n]
For j € [0, ¢ — 1], define v := v +Aj+1eij+1, being ;e {+2}. We have v; € Dﬁj(vﬂl), for all j € [0, ¢ —1].

(P1) If vy, v, are 2n-neighbors, then there exists r € [¢ + 1, n] such that A; # A} and A; = )»;., for all j#r. Suppose, without
loss of generality, that r = n. Define v,,_; := %(vn +vp). For j e [¢+1,n-2], define v; :=vj, +Aj+1eii+l. Then o :=
(vo, ..., Vn_1,vn) and o’ := (vg, ..., Vy_1, V) are n-simplices in Aqgy({ve)) sharing a common (n — 1)-face.

(vn)) by Procedure 3.

(P2) Any two n-simplices p and p’ in Qg(I) incident to v, are face-connected in AS;)(,)(

(P3) Any two n-simplices p = (Vo, ..., Ve_1, Vg, Vet -+ Un_1,Un) and p' = (v, ...V, 4, Ve,V q, ..., Vy_q,Vn) are face-
connected in Af(lns)(l) ({ve, vn)):
Let u” :=(vp..... Vo . Ve Vgyts s Vn_1,Vn). By Procedure 3 (resp. by Procedure 4), p and p”” (resp. y”” and ') are
face-connected in
Aghyy (e vn)).

Procedure 4: Obtaining a face-connected path in Ags)(l)((vk, Viye)), With £e[2,n], ke [0,n—£], V4 € &y NE and

(/S Dg (V,¢), joining two different simplices o and ¢’ in Ags)(,)((vk, Vo))

Input: o = (U, Vi1, -+ Vkgp1, Vo) AN 07 = (U, V) - Vi Vi) i0 Qs (D), witho # o
Output: A face-connected path inAgs)(,)((vk, Vy,¢)) joining o and o”.
Let j e [k+1.k+¢—1] such that v; # v} and vs = vg for each s € [j+ 1.k +¢ —1];
if j=k+1 then
| o and o’ sharethe (¢ —1)-face (U, Viya. - Vipoo1s Vire)
else
Vj =Vj;1 + Ae"and v} =Vjy + Ae''for some 1,1’ € 04(vj;q) with r #1'and A, A" e {£2}(by Remark 15);
VI =g+ AT+ Mer
letog, 1y (V. V;-/_l) = (Vi Vg o v;./_l) obtained using Remark 21;
o= (U VY goe oo vgf_l, VjsVjgts s Vige) and @ i= (U, v, ...,vgf_l, Vi Vjgto oo Vi)
if o and o (resp. o’ and o’) do not share an (¢ — 1)-face then
| repeat the process for o and «(resp. «’ and o”)
end
end

Now let us prove the main result in this subsection (depicted in Fig. 7).

Proposition 25. If I is DWC then Qs(I) is wWC.
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Fig. 7. From left to right: an nD picture I = (Z", F); its corresponding simplicial complex Qs(I); two 2-simplices o and o’ of Qs(I) incident to a vertex
v, and a 2n-path 7y, := (19, v}, v2) of points in Ag (v,); the face-connected path of 2-simplices (6@, 0@ ¢(1--) o0+ ¢2-) @) (in light gray,

yellow, orange, red, green, and light gray) in Agz)(,)((w)) computed from 75, using Remark 24. (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)

Proof. Assume that | is DWC. Let ¢e[0,n] and v, e&NE. Let o =(v,..., Vo1, Ve, Vggtseens vp) and o' =
(Vg -+ Vy_1, Ve Vi iq, .-, V) be two different n-simplices of Qs(I) incident to v,. We want to prove property (P):
“there exists a face-connected path in Ag;)(l)((w)) joining o and o’”.

When ¢ = n, then v), = v, and (P) is true by Remark 24.(P2).

Now, when ¢e[0,n—1], since I is DWC, then there exists a 2n-path in Ag(w) denoted 7y, := (19 :=
Vg, vh, .. ™ ym =) joining v, and ). For each pair (v, vit'), where i belongs to [0,m—1], we obtain, using
Remark 24.(P1), the n-simplices ¢ @) and o (+1:7) in A&},)((w)) sharing an (n — 1)-face. Since, by Remark 24.(P3), there
are face-connected paths:

w(o =00, 009) in AT (v, D)),
7 (o@), o) in Ag's)w((w,vg)), forie[1,m—1],

w(o ™D, oM =g’y in AJ, (v, V7)),

(where 7t(a, b) means that there is a face-connected path of n-simplices joining a and b). Then o and ¢’ are face-connected
by a path resulting from the concatenation of the paths described above:

7(0,0") =7(0%,06%)Am(@%, 0 ) A AT (6™ ™) AT (6™, 0 ™),

in Ag;)(l)((w)). Since (P) is true for any pair of n-simplices ¢ and ¢’ in A(Q’;)(,)((w)) and for any v, in Qg(I), then Qg(I) is

wWC. O

5. Combinatorial method to obtain the weak well-composed simplicial complex Pg(I) over an nD picture I

The aim of this section is to compute a wWC simplicial complex Pg(I) over I. For doing this, we first “enlarge” the nD
binary image J = (Z", F), encoding Q(I), around the critical points and compute a new nD binary image L = (Z", F). Then,
we construct the simplicial complex Pg(I) and prove later that Pg(I) is a wWC simplicial complex over I. For the sake of
clarity, the proofs of the results presented in this section are given in an annex at the end of this document.

5.1. Computing the nD binary image L = (Z", F)
In this subsection we give a procedure to obtain the nD binary image L = (Z", F;) that will be used later to compute the
simplicial complex Ps(I).
Notation 26. The set Z" \ 2Z" can be decomposed into the disjoint sets:
Op:={peZ"\ 27" : Card(0,(p)) is ¢},
where ¢ € [0, n — 1]. Then, Z" = (Uicpo,n1&) L (Wiepo,n-1700)-
Definition 27 (S-Block). Let p € 2Z". The S-block S(p) is the set:

S(p):={p+ Y Ajel i rje{0, £}
Jje24(p)
Observe that if pe & then S(p)\ {p} < Llicfo.g ©i and, for any point geS(p), it is satisfied that ||[p —q||e < 1. For

example, if p encodes a 0-cell, then S(p) = {q € Z" : ||p — ql|e < 1}. If p encodes an n-cell, then S(p) = {p}.
The following result establishes that Z" = | |,c570 S(p)-
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Fig. 8. Computing F; from F;, where F; (showed on the left) encodes two 2-cubes sharing a vertex (as in Fig. 1). The blue, red and green points on the
left figure belong, respectively, to &, & and &,. Black points in the middle are critical. The blue, red and green points on the right belong, respectively, to
(& \R)UO)NE, ((¢1\R)UO1)NF and (& NF) UR. Note that each red rectangle, admitting a center called p, encloses the set S(p). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Remark 28. For any point q € Z" the only p € 2Z" such that q e S(p) is:

p=q+ Y pjel, where u;=1if je14(q) or —1if j e 34(q).
Jjela(q)

Procedure 5 is used to compute the nD binary image L = (Z",F), by adding the S-block S(p) to J = (Z". F), for each

Procedure 5: Computing the nD binary image L = (Z", F).

Input: The nD binary image J = (Z", F) encoding Q(I) and the set R of critical points of F.
OQutput: An nD binary image L = (Z", F).

F :=F |/ initial points are preserved;

foreach p ¢ R do

| F :=F US(p) /| we enlarge J around the critical points

end

critical point p (see Fig. 8).
Observe that since p € S(p), initial points are preserved, and, since S(p) NS(q) = ¢ if p#q by Remark 28, then the entire
set S(p) is added to F;.

5.2. The intermediary sets D, (p) and Af, (p) for any peF,

In this subsection, we first define a partition of F; into the sets C, for ¢ € [0, n]. Second, for each point p € C;, we define
the sets Dy, (p) (used to compute Ps(I)) and Ag, (p) (used to prove that Pg(I) is wWC).

In [13-15], in 3D context, C, would encode the ¢-cells of a 3D polyhedral complex over [; Dg (p) would encode the set
of faces of the cell encoded by p; and Af (p) would encode the set of cells incident to p.

Remark 29. The set F; can be decomposed into the disjoint sets:
Cn:=(ExNF)URand C, := ((&, \R)UOy) NF for ¢ € [0,n—1].
Definition 30. For p € F;, define the set D, (p) := D;L(p) \ {p} where:
« If p e Cy then Dg(p) ={p}.
« If pe& \R, for ¢ € [1,n], then p € C, and D;“L(p) = Dg(p);
« If pe&nR, for ¢ € [1,n], then p € C, and

Di(p) :=S(Mu @ \Ru || SEOANE).

reDFj(p)nR
«Ifpe Oy, for ¢ € [1,n—1], then p € C, and Iq eR s.t. peS(q). We have:
DE(p) := (S@ NN (P)Hu(Dg(@ \Ru || SE)NN(p)),

reDF](q)ﬂR
with N+ (p) = {p+2jgoz(p))»jef D Aje {0,4:1}} and MV (p) :=NT(p) \ {p}.
For peCy, €€ [1,n] and j € [0, ¢ — 1], DéL(p) denotes the set D (p) NC;.

Notice that if p € 22" then N'(p) ={q € Z" : ||p—qll = 1}.
The intermediary steps for computing D, (p) are depicted in Fig. 9.

Proposition 31. If p € C; then D, (p) € Llicgo,e-17 Cie
Example 32. Let p € C;, with ¢ € [1, n].
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Fig. 9. From left to right: The set F, from Fig. 8; computation of Dg (p) (blue points) for a (red) point p e & \R; D}L (p) (in red) for a (green) point

p €& NR; D (p) (in blue) for a (red) point p € O;. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

« Suppose p=(0,.¢.,0,2,77¢2) € & \ R. Then Dgz(p) ={(x1,...., %, 2,775 2) 1 x; € {0, £2}}.

+ Suppose p=(0,.¢,0,2,"7¢2) e & NR. We have S(p)={(0,.¢.,0,X,1,...,%n) : X; € {2,2+1}} and DF,(P) \R=
{(x1,...,%,2,7762) 1 x; € {0, £2}} \ R.

Now, if, for example, r=(0,.t,0,2,"¢ 2) ¢ Dy (p)NR, with ¢'<¢, then S(r)nNAN(p)= {0..4,0,1,¢:¢ 1,
Xests - %n) 1 X € (2,24 1}}.

* Suppose p=(0,.%.,0,2,4%2,1,7761) € O, ke [0,€] and ¢<n. We have q=(0,.%.,0,2,¢k 2,217 2) e g, is the
only point such that peS(q). We have S(q) NN+ (p) = {(0, .K.,0, %, 1,...,%, 1,774 1) : x;, € {2,2+1}} and DF](q) \R=
{(X1, ..., %, 2,775 2) © %€ {0, £2}} \ R.

Now, if, for example, r= (0, X. 0,2 kK 2 2 n-k 2)¢ Dg(q) NR, with k' <k, then S(r)nN(p)={(0, X.0,1,kK
L Xpps X, 1,076 1) x e {2,210

Remark 33. Let peF;.
« If pe & \ R then p € C,. A point p’ lies in Dﬁf(p) (for ¢ € [1,n)) iff:
p =p+rel, with A e {£2} and j € 04(p).

« If pe & NR then p e Cp. A point p’ lies in D{}f (p) iff one of the following cases holds for p’ (corresponding to each of
the sets in Definition 30):

p = p+Ael, with A e {+1} and j € 24(p);
p =p+Ael, with A e {+2} and j e 04(p) st. p+Arel €& \R;
p =p+rel, with A e {1} and j € 04(p) st. p+2Xrel €R.

« If pe O, then p e C, and dq € 2Z" s.t. peS(q) (by Remark 28). Therefore, a point p’ lies in Dg*] (p) (for ¢ € [1,n—1]) iff
one of the following cases holds (corresponding to each of the sets in Definition 30):

p =p+rel, with A € {1} and j € 24(p);
p'=q+Arel, with X; e {£2} and j e 04(p) st. g+ rel €& 1\ R
P =p+xel, with A; e {£1}, and j e 04(p) s.t. g+2Xe eR.
Definition 34. Define the set A, (p) := Ag(p) \ {p} for p € C;, where:
« If ¢ = n then A;L(p) = {p}.
« If ¢<nand p € & \ R then A;i (p) = (A;]r(p) \R)u quAﬁ(p)mRS(q).
- If ¢<nand p e O; then Af (p) :=F N {P+ Zjer,mrjel s Ajef(0,+1}}.
The set Ag (p) NCyyq, for pe Ce and ¢ € [0, n — 1], is denoted by A‘;L“ (p).
Example 35. Let pe C, for ¢ € [0,n —1].
 Suppose p=(0,.¢.,0,2,772) € & \ R. Then Ag(p) ={(0,.4.,0,Xp41, ..., Xn):x;€{2, 2£2}}.
Now, if, for example, g = (0, .¢.,0,2,7=¢,2) ¢ Ag (p) NR, with ¢’ > ¢, then S(q) = {(0, L0, Xy, Xn) DX €{2,24 1}}.
« Suppose p = (0,.k.,0,2,¢7k 2,1,17¢ 1) € O, we have A;L(p) =FEn{(0,.5,0,2,5%2,%, 1,1,....%) : x e {1,1£1}}.
Proposition 36. If p € C; for ¢ € [0,n— 1], then Ag (p) < Licfes1.n) Ci and p’ € Ag (p) iff p € Dr, (p).

Remark 37. Let pe C; and p” e D’F‘L (p), where ¢ € [1,n] and k € [0, ¢ — 1]. The expression of a point p’ € Dﬁ;l (p)n Af;[l (0748
can be deduced from Remark 33 and Definition 34:
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Fig. 10. From left to right: the set F;; the corresponding set Cy (in blue); adding (P*KDrL (p)) for each (red) point p € Cy; adding (p*KpFL (p)) for each
(green) point p € C,. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

«If p” € O, then p' e O,y and pe O, or pe &y NR, for some ¢ (this last case only if ¢ =n). In any case, since p’ e
Df{] (p), then p’ = p+Ael, for Ae{+1} and je0,(p). Now, since p’ € Aﬁ[l(p”), je1,(p”). Therefore, p' = p+ Ael for
Le{£1}and je0y(p)Nn1y(p"). .

+ Else p” € & \ R. Since p’ € Dﬁ;l(p), by Remark 33, p’ =z + Ae’ for ze{p, q} (being g the point in 2Z" such that p € S(q)),
Ae{+£1, £2} and je0,(p). Moreover, p’ € Af{l (p"), so, necessarily je0,(p)N24(p").

5.3. Computing the wWC simplicial complex Ps(1) over 1

The aim of this section is to compute a simplicial complex Ps(I) whose vertex set is F; and prove that it is wWC over I.

First, Pg(I) is constructed using the cone join operation as follows.

As in the case of Qs(I), any simplex o €Ps(1) is given by an (ordered) list its vertices (vp, ..., v¢) such that v; € Dg, (v))
for 0<i<j<n. In particular, if o is an n-simplex, then o = (vg,...,vn) where v; € C; for all i e [0,n]. An example of
computation of Pg(I) from F; is given in Fig. 10.

Remark 38. [31] Let K;, K, be simplicial complexes and f:Kl(O) —>I(2(0) a map such that if (vg,...,v) in Ky then
fo), ..., f(vy) are vertices of a simplex of K,. Then f can be extended to a continuous map g: |K;|— |K5|.

Proposition 39. There exists a deformation retraction of |Ps(I)| onto |Qs(I)|.

Proof. The maps f;: |Ps(I)| — |Ps(I)], te [0, 1], are defined as follows:
For any veFy, let f;(v) :=v+t(p—v), where p F; is such that veS(p).
We have that:

« ft(v) =v for any veF; and te[0, 1] (because if veFj then veS(v)).
« Let us see that if o = (vp,...,v;) is a simplex of Pg(I) then f;(vp),..., fi(vy) are vertices of a simplex of Qg(I): Since
o ePg(I), then v; € C, for ¢ € [0, k] and v; € Af, (v;) for 0 <i<j<k. Now, given i e [0, k — 1]:
—If v; €& \ R then f; ) = ;.
— If v; € O; then there exits p; € R such that v; € S(p;). Moreover,
* If k<n then v; € O;NS(p;j) for je[0,k] and p; € RﬂApj(pi).
% If k=n, then v, e AF](p,-) and f;(vp) = V.
Then, fi: F, — F; can be extended to a continuous map fi: |Ps(I)] - |Qs(I)| by Remark 38.
* fo(x) =x and f;(x) €|Qs(D)], for any x € |Ps(I)];
« ft(y) =y, for any y €|Qs(I)| and for any te [0, 1].

Then, F: |Ps(I)| x [0, 1] — |Ps(I)|, given by F(x,t) = f;(x), is a deformation retraction of |Ps(I)| onto |Qs(I)|. O
Proposition 40. Let ¢ € [1,n] and k € [0,n — £].

« For any v, € Cq, there exists an ¢-simplex op ;) (Ve) = (vg, ..., V) such that v; € C; for all i € [0, £].
« For any v, € C, and vy, € A’;L“ (), there exists an ¢-simplex op, ) (g, Vkye) = (Vs -+ -, Vype) Such that v; € C; for all ie
Tk, k + .

Procedure 7 is depicted in Figs. 11 and 12.
Let ¢ € [0,n — 1] and v, € C,. We have the following results.

Remark 41. Any two n-simplices are face-connected in Al(,g()l)((w, Un)).

Proposition 42. Let vy, V), € AQL (v¢) such that v, € & NR and v, € AFJ (vn) for some k € [0, n — 1]. There exist two n-simplices
(one incident to v, and the other incident to v,) in Ap1y({ve)) sharing a common (n — 1)-face.
Proposition 43. Let wy, W), € &n N A;L(W)' If wy and w), are 2n-neighbors, then there exist two n-simplices (one incident to wp

and the other incident to w},) face-connected in AI(,;'()I)((W)).
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Procedure 6: Obtaining the simplicial complex Ps(I).
Input: The point set F.
Output: The simplicial complex Ps(I).
Ps(I) := {(p) : p € Co};
for ¢ € [1,n] do
for peC, do
letKDFL (p) be theset ofsimplices whose vertices liein Df, (p);
Ps(I) :=Ps(D) U (p * Kpp, ()
end
end

% I\[ﬂzy_.@l&. %
k W ;
VY ZINZINIS< |

NNZNZI
- :

V4NN

A

Fig. 11. Computing a face-connected path (using Procedure 7) joining two simplices of Ps(I) which are incident to v4 € C;. Blue points belong to Co, red
points to C; and green ones to C;. In Case A and Case B, we start from o = (v, v;) and o’ = (v, 1) and we deduce directly the face-connected path
7w =(0,0')in A},Slg”(wl)), since o and ¢’ share vy. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 12. Computing a face-connected path (using Procedure 7) joining two simplices of Ps(I) incident to v, € C,. Blue points belong to Cy, red points to C;
and green ones to C. Case A: let o = (v, v1.12) and o/ = (1. v}, 12). Then z = w; = v,. Since i = ', there exists t € 04(v;). Let w{ =, 4+ A”e’, from which
we compute v{, and then vj. We obtain then o = (v, v{,v2) and &’ = (v, v;,v2) which share a 1-face. Since o and o do not share a 1-face, we again
apply the procedure to obtain the face-connected path joining them. Case B: let o = (vo, v1,v2) and o’ = (v;. V;, ;). Then z=w; = v,. Since i#i" and
A#X, we compute wy € Cp. and then v = wy. We deduce a = (v, v;.v;) and o’ = (v, v}, v;). We obtain the face-connected path (o, o, ', ') joining
o and ¢’ in A,‘,gzgl)((vz)). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Finally, the main result of the paper ensures that the simplicial complex Pg(I) previously constructed is always wWC.
This proof is illustrated in Fig. 13.

Theorem 44. The simplicial complex Ps(I) is always wWC.
In Fig. 14 a diagram of the proof of Th. 44 is given. A 4D example is depicted in Fig. 15 (in fact, the projections on the
fourth coordinate t, from t = -2 to t = 6).

6. Complexity

Starting from an nD binary image Iy = (Z", F,;) whose domain is contained in an nD rectangle of My pixels, we scale it
by a factor of 4 to obtain the new image I = (Z", F;) contained in an nD rectangle of M = 4" . M, pixels.

The time complexity of {€:},cfo.n), {Oc}repon—1y and the 04, 24, 0, and 1, operators is 6(n-M). With p € Z", when
0,(p) = [1,n], we obtain ANt (p) by setting all the values A; to {0, +1} in the expression p+ Ajel + ...+ Aqe". The time
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Procedure 7: Computing a face-connected path in A0 ((ve)) for v, € Cy, and ¢ € [1, n], joining two different simplices

o Ps(l)
. ¢
o and o’ in APS(”((w)).
Input: Two different ¢-simplices o = (vp, ..., v_1, ve)and o’ = (vp, ..., V,_;, v¢) in Ps(D)s.t. v;, v} € C;, for all

ie[0,¢—1] and v, € C,.

Output: A face-connected pathin Al(,ﬁz,)((vg)) joining o and o’.

Let j e [0, ¢ — 1] such that v; # U; and for each s € [j + 1, £],vs = v};
if j =0 then

| o and o’ share the (¢ — 1)-simplex{vy, ..., V)
else
Vi1 € S(wy) for some wy € & and r € [0, j + 1];
vj=z+ e and vg. =7 +Me where i, ¢ 02 (Vj;11),A A € {£1, 42} and z.Z' € {vj,, w;}(by Remark 33);
if i # i’ then

if [A| = |)/| then
‘ Vi =244 e+ el e D{; wj)n Dé;l @)

else

(suppose |A| =1 and |A/| = 2)W" , :=w, +2hei + A e’;

j-1
if W;’71 €Cj_q then L =
‘ Vi =wleDp () Dy (V)
else
‘ V i=vig +Aael+ e e DI ) nDl T ()
j T Vi 2 F J R j

end
end
By Proposition 40,there existsv; € Ct, t € [0, j — 2], s.t.o := (g, ..., “9/71’ Vj, Vjiq..... V) andle’ := (vf.. ~-’“}L1'
vj., Vjy1, .. Ve) are ¢-simplices inAp ) ((ve)) sharinga common (¢ — 1)-face;
if o and « (resp. o’ and ¢’) do not share an (¢ — 1)-face then
| repeat the process for o and «(resp. @’ and ¢”)
end

else
31" € 0y(vjyq), i #1, s.t.vg./ =7+ )" e D}L (vjy1)for some 27 € {vj,1, wr} and A" € {£1, £2}(by Remark 33);
By Proposition 40, there existv; € Ct, t € [0, j — 1], such thata := (vj, ..., vg./, Vjiq,..., V) is an ¢-simplex
inAp ) ({ve));
if o and « (resp. o and o') do not share an (¢ — 1)-face then
| repeat the process for o and «(resp. @ and o”)
end
end

end

Y

Y

Fig. 13. From left to right: an nD picture I = (Z", F); its corresponding simplicial complex Ps(I) (blue points belong to Cy, red points to C; and green ones
to Cz), a vertex v and two n-simplices o and o’ of Ps(I) incident to v; looking for a path in A‘(,SZ()”((U)) joining o = (v, v1,12) and o’ = (v, v}, v}): since
v, €& NR and v € & NR then k=k" = 1; since Card(04)(v) is 0 then ¢’ = 0 and there exists only one @ € & NR such that ve S(w); we deduce the path
(00 =0,00 g0 gH 5@ 52+ =g’) joining o and o’. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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Remark 33 |—>| Remark 37| Prop. 40 |<—| Proc. 6 |

¥
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¥

Fig. 15. A primary 4D CC X = {p, p’}, with p=(0,0,0,0) and p’ = (4,4, 4. 4), repaired into a wWC cell complex by the implementation of the method
proposed in the paper.

complexity of At (p) is O(3"-n?). We can compute the values of A+ (p) only for p e [-1,2]" (by periodicity). This way, we
obtain a time complexity of O(3"-n?.4") for computing A't. The same reasoning holds for S and D Let us now estimate
the complexity of Procedure 1. As detailed in [1], detecting CCs in an nD image of M pixels can be done in O(5" M)
and a slight modification of this method will give the coordinates of the center p* of each CC in I. The union of V and
D% (p*) needs at most 3"- M operations, which means a total of O(3"- M2 .5") operations for the first loop of Procedure 1.

Concerning the second loop, we have to check if Dg (@) NV is empty, which means a maximum of 3".M operations for

each q. The time complexity of the second loop is O(3"-M?2). The time complexity of Procedure 1 is then O(15"-M2). Since
Dy, (p) and S(p) are known, the computation of F; and of F; can be done in O(M) each. The time complexity of Cycg ny iS
O(M-n) and the time complexity of Df is O(3" -M?2 427" . M). About the computation of Ps(I) in Procedure 6, for each
¢e[1,n] and peC,, we have a maximum of A(n) simplices in Ps(I), which is less or equal to 22" .M and a maximum
of 3" vertices in D (p). Since we check if the vertices of each simplex of Ps(I) belong to D (p), we proceed to make
at most A(n)-(n+1)-3".n operations. The time complexity of p*KDFL (p) is O(3™-n), and the one of the union with
Pg(I) is O(3™ - A(n)). The time complexity of the computation of Ps(I) is then O(A(n) -3"-n?-M). The time complexity for
computing Ps(I) is then Teomp(Mo, n) = 0(22" - 48" - n? . M3 + 108" - Mp).

In terms of storage, Fj, Fj, and F; are matrices of size M. The sets {€},cjo,ny and {O¢}¢cpo,n-17 need one matrix of size 4"
each. By periodicity, the 04, 24, 0, and 1, operators can be stored as matrices of lists, and then will use an amount of space
not greater than 4" .n. Then, the sets A’ (p) and Dy, (p) can be stored using matrices of 4" lists, which makes an amount
of 4".3".n bytes. The sets V, R, and the elements of the family {C},co oy Will be stored in one matrix of size M each. For
each p, the sets Dg (p) will be stored as matrices of size 3" of elements of n coordinates, which means a total of M-3"-n
bytes at most. Finally, the set Pg(I) uses an amount of memory not greater than .A(n) simplices times a maximal number of
(n+ 1) points made of n coordinates. Then, the final storage cannot be greater than A(n) - (n+ 1) - n. The total amount of
memory needed is then Tor (Mg, n) = 022" - n2 . 4™ . My).

Please cite this article as: N. Boutry et al., Weakly well-composed cell complexes over nD pictures, Information Sciences
(2018), https://doi.org/10.1016/j.ins.2018.06.005



https://doi.org/10.1016/j.ins.2018.06.005

JID: INS [m3Gsc;June 14, 2018;14:45]
18 N. Boutry et al./Information Sciences 000 (2018) 1-22

When the dimension n is a constant, the time complexity and the amount of memory needed to compute Ps(I) are,
respectively, quadratic and linear w.r.t. the number of pixels of I.

(0)
Ps(I)

[0.n — ¢], joining two different simplices o and ¢’ in A{,Q,)((uk, Viere))-

Procedure 8: Computing a face-connected path in Aj 7 ((Vk, Viyp)), for v, € Cppp, Vg € DE (Vkye), €€[2,n] and k €

. B . . ’ ’ / : )
Input: Two different ¢-simplices 6 = (Vy, Vi1, -+ Vpgoo1, Vigedand 0 = (U Uy 10 o Vi 10 Vi) BN APS(I)((vk, Viere))-

Output: A face-connected path in A,(,ﬁzl)((vk, Viye)) joining o and o”.

Let j e [k+ 1,k + ¢ — 1] such that vj;éu} and for each se [j+1,k+¢— 1]Jvs = v;

if j=k+1 then

| o and ¢’ share the (¢ — 1)-simplex(vy, Vg, .- ., Vye)

else

Vit € S(wr) mAiL” (vy) for some r € [0, j+ 1] and w; € &;

vj=z+Ae and vi=7+ N e’where A, A" € {£1,£2}, i,i’ € 24(}) N0,(vj,1) and 2,2’ € {vj;1. wr} (by Remark 37);
if i # i’ then

if [A| = |)/| then

‘ Vi i=z+ el + 0 el

else

‘ (suppose |A| =1 and |A/| =2) v | i=wr+ 22 el el

end

by Proposition 40, there existsv; € C, t € [k+ 1, j — 2], such thato := (v, vj(’H, R U;L], Vi, Vjgts oo Vi)
. o (e .

ande’ = (U, v}/, 4, - -, U}/—]' Ug., Vjiqs... Vgyp)are mAI(,szl)((vk, Viye));

if o and «a (resp. o’ and o') do not share an (¢ — 1)-face then
| repeat the process for o and «(resp. «’ and o”)
end
else
by Remark 37,3i" #i s.tv/ := 2 + A% e D{,'L )N A{;L (v)for some z” € {vj, 1, wy} and 1 e {£1, +2};
if Vi € Ok then
| "€ 0,(vj) N12(w)
else if v, € & \ Rand vj,q € €1 \ R then
| 77 €04(vj1) N24(vy)

else

| 7€ 03(vj11) N24(vy)

end

by Proposition 40, there existsvy € Ct, for t € [k+ 1, j — 1], such thata := (v, v/ ;. ..., v}/, Vigts oo Viere)

isinAL Y (Ve Veyr)):

if o and «a (resp. o and o’) do not share an (¢ — 1)-face then
| repeat the process for o and «(resp. @ and ¢”)

end

end

end

7. Conclusion

The method presented in this paper extends a 3D method presented in [13-15] to any dimension. Starting from an nD
cubical complex Q(I) that is not well-composed, we “topologically repair” it by computing a simplicial complex Pg(I) which is
homotopy equivalent to Q(I) and wWC. In subsequent work, our goal is to prove that Ps(I) is (continuously) well-composed.
One way is to prove that Ps(I) is a subdivision of a cell complex P(I) that generalizes the one computed in [13,14] and that
can be efficiently stored as an nD binary image by storing one point per n-cell, as in the 3D case studied in [15].
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Appendix. Annex: Proofs of the results presented in Section 5

Proof of Proposition 31. If pec & \ R, the assertion is true by Proposition 12. If pe & NR, then peCyp and S(p) \
{p} S Uicpen-170:- If g € Dpj(p), then q € Uicpon-13& and S(@) \ {q} C Uicfo,¢—17O;- Finally, if pe O, £<n, let k € [0, ¢] be
Card(04(p)): If peS(q), then q € & and D, (9) C Uicpo.k-17&i- Besides, S(q) C & U (Uiepk,n—170i) and N(p) C Uicpo,e-170;> SO
5(q) NN(p) C Uiepk1-170;- In the case that k = ¢, one can check that S(q) N N(p) = ¢. Since Dy (@) C Uicpok-17&i> if 1 e Dy (q)
then S(r) C (u,le[[oyk]]&‘) [} (l—lje[[i,n—l]]oj) and then S(r) ﬂN(p) C uje[[k,u,l]]oj. O
Proof of Proposition 36. For each p e, let p’ be a point in Af (p). Let us prove first that p’ e Lieges1,np Ci and that
peDg(p).
Ifpe& \R:

If pe AFJ(p) \R, then p’=p+ 2je2am M el for some Aj€{0, +£2}, not all null, so p" € & (k is the number of coeffi-
cients A;#0). By Lemma 14, p e D,.)(p/). Since p’ ¢ R, D@(p/) = Dg, (p'). Hence p e D, (p').
If p' e quAF]@)mRS(Q), let q=p+Yjea,p A e/ be the point in &, NR such that A% =2 or -2 for specific subset of k

indices in 24(p) and k}f =0 for the rest. The points in S(q) are those with the form P+ 22, )Lj el + Yic2a@ A el
with A;€{0, +1}, so they lie in &, if all the coefficients A; are null (the point q itself) or in O,_;,, with k’ being the
number of non-null coefficients A;. Since 1 <k’ <n—¢—k, we know S(q) C &y U Llicpkren—1) Oi- In the case that p’' =
q € & NR, the point p’ + 20, ()24 (p) f)»j el is p, which is, therefore, a point in D, (p)\Rc Dg (p); if p’ € S(q)\{q}
with q € Apj(p) NR, then p ¢ Dy (q) by Lemma 14, and hence, p € Dy, (@) \ R c Dg (p).

If pe Oy, let q be the point such that peS(q). Let ¢4 :=Card(04(p)), then q € &, and ¢; <¢. Let p’ be a point in A, (D).
Then, p’:p+2j612(p) Ajel, with A;=1 or —1 for a specific subset of k indices in 15(p) (1<k<n-¢) and A;=0
otherwise. For 1 <k <n—¢—1, p' € Oy, that is, p’ € Ujeer1.0-1]Ci- For k=n—¢, p’ € £, where ¢ is Card(04(p’)), which
satisfies that ¢; < ¢/, since some of the odd coordinates in p may have become congruent with 0 mod 4 in p’. Notice that,
in this case, p’ € Af, (), since both p’ and q are points in 2Z" and 04(q) C 04(p’), but then, p’ € R by Remark 19, since qeR.
Hence, p’ € £ NR C Cn. Let us prove now that p € D (p').

cIfl<k<n—-t-1, p' € Oy Let ¢’ be the point such that p’eS(q’). Notice that ¢ € &, .y, for some 0 <k; <n—¢—
1, which is Card(04(p’))\Card(04(p)). If p and p’ lie in the same S-block, that is, ¢ = ¢’ (which happens when k; = 0),
then peS(q’)NN(p’), so p € D (p'). On the other hand, if g#q' then q' € &, .,. with 1<k <k. Since q € &, NR, by
Remark 19, ¢ € &, 4, "R and Jr e D, (q') NR such that peS(r)nN(p’), which is r = q. So p € Dy (p).

If k=n—¢, p’ €& with ¢y <¢'. There are two cases: if ¢/ = ¢;, then p’ = q and since peS(q), p € Dg (p'); if ¢’ > ¢4, then
by Remark 19, p’ € &, NR since p’ € AF](q) and geR. Also, pe N(p’) and there exists a point q’ € Dp](p’) NR such that
peS(q'), which is ¢’ = q. So p € D (p').

Now, let us prove the converse.
If p" € &\ R, then D (p) = Dy, (p') € &\ R, with k<¢ (by Remark 19). If p € Dy, (p'), then p’ AFj(p) \ R C Af, (p)-
If p’ € & NR and p € Dy (p'), we have the following cases:

peS(p)\{p'}, then p=p' + Yic2a(py M el, with Aj€{0, +1}, not all null, so p € O,_y, k being the number of coefficients
Aj#0, ke [1,n—¢]. Then points in Ag, (p) are under the form P+ 2Yjet,(p) Mj el, with #;€{0, +1} not all null. Since
{ie24(p) : 1j#0} =1,(p), we have p' = P+ Yjet, i (=2j) € and hence p’ € A (p).

peDy (P')\R, then p=p' + Zj604(p/))\j el, for some coefficients Aj€{0, £2}, not all null, such that p ¢R. Then pe
&k \ R. k being the number of coefficients A;#0, 1<k<¢. Since p’ € Ap, (p) NR, then S(p’) c Ag (p) and hence, p’ €
A, (p). '

pe |_|TEDF] )nRST) NN(p')). Let r=p' + 2 je0,(p') )\;f e/, with )\; € {0, £2}, not all null, be a point in Dy, (p’) NR, such

that p=p' + 2 je0, () %Aj el + 2je2apy M el, for some coefficients Aj€{0, +£1)}. Hence p € O, . where k and k' are,
respectively, the number of coefficients A}f #0and Aj#0. Thus p’ = p+ Zje]z(p) M el, with nj= —%)\}f for the indices j
such that )Lj #0, and p; = —A; for those j such that A; 0, what means that p’ e Af, (p) (being p € Op_y_y).

If p’ € O, let ¢’ be the point such that p’ €S(q’). We have ¢’ = p’ + Yty () Wi el, with Wi = 1, if je 14(p’) and Wi = -1
if j€34(p’). For a point p € Dg (p), we have the following cases:

« IfpeS(g)NN(p’), then p=p’' + Yie24(p) Aj el, for some coefficients Aj€{0, £1}, not all null. Now, p € O,_, k being the
number of coefficients A;#0. Now, p’ can be expressed as p' =p+ 2jety(p) Mj el with nj=—A; (and p; =0 for the
indices j for which 2; was not defined), so p’ € Af (p).

«Ifpe Dp](q/) \ R, then ¢ ¢ AF](p) (by Lemma 14); or, since p’ €S(q’), ¢’ €R. Hence, ¢ ¢ Apj(p) NR and p'eS(q’), so p’
Ar, (D).

2(p
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«Ifpe UreDF](q/)nR(S(r) AN(P)). Let r=q' + X jco,(q) A5 el, with A e {0, 42}, not all null, such that reR. Then p=p’ +

2 jec0,(p") %)ﬁ; el + Yje2 () A eJ, for some coefficients A; {0, +1}. Then p € O, ,_,, where k and k' are, respectively, the
number of coefficients k}f #0and A;#0. Then p' =p+ 2jely(p) Mi el, with Wj= —%A}f for the indices j such that )\7 #0
and pj = —A; for those j such that A;#0, so p’ € Ag (p) (being pe Oy 4 ). O

Proof of Proposition 40. Let ¢ € [1,n] and k € [0,n — ¢].

Let us see how to construct op ;) (ve). Let wy € &, 1€ [0,¢], s.t. veeS(wy). There exist subindices 1<ij <--- <ir<n
and 1<iq<---<ig<n such that {i,..., ir} =04() and {ir;q,..., i} =24(y). From j=¢-1 to j=r let
Vji=Vjq +Aj1 €, Ajq e {£1}. From j=r—1to j=0, let w; :=wj q + Ajq €', Aj;q € {£2}. Then:

« Ifw; ¢R, let vj:=w;.
* Else, wj = wr + > i1 As els where A} e {+2}, for s e [j+1,1]; let v; == v, + D selj+1.r] Tz els.

Then vj e D}L(vjﬂ) and op,y (Ve) = (vo, - -, V) € Ps(l)(l).
Let us see now how to construct op () (U, Viye)-

- If v, € Oy then there exist subindices 1 <iy,q <+ < iy, < n such that (i1, - e} = 02 (Vg o) N 12(vg) and vy = vy, +
2 jek+1.k+e] ,ujel,-, where Wi e {£1}. From j=k+¢—-1to j=k+1, letv;:=vj 4+ I eli+1,

* If v, € & \ R then there exist subindices 1 <ip g <--- <ip, =n such that {ig 1. ik} = 04 (V) N 24(vy) and
Vk = Viyr + jefir1kre) A€9, where A% e {£2}. From j=k+¢—11to j=k+1, let vj:=vjq + A5, €.

j+1
- Else, v, € & \ R, and there exists unique w; € &, with r € [k, k + ¢], such that v, € S(wy) and subindices 1 <i, ; <--- <
ir=nand 1<ipq < < =n, such that {iy,q, ... 0} = 04 Wy ) N 24(Wg). and {ipyq, ... iy e} = 24Whp) N 24(W).

Then vy = Wr + 3 jc k411 Aje'i where Aj. e {£2}. From j=k+¢—1to j=r, let vj:=vjq + [jq e+ where pe{£1)}.
From j=r—1to j=k+1 letw;:=wjq+27, eli+1. If wj € Cj, let vi:=wj. Else, vj 1= Ur + 3 i1 Thzels.

Then Uj € DIJ:L (Uj+1) N AéL (Uk) and O—PS(I) (Uk, VkJrz) = (Uk, N VkJrg) € PS((ZI)) O

Proof of Procedure 7. Let ¢ € [1,n], v, € C;, 0 = (v, ..., Ve1, V), 0/ = (15, ..., v, 4. V) in Al(,ﬁzl)((w)). Let us prove prop-
erty (P): “there exists a face-connected path 7 (o, ¢’) in AI(,QI)((W)) joining o and o’
Initialization (¢ = 1): two different 1-simplices o = (vp, v1) and o’ = (v, v1) in Ps(I), with v; € C; are joined by the path

(0, 0')i=(0, ¢') in AL (1)),
Heredity (¢ € [2,n])): we assume that (Ppy) is true for m e [1,¢— 1], let us prove that (P,) is true. Let us define
je[0,¢—1] such that vj;év;. and for any ie[j+1.£—-1], v;=v,. Then, we have o = (vp,..., v}, Vjy1..... 1) and

o/ = (ug,...,v},ujﬂ,...,w). Now, vj,1 € S(wy) for some r e [0, j+ 1] and wy € &. Let A, A e{£1, +£2},i,7 € 0,(v;;1) and

2,7 € {vj,1. wr} such that v; =z + Ae' and v} =27 + Me''. Then, the following cases hold:

(1) If i#i, then we define vj.’71 € Dﬁf (v)) mDé;l(v;) and we deduce op (”3'/71) ={vy..... "3'/71> e Ps(I) by
Proposition 40. We then define o := (v]. ..., ”}/71* Vj, Vjp1,..., Vo), and o’ := (g, ..., v}’q, u;., Vi1, ..., V). Then 7 (e,

o'):=(a, ') is a face-connected path in AI(,QI)((U()). By (P;) where j<¢, we know that there exists a path 7 (y, y')
joining u = (vg....,vj_q,v;) and u' = (vg,...,v}’fl,vj) in Al(,gz,)((vj)). From this path, we can deduce a path 7 (o,
(€)

«) in Agzl)((w)) joining o and «. Similarly, we obtain 7 («’,0”') € APS(I)

connected path in A](jﬁzl)((w)) joining o and o”.

(2) When i=1i, we define vgf € Dé(vjﬂ). We deduce op (v;f) = (v, ..., v}/) € Ps(I) by Proposition 40, and define
o= (vg.. ..,v}’, Vji1,..., V¢) joining o and o (respectively joining  and o). We can apply (1) to obtain two face-

({v¢)). By concatenation, we obtain a face-

(v¢)), and then a face connected path in AW ((v,)) joining o and

connected paths 7 (o, «) and 7 (e, ¢’) in A;f Pe(l)

)
, s(l)(
o’.

By induction on ¢, the property (P,) is true for any ¢ € [1,n]. O

Please cite this article as: N. Boutry et al., Weakly well-composed cell complexes over nD pictures, Information Sciences
(2018), https://doi.org/10.1016/].ins.2018.06.005



https://doi.org/10.1016/j.ins.2018.06.005

JID: INS [m3Gsc;June 14, 2018;14:45]
N. Boutry et al./Information Sciences 000 (2018) 1-22 21

Proof of Procedure 8.Llet ¢e[2,n], v,,€C,, and vkeDE(ka). let o= (V,....,V) and o' =

(v, U;<+1 Uk+e 1 Vkse) be two ¢-simplices of AP (,)((vk, Vk4e)). Let us prove property (P,): “there exists a face-connected
path 7(o, ') of ¢-simplices in Ap ) ({Vk, Vi4¢)) joining o and o

Initialization (¢ = 2): The 2-simplices o = (U, V41, Vky2) and o’ = (U, V), ¢, Vis2) share the 1-face (vy, vi,).

Heredity (¢ € [3,n]): we assume that (Py,) is true for m € [2, ¢ — 1], and we want to prove that (P;) is true. By hypoth-
esis, we have the four following ¢-simplices: 0 = (V. Vyyq. ... Vjq, Vs Vjsgs ..o Vpyy)s @ 1= (vk,vL’H,...,v}L],vj,ij,...,
Vkpe)s o = (Ve Vg0 Vi Vi Vit Ukge)s 0 = (U Vg V5 Vs Ve Viye). Then o and o share an
(¢ — 1)-face. Now, since j belongs to [k+1,k+¢—1] then j—k <¢—1. From that, we can deduce by (73]"7,{) that the

(j — k)-simplices: (@ = (Vy, Vi1, -- - vj_1,vj) and p' := (vk,v;{/+1 ..... v;f_l,vj) are joined by a face-connected path 7 (u, y')

in Al(,](,’; ( (Vi v;)). By rewriting each ith element of 7 (y, ') we can deduce the ith element of a new path 7(o, o) in

APS(”((V,{, Vy,¢)) joining o and o. We proceed similarly with o’ and ¢’ to obtain m(e/, ¢’) in Af,ﬁz,)((vk, Viye)). We finally

obtain a face-connected path joining o and ¢’ concatenating the previous paths.
By induction on ¢ € [2,n], (P,) is true for any ¢ € [2,n] and k€ [0,n—¢]. O

Proof of Proposition 42. First, since v, € C;, there exists an ¢-simplex (vp, ..., Vy_1, Ve) in P(I) by Ploposmon 40. Second,
since v, € & NR and vy, € A (Vn), Up € & NR for some k' e [k+1,n] and vp = v; + ¥ jcpesn, KA e'i, where A e {£2} and
{ix, 1 B} € 0g(vp). There exist subindices 1 <iy,; <---<ip<nand 1<iq <--- <iy <n such that {lk/+1,.. in} =
24(vp) and {ig,q,.... i} = 24(vn) N 04(v,). Now, since v, € DFL (n) N Dg, (Vp):

« If v € Op then ve = Vi + ¥ jc o410 ,ujeif where: if £ € [0,k — 1] then pyje{+1} when je [¢+ 1, kUK +1,n] and pu; =
%A}‘. when j e [k+1,K]; if ¢ € [k, k' —1] then p;e{+1} when je [k'+1,n] and u; = %A;‘ when je[e+1,k]; if ¢ €
[k'.n—1] then yje{+1} when j e [¢+1,n].

From j=n—-1to j=¢+1, letv;:=vj, +/Lj+1€if“.

If v, € & then v, ¢ R since ¢ <n. Therefore, ¢ € [0,k — 1] and v, = vy + 2 jefe+1.4] Ajeif where A;e{+2} when je [¢+
1,k]. Additionally, there exist subindices 1<ij<---<ic<n such that {i,..., ie} = 04(ve). For je[¢+1,k—1], let
Wj = VUn+ D sepjstig A els, where A € {£2}. Now, 1fw] € Cj, then v;:=w;. Else v 1= 3 04117 TAzels + 2 sek+1.n] ,use
where pse{£1}. For je [k, K —1], let vj =Y jv1x] Thzels + D sek +1,n] use’s where pse{+1}. For je [k, n],

Vj i= Ysepjs1n) Hs€® where ps e {+1).

Then (vg,...,Vy_1, Ve, Vyy1,s ..., Un_1,Vn) and (Vo, ..., Vy_1, Ve, Ves1s ..., Un_1, Vy) are two n-simplices incident to v, in Pg(I)
sharing a common (n — 1)-face. O

Proof of Proposition 43. Let w,_; := %(wn +w}). Then w;,,_1 € &,_1 N F. We have to consider two cases:
If w,_1 ¢R then w;_; € C;,_y and Dp (W;_1) :DF](wn,l). Following the process given in Remark 24.(P1), one can

compute an (n—1)-simplex @ := (v, ..., Vy_1, V¢, Vys1,--., Vn_2,Wy_1) € Ps(I). Then p is shared by the two n-simplices
0 ={Vo,...,Vy_1,Ve, Vi1, - - - Vn_2, Wp_1, wWn) and o’ = (vp, ..., Vo1, Ve, Vgyts oo Un_2, Wn_1, Wy) in Ap gy ({Ve)).
If w,_1 € R then w,,_; € Cy. Therefore:
- There exist two n-simplices, o (incident to wy) and w := (vg, ..., Vy_1, Ve, Veyq,..., Upn_1, Wy_1) (incident to wy,_1), in
Ap,(1y({ve)) sharing a common (n — 1)-face by Proposition 42.
« There exist two n-simplices, u' := (v, ..., [/ 7 /R V) _{.Wy_1) (incident to w,_;) and o’ (incident to wy), in
Apgry (Ve) sharing a common (n — 1)-face by Proposition 42.
« By Remark 41, there exists a face-connected path of n-simplices (u° =, u!,..., ™1, um = u') in A (,)((vg,wn,1))
joining p and p’.
Finally, the face-connected path joining o (incident to wy) and o’ (incident to w},) in Az(rn()l)(<w>) is (o, ul=pu,..., um =
w.o'). O
Proof of Th 44. Let veF;. We have v € C, for some ¢ € [0, n]. Let us prove property (P): o = (Vg,...,Vp_1,V, Vyiqs---,Un)
and o' = (v, ..., Vy VUV s vy,) are face-connected in Agzzl)((v)). If ¢=n then o and o’ are face-connected in

A<”(,)(( v)) by Procedure 7. Else, £ € [0,n —1]:

» If ve & \R. then each w € A} (v) satisfies that w € &, \ R. Therefore, there exists a 2n-path 7 := (pY := vy, pt, ..., p™ 1,
p"i=v,) in A?L (v) N (&x \ R) joining v, and v},.

« Else, v e O,. Let ¢/ :=Card(04(v)). Then v, € & NR, v, € & NR for some k, k' € [¢/,n] and there exists unique w € £, NR
such that ve S(w). Since v € Dy (v4) N Dy, (v;,) then w e D;]r(vn) ng(U;). Let  := (p0 := vy, p! :=w, p? :=1)).

Now, for i e [1, m]:
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« If pi~1, p! are 2n-neighbors, then by Proposition 43 there exist simplices o ~1-+) (incident to (pi-')) and o =) (incident
to (p')) that are face-connected in AI(,ZEI)((U)).
<If ple Dy, (P))NR or pi-1e A (p') NR then, by Proposition 42, there exist simplices o ~1-+) (incident to (pi~')) and

o =) (incident to (p')) in Ap ¢y ((v)) sharing a common (n — 1)-face.

Finally, let 0©) := ¢ and ¢ ™*) := ¢’. Then, each pair (¢ @), o) for i € [0, m] is face-connected in Ax(;;()l)((”)) by
Remark 41. Since (P) is true for any v in Ps(I) and o, ¢’ in Al(,;'zl)((v)), then Pg(I) is wWC. O
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