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Preamble

The following slides are implicitly dedicated to classical logic.
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Normalization

Problems of Natural Deduction

Proofs hard to find
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Problems of Natural Deduction

Negation is awkward

A. Demaille

Sequent Calculus, Cut Elimination

Some elimination rules used formulas coming out of the blue.
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@ Syntax
o LK — Classical Sequent Calculus
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Syntax
Sequent Calculus LK —C 2quent Calculus
Cut Eliminati

Sequents

Sequent

A sequent is an expression [ = A, where [} A are (finite)
sequences of formulas.

Variants:
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Sequents

A sequent is an expression [ = A, where ', A are (finite)
sequences of formulas.
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Sequents

Sequent

A sequent is an expression [ = A, where [, A are (finite)
sequences of formulas.

Variants:
Sets ', A can be taken as (finite) sets.
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Sequents

A sequent is an expression [ = A, where I, A are (finite)
sequences of formulas.
Variants:

Sets I, A can be taken as (finite) sets.
e Simplifies the structural group
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Sequents

Sequent

A sequent is an expression [ = A, where [} A are (finite)
sequences of formulas.

Variants:
Sets ', A can be taken as (finite) sets.

@ Simplifies the structural group
@ Prevents close examination of. .. the structural
rules

Single Sided Sequents can be forced to be - T
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Sequents

Sequent

A sequent is an expression [ = A, where ', A are (finite)
sequences of formulas.

Variants:

Sets I', A can be taken as (finite) sets.

@ Simplifies the structural group
@ Prevents close examination of. .. the structural
rules

A. Demaille Sequent Calculus, Cut Elimination

Syntax
Sequent Calculus LK — Classical Sequent Calculus
Cut Elimination

Sequents

Sequent

A sequent is an expression [ = A, where [, A are (finite)
sequences of formulas.

Variants:
Sets ', A can be taken as (finite) sets.

o Simplifies the structural group
@ Prevents close examination of. .. the structural
rules

Single Sided Sequents can be forced to be - T
@ Half the number of rules is needed
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Sequents

A sequent is an expression [ = A, where I, A are (finite)
sequences of formulas.

Variants:
Sets I, A can be taken as (finite) sets.
e Simplifies the structural group
@ Prevents close examination of. . .the structural
rules
Single Sided Sequents can be forced to be - T

@ Half the number of rules is needed
@ Not for intuitionistic systems
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Reading a Sequent

Reading a Sequent

M= A
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If all the formulas of I are true,
then one of the formulas of A is true.
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If all the formulas of I are true,

r=A then one of the formulas of A is true.

@ Commas on the left hand side stand for “and”

A. Demaille Sequent Calculus, Cut Elimination

Mr=A

If all the formulas of I are true,
then one of the formulas of A is true.

@ Commas on the left hand side stand for “and”

@ Turnstile, I, stands for

A. Demaille

t

‘implies”
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Sequent Calculus

Some Special Sequents

Reading a Sequent

I'=A Ais true under the hypotheses '

If all the formulas of T are true,
r=A then one of the formulas of A is true.

@ Commas on the left hand side stand for “and”

@ Turnstile, -, stands for “implies”
@ Commas on the right hand side stand for “or"
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Sequent Calculus

Sequent Calculus Sequent Calculus

Some Special Sequents

Some Special Sequents

A Ais true under the hypotheses ' A Ais true under the hypotheses '

FA  Ais true FA  Ais true

I+ I is in contradiction
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Some Special Sequents

I'=A Ais true under the hypotheses '
FA Aistrue
= T isin contradiction

A -A
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@ LK — Classical Sequent Calculus

Syntax

Sequent Calculus LK Classical Sequent Calculus

Cut Eliminati

Some Special Sequents

I'=A Ais true under the hypotheses '
FA Aistrue

M+ I is in contradiction

AF  SA
F contradiction
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Synta

Sequent Calculus LK — Classical Sequent Calculus
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|dentity Group

/ /
W TFAA TAEA

AR A NNV
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Synta> Synta

Sequent Calculus LK — Classical Sequent Calculus Sequent Calculus LK — Classical Sequent Calculus
Cut Elimination Cut Elimination
Identity Group Structural Group
, , M= A Mr=A
W TFAA RA%AC — — FX —— XF
AL A T E AL ut Me7(A) oM FA
Gentzen's Hauptsatz
The cut rule is redundant, i.e., any sequent provable with cuts is
provable without.
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Structural Group Structural Group

r-A A r-A A
- FX —XF - X —XF
M r(A) oM F A M r(A) oM+ A
r-A re-A r-A r-A
- W — W}k - W —— W}k
A A A A [-AA A A

rFA,A,AF MAARA

C CH
[-AA LAFA
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Synta
Sequent Calculus LK — Classical Sequent Calculus
Cut Elimination

Logical Group: Conjunction

Logical Group: Negation

LA A

F-AA

-

M- -AA

-k
r—AFA
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Logical Group: Conjunction

r-AA TFB,A
F-AAB,A

FA

AABEA
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INF
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r-AA TFB,A
[-AAB,A

FA
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Syntax
Sequent Calculus LK — Classical Sequent Calculus
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Logical Group: Conjunction

A A
INF

r-AA rFB,AF ANBEA
A
rN-AAB,A rBrFA

e
AABFA

AF

A. Demaille Sequent Calculus, Cut Elimination




Sequent Calculus

Synta>

LK — Classical Sequent Calculus

Cut Elimination

Sequent Calculus

Logical Group: Conjunction

Synta
LK — Classical Sequent Calculus
Cut Elimination

Logical Group: Conjunction

r-AA THB,A
F-AAB,A

FA

MEAA WP&A%
MM -AAB,A, A

AABF A

MAABEA

LAFA
INF

NBFEA
rA F

A BFA

Ak
AABE A
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Sequent Calculus

Syntax

LK — Classical Sequent Calculus

Cut Elimination

r-AA TFB,A
[-AAB,A

FA

MEAA WF&A%_
MM -AAB,A, A

AABEA

LAFA
INF

AABF A &

NBEA
rA F

MABFA
By %
LAABEA
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Sequent Calculus

Logical Group: Disjunction

Syntax
LK — Classical Sequent Calculus
Cut Elimination

Logical Group: Disjunction

r-AA

By Sy
r-AvB,A
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F-A A

By Y
[FAVB,A

r-B,A

S EY
r-AvB,A
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Sequent Calculus

Synta
LK — Classical Sequent Calculus
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Logical Group: Disjunction

F-AA
— IV
r-AvB,A AFA T,BFA i

V
M-B,A NNAVBEA

—Frv
r-AvB,A
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Syntax
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Logical Group: Disjunction

M-AA
— Vv
[FAVB,A LAFA TBEA

V

reB,A MNAVBEA
—Frv
r-AvB,A
[-AB,A LAFA T,BFA
— v as
[-AVB,A ML, AVBFA, A
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Sequent Calculus

Syntax
LK — Classical Sequent Calculus
Cut Elimination

Logical Group: Disjunction

FEAA
—F v

r-AvB,A LA-A TBEA

Vv

- B,A NNAVBEA

—Frv

FrEAVB,A

r-AB,A AFA T, BFA

— vV vV F
r-AvB,A LAV BEA A
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Logical Group: Implication

r-AA M, BFA

, - =k
A= BFAA
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Logical Group: Implication

r’EAA T BEA
=
rr'A=BFA A
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Synta>
Sequent Calculus
Cut Elimination

Example
Prove AABFAAB

AFA B+-B

— IAF S
ANBF A ANBF B
ANB,AANBFAAB

CF
ANBFAAB
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LK — Classical Sequent Calculus

A B,A
A= B,A

LK — Classical Sequent Calculus

rA
A

F=

Synta
Sequent Calculus LK — Classical Sequent Calculus
Cut Elimination

Example
Prove ANAB+FAAB
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Classical Sequent Calculus
Cut Elimination

Sequent Calculus

Example
Prove AABF AV B
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Example
Prove ANABF AV B

AFA
ANBEFA
— FV
AANBEFAVB
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Synta>
Sequent Calculus LK — Classical Sequent Calculus
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Example
Prove AV BF AV B

AFA BFB
— kv —Frv
A-AVB BFAVEB

V

AVBEFAVEB
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Synta
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Example
Prove AVBF AV B
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Sequent Calculus Classical Sequent Calculus
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Example

Prove the equivalence of the two A rules

Multiplicative Additive
r’FAA TEBA r-AA M-B,A
FAx = A
r-AAB,A NLI'-AAB A A
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Example

Prove the equivalence of the two A rules

Multiplicative
rNFAA THBA

-AAB,A

FAx =

Fr-AA THB,A

F A+
MTHAAB,A A

Fr-AAB,A

A. Demaille

Sequent Calculus

Logical Group: Quantifiers

F-AA

Synta>
LK — Classical Sequent Calculus
Cut Elimination

Additive
rFAA T'FB,A

T FAAB, A A
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[A[t/x] F A
[t/x] L

MEvx-AA

A. Demaille

MVx-AFA

Sequent Calculus, Cut Elimination

- A+

Synta
LK — Classical Sequent Calculus
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Sequent Calculus

Example

Prove the equivalence of the two A rules

Multiplicative Additive
r’FAA TEBA r-AA I'FBA
FAx = F A4
rN-AAB,A IrFEAAB, A A

rN-AA Ie=BA r-A A reB,A
F A+ —_ W} — WF
ITHFAAB A A NI EAA rres,A
HC W ———+W
rr-=AaABA M EAA A rr'eB,A A
E—————— > FAX
r-AAB,A rT'EAAB A A
A. Demaille Sequent Calculus, Cut Elimination 23 /38

Syntax
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Sequent Calculus

Logical Group: Quantifiers

MEAA LAL/X] - A
-V vV
MFVx-A A MVx-AF A
M Alt/x], A LAFA
-3 I+
MF3x-AA Max-AkFA

InF-VYand 3k, x €FV(l, A).
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Single Sided

Synta
Sequent Calculus LK — Classical Sequent Calculus
Cut Elimination

Single Sided

Defining the Negation

@ Alternatively, one can define the negation as a notation
instead of defining it by inference rules.

~(-p) = p
~(AAB) = -AV-B
-~(AvB) = -AAN-B
-(Vx-A) = 3x--A
—(3Ix-A) = ¥x--A
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Synta>
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Single Sided

Defining the Negation

o Alternatively, one can define the negation as a notation
instead of defining it by inference rules.

(-p) = p
~(AAB) = -Av-B
—\(A\/ B) = -AA-B
-(Vx-A) = Ix--A
—(3x-A) = Vx--A

@ Then define the sequents as - T
o le, THFA~EAMA
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Defining the Negation

@ Alternatively, one can define the negation as a notation
instead of defining it by inference rules.

~(-p) = p
~(AAB) = -AV-B
-(AVvB) = -AAN-B
—(Vx-A) = 3Ix--A
—(3x-A) = Vx--A

@ Then define the sequents as - T
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Synta
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Single Sided

The Full Sequent Calculus

i FhA FoALD

Cut
= -AA FT,A
- T - - AA T
X — —cC
- o(r) - AT - AT
- A A - B,A FAA FBA

v rv
FAVB A FAVB A FAAB, A

FAL L EAA
FVx-AA F3x-AA
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@ Cut Elimination

Synta>
Sequent Calculus LK — Classical Sequent Calculus
Cut Elimination

Subformula Property

What can be told from the last rule of a proof?

o If the last rule is a cut,
r’FAA THAFA

L =A A

Cut

nothing can be said!
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Sequent Calculus K Sequent Calculus

Subformula Property

What can be told from the last rule of a proof?

o If the last rule is a cut,
Fr’EAA THAEA

rreEA A

Cut
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Synta
Sequent Calculus LK — Classical Sequent Calculus
Cut Elimination

Subformula Property

What can be told from the last rule of a proof?

o If the last rule is a cut,
r’FAA T AFA

Cut
rreA A
nothing can be said!
@ Otherwise. ..
r’FAA TEBA MAEA
FA — INF
rN-AAB,A NAANBEA
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Subformula Property

Sequent Calculus Sequent Calculus

Cut Elimination

Cut Elimination

What can be told from the last rule of a proof?

o If the last rule is a cut,
FrFAA THAEA

Cut
LI =A A
nothing can be said!
@ Otherwise. ..
rNFAA THBA MNMAEA
FA —INF
rN-AAB,A MMAABEA

premisses can only use subformulas of the conclusion!
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Syntax
LK — Classical Sequent Calculus
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Sequent Calculus

Cut Elimination

Logical Rules

rMAEFA AL
— /N
" AABEF A
Cut
rreA A

F-A A rH%,AF
[-AAB,A

A. Demaille

Sequent Calculus, Cut Elimination

@ replace "complex” cuts by simpler cuts (smaller formulas)
@ until the cut is on the simplest form, the identity

@ where it is not longer needed!
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Syntax
LK — Classical Sequent Calculus
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Sequent Calculus

Cut Elimination

Logical Rules

rMAFA N
— /A
M AABEF A

Cut
rLrEA AN

[EAA rkB,AF
[-AAB,A

>

Fr-AA T AFA
Mr'eA A

Cut
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Cut Elimination

Logical Rules

FAA THB,A I AF A
A — ANk
rN-AAB,A " AABEF A
Cut
F,FII—A,A’
~

FTFAA T AFA
LA A

Cut

For all the connectives.
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Synta>
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Cut Elimination

Removal of a Cut

— Identity :
AFA MAEA

LAFA

Cut

FLAFA
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Sequent Calculus K Classical Sequent Calculus
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Cut Elimination

Removal of a Cut

A. Demaille

—— Identity :
AEA MNAEA

LAFA

Cut

Sequent Calculus, Cut Elimination

Synta
Sequent Calculus LK — Classical Sequent Calculus
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Cut Elimination

Commutations

A. Demaille

BFAA T,CHAA

vk
MBVCFAA M A A
LBVC,TFA A

Cut

Sequent Calculus, Cut Elimination
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Synta
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Cut Elimination

Commutations

IBFAA T,CFAA
V
MBVCFAA M A A
rBVC,TFA A

Cut

FBFAA T AFA CHFAA T AFA
[ B,IM+A N rLC,I AN
BVCIFAA

Cut

V
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Synta>
LK — Classical Sequent Calculus
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Sequent Calculus

Cut Elimination

Structural Rules: Weakening

M[-A

T W

[-AA M AF A
LA A

Cut

A. Demaille

Sequent Calculus, Cut Elimination

Cut
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Synta
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Cut Elimination

Commutations

BFAA T,CFAA
V
MBVCFAA M A A
BVC,TFA A

Cut

BFAA T AFA NCHAA T AFA
WA rLC,I+A A
BVCITFA A

Cut

V

Beware of the duplication!
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Synta
LK — Classical Sequent Calculus
Cut Elimination

Sequent Calculus

Cut Elimination
Structural Rules: Weakening

M-A

SRR v

[-AA AR A
LM -A A

Cut

Nr=A

A
R
rLreA A
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Sequent Calculus LK Cla
Cut Elimi

Sequent Calculus

Cut Elimination

Sequent Calculus sequent Calculus

Cut Elimination

Structural Rules: Contraction

rEAAL
FEAA M AF A
Cut
r,r'l—A,A'
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Synta>
LK — Classical Sequent Calculus
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Sequent Calculus

Cut Elimination

Structural Rules: Contraction

34 /38

Structural Rules: Contraction

FI—A,A,Al_
r=AA M AEFA
Cut
rre=A A
>
FrEAAA THAE A
Cut
rr=AA A rMAEFA

Cut

L r=Aa A A c
rLr=Aa A
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Synta
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Sequent Calculus

Cut Elimination

Structural Rules: Contraction

[FAAA
rFAA r',Al— N Nice!
Cut
rLr=a A
>
Fr-AAA TTAFA
r, F/I—A,A,A’ r/,AI—A'

Cut

[ N A ANA AN .
rreA A

A. Demaille

Sequent Calculus, Cut Elimination

Nr=AA A
Nr=AA rMAEFA Nice!
Cut
rre=A A
but
_ wrong
Fr-AAA THAEA
Cut
rr=AA A M AEFA

Cut

[ N R VA NA AN c
rLre=a
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Sequent Calculus

Cut Elimination

Structural Rules: Contraction

Synta
LK Classical Sequent Calculus
Cut Elimination

Sequent Calculus

Cut Elimination

Structural Rules: Complications with Contractions

Mr=AAA .
Nr=AA rMAEFA Nicel
Cut
rLreA A
but
~ wrong
FrEAAA TTAEA might
Cut loop
Mr=AA A M AFA for
Cut
rLr.rena A, AN ever
C
rre=A A
34 /38
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Synta
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Sequent Calculus

Cut Elimination

Structural Rules: Complications with Contractions

FI—A,A,AF M AAEFA
Mr=AA M AFA
Cut
rre=A A
~
rMAAEFA
r=AAA F',AI—A'C rMAAEFA
ut _
rrEAA AN rMAEFA
Cut
rLr.rreA A, A
rre=A A

Sequent Calculus, Cut Elimination

A. Demaille

[FAAA A AE A
rEAA r',AI—A/
Cut
rr=A A
>

Sequent Calculus, Cut Elimination

A. Demaille

Natural Deduction in Sequent Calculus
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Recommended readings Bibliography |

[1], Chapters 5 & 13 A short (160p.) book addressing all the [ J-Y. Girard, Y. Lafont, and P. Taylor.
concerns of this course, and more (especially Linear Proofs.and Types. _
Logic). Easy and pleasant to read. Now available for E:Lnbrldge University Press, 1989.
free. p:

//www.cs.man.ac.uk/~pt/stable/Proofs+Types.html.
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