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Forewords

Which animal is it?
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Forewords

How many signs are there?
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Forewords

How to be robust to variations of the image contents?
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Forewords

“stable” contours < nice invariants
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Forewords

Key ideas:

@ we have to deal with

@ poor contrast
e illumination changes
o ...

@ shapes matter a lot (colors are sometimes not so important)

@ we want to ensure some strong “invariance” properties

~ mathematical morphology!
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An Insight into Mathematical Morphology (MM)

A Short History of Mathematloal Morphology (MM)

@ Mid 60’s
Invention of MM by Georges Matheron and Jean Serra in CMM, France.

@ From 70’s to 80’s
Extension to sets (binary images) to functions (gray-level images).

@ End of the 80’s
MM on graphs is defined (structurat-etements neighborhood).

@ 1995
Connected operators appear...

@ Beginning 2YK's
First attempts to get MM works on color images.

@ Since then
Adaptive filtering, optimization-related MM, etc.  but remaining very confidential...
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Mathematical Morphology is:

@ a mathematical framework
~+ some common properties are expected

@ alarge toolkit
~» some tools are very simple and powerful

@ a way of thinking...

Main idea
animage f = alandscape where f(x, y) is the elevation at (x, y)
processing an image = modifying the landscape / function f
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An Insight into Mathematical Morphology (MM)

Mathematical Morphology (MM)

This is a landscape:

AN

7,

-t
K

""t( q
so we have paths, mountains, peaks, valleys, flat zones, level lines,
crest lines, passes, catchment basins...
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Mathematical Morphology with structuring elements
About iny
Connect Openlorx and Morphological Trees

An Insight into Mathematical Morphology (MM)

Basic operators

Opening Erosion Dilation Closing

'YB(X) = 65 o EB(X) 6B(X) X 6B(X) ¢B(X) = €B ©O 6B(X)
with B a structuring element / parameter

we have dual operators: dg(X) = Ceg(CX) and ¢g(X) = C~g(CX)
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Mathematical Morphology with structuring elements

An Insight into Mathematical Morphology (MM) About iny

Open ors and Morphological Trees

From sets to functions

From Mathematical Morphology on sets...

...we want to have Mathematical Morphology on functions
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An Insight into Mathematical Morphology (MM) 2l I:Ilorphology oD G Gl

erators and Morphologic

Threshold Decomposition Principle

Given a gray-level image / scalar function f.

Upper threshold set at level A = binary image:

[f>A] = {xeQ f(x) >} € P(Q)

Decomposition:
f = {[f=A]lh
Extension from %t to fn:

{e([F2A]) b —— ()
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Mathematical Morphology with structuring elements
About in
Conr e Open ators and Morphological Trees

Applylng an Operator (the theoretical way)

An Insight into Mathematical Morphology (MM)

f [f>X] [f> 2] [f>As]

16 / IFé

1
" (f) G (F> M) O ([F > A2]) e ([f > As)) e ([f > Ad))

with ¢ = §g in this example.
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An Insight into Mathematical Morphology (MM)

Contrast Change Invariance

With any contrast change g (non-decreasing function):

f gof v [gof> ]
4 .
[f=A]

Ai=9g(\) = gof and f have the same family of threshold sets!
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. cturing elements
An Insight into Mathematical Morphology (MM) ATl ) T

Connected Operators and Morphological Trees

Contrast Change Invariance

o(f) gop(f) = pog(f)
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An Insight into Mathematical Morphology (MM)

Contrast Change Invariance

Applying a morphological operator on these 3 images:

is equivalent (subject to g).

The right-most images are not more difficult to process than the left one!

Contrast does not matter for MM, meaning that:
@ values does not matter but...
@ ...only the ordering of values matters!
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elements

An Insight into Mathematical Morphology (MM)

Connected Operators and Morphological Trees

Contrast Inversion Invariance

If in addition ¢ is self-dual, that is ¢(f) = —p(—f), we have:
poh="hoyp
with any monotonic change h.

Applying a self-dual morphological operator on these 3 images:

is equivalent (subject to h).
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Mathematical Morphology with structuring elements
About invariants
Connected Operators and Morphological Trees

Local lllumination Change Invariance

An Insight into Mathematical Morphology (MM)

Some operators ¢ behave the same way on:

they are invariant by any local illumination change ¢:

pol =Loyp
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An Insight into Mathematical Morphology (MM) elements

Temporary conclusion

About Mathematical Morphology:

@ many tools [...]
@ sound mathematical foundations

so we can understand what we have to do, and we can interpret the results we obtain

@ important invariants for PR + CV

Operators deal with (connected components of) threshold sets:

@ so IP operators can do some PR tasks
@ but MM with structuring elements shift contours -«
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An Insight into Mathematical Morphology (MM) About invariants

An illustration

pnedian ) + self-dual — (v8 + ¢8)/2
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An Insight into Mathematical Morphology (MM)

About invariants

v |§"‘
f -

(pnBIedian ( f)

Pick your favorites...
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. . structuring ts
An Insight into Mathematical Morphology (MM) P CLigoeRel

Connected Operators and Morphological Trees

Morphological dual trees

When thresholding f at level A, we get:

@ anupperlevelset: [f> )] = {xeQ; f(x)> A}
@ alowerlevelset: [f<)A = {xeQ; f(x)<A}

Considering the connected components (CC) of threshold sets:

@ max-tree: T (f) = {T eCC([f>A]) }x
@ min-tree: Trin(f) = { T €CC([f < A]) }x

We have the duality: Tmin(—f) = Tmax(f)
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logy with structuring elements

An Insight into Mathematical Morphology (MM)

rators and Morphological Trees

Morphological dual trees

Example with the max-tree:

A
\
Sl

NN

Fo (= A h
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structuring elements

An Insight into Mathematical Morphology (MM)

ators and Morphological Trees

The morphological tree of shapes (ToS)

Using the cavity-fill-in operator (Sat):

o tree of shapes: S(f) = {Sat(N); I € Tmax(f) U Tmin(f) }
@ it is also the inclusion tree of level lines

@ (¢

f two shapes of f level lines of f

We have the self-duality: &(—f) = &(f)
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. . rphology with structuring elements
An Insight into Mathematical Morphology (MM) "phology with structuring elemen

Connected Operators and Morphological Trees

Invariances

With g strictly increasing:
Tmax(g o f) = 7;nax(f) and Tmin(g o f) = Tmin(f)

With h strictly monotonic:

With ¢ some local illumination changes:
Sl o f) = &(f)
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. . hology with structuring elements
An Insight into Mathematical Morphology (MM) phology with structuring elemen

Connected Operators and Morphological Trees

Advertising

Having a tree structure is great:
@ simple structure
@ easy to browse and do some iterative / recursive computations
@ easy to transform

@ and very versatile

A node represents a component of the image
= we are at Pattern Recognition level!
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An Insight into Mathematical Morphology (MM) EIEE) il ST Sl

Connected Operators and Morphological Trees

Connected Operators

Definition
A morphological operator ¢ is a connected operator iff:

Vi, VXNX', o(f)(x) # o()(x") = f(x) #£ f(x).

A very interesting class of operators:

@ do not create new contours =- do not shift contours
@ not based on structuring elements
@ intuitive, powerfull, and efficient

@ can be implemented as tree filtering
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. . rphology with structuring elements
An Insight into Mathematical Morphology (MM) "phology with structuring elemen

Connected Operators and Morphological Trees

Connected Operators

A well-known family:
@ remember that “MM operating = landscape modifying”
@ tree-pruning ~-» connected operators

e(f) =
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Mathematical Morphology with structuring elements
About invariants
Connected Operators and Morphological Trees

An Insight into Mathematical Morphology (MM)

Connected Operators

Pruning is based on:
@ an increasing attribute A = effect of the filtering
@ and a threshold o« = strength of the filtering
@ nodes n such as A(n) < « are removed

The type of filtering depends of the tree:

0N Trmax(f) on &(f)

[ L =

on Tain(f)

:

openings ~y(,q)(f) grain filters v 4,q,(f) closings ¢(.4,q)(f)
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Mathematical Morphology with structuring elements
About invariants
Connected Operators and Morphological Trees

An Insight into Mathematical Morphology (MM)

lllustrations
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Mathematical Morphology with structuring elements
About invariants
Connected Operators and Morphological Trees

An Insight into Mathematical Morphology (MM)

e

coast and frames
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Mathematical Morphology with structuring elements
About invariants
Connected Operators and Morphological Trees

An Insight into Mathematical Morphology (MM)

lllustrations
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Mathematical Morphology with structuring elements
About invariants
Connected Operators and Morphological Trees

An Insight into Mathematical Morphology (MM)

lllustrations

we apply min( s, o> PBuesica )+
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Mathematical Morphology with structuring elements
About invariants
Connected Operators and Morphological Trees

An Insight into Mathematical Morphology (MM)
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. . Vior| y with structuring el ts
An Insight into Mathematical Morphology (MM) ATy il Sl Gl

D S
Connected Operators and Morphological Trees

A glitch

For morphological operators to work:

getting threshold sets (and trees) means ordering pixel values.

A lot of data are not scalar, but multi-variate data:

@ color images

@ multi-modal medical images

@ multi-spectral and hyper-spectral satellite images
o ..

A major issue is: how to get a sensible ordering for vectors?

Hum... red is greater than green, or is it the contrary?
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. . ology with structuring el ts
An Insight into Mathematical Morphology (MM) plelboviStetingEleney

Connected Operators and Morphological Trees

ToS for multi-variate data

Consider
@ a function having n scalar components: f = (fi, ..., fp)
@ several monotonic transforms ¢; to form: £ = (¢4, ..., ¢p)
@ the marginal composition: £ o f = (¢10f, ..., €nofp)
If we can compute a tree & from multi-variate functions such that:
St o f) = &(f)

we have a “tree of shapes” for multi-variate data.

( raph ut Shapes p computation on G Hole-filled
ToS Th + w reconstruction maxtree of w
87(13|26
55 Tz
@ gg&g gé% ——— [66(81|33) ——
746644
Actually we did it: ToS 75
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. . ct g ele ts
An Insight into Mathematical Morphology (MM) e ructuring elemen

Connected Operators and Morphological Trees

ToS for multi-variate data

f Level lines from &(f)
No ordering of colors is required!
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. . rphology with structuring elements
An Insight into Mathematical Morphology (MM) "phology with structuring elemen

Connected Operators and Morphological Trees

Transition

There are many morphological tools
among them we have trees

so let’s see some applications...

33/54

T. Géraud (EPITA-LRDE) Some Tree-Based Representations in MM (GIPSA-lab, 2018)



Filtering
Some Applications From detection to segmentation

App: Grain filter

1. Compute an increasing attribute A over the tree.
2. Threshold to prune, and reconstruct.

A can be: area, diameter, width and/or height...
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Filtering
Some Applications et ) entation

App: Grain filter

getting the yellowish low-contrasted box is possible, and with very precise contours
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Some Applications

App: Grain filter

Emotional Intelligence

Soul €

Left as an exercise so DIY... (ihis is filtering at PR levell)
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Filtering
Some Applications From detection tc mentation

App: Shaping

When A is not increasing:

Tree !
gonstruction construction

Image u T :
Tree \|
T

Tree ! Tree

filterin ! pruning

| /

Image | Tree /

restitution testitution /

Image
8 Trgc i /
T ) /

it is no more a pruning.
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Filtering
Some Applications From detection to segmentation

App: Shaping

. L]
.'. ‘. t.. '0
’ y ) > L]
- ‘e . . °
. .
o.. ' 4 ". ' °
2 of K % o8 .

Nodes with low circularity are filtered out.
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Filtering
Some Applications From detection to segmentation

App: Object detection

Energy @ Shape @
computatlon o e 0 selectlon o e 0
©®©® @ 0@ @
®EO® 00

v'\%

1. Valuate an energy adpated to the object(s) to detect
2. Retrieve the shape(s) with minimal energy
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Some Applications From detection to segmentation

App: Object detection
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Filtering
Some Applications From detection to segmentation

App: Object picking

Markers
Color ToS Computation (User Input or Automatic)
|
l Tree Node
Markers on Tree Classification Image Classification

&éﬁ“
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Some Applications From detection to segmentation

App: Object picking
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Filtering
Some Applications From detection to segmentation

App: Object picking
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Filtering
Some Applications From detection to segmentation

App: Object picking — classification

3 PCA
components
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Filtering
Some Applications From detection to segmentation

App: Simplification / segmentation

A Energy Iteration 1 Iteration n

1. Sort nodes by increasing meaningfulness
2. Compute AE on the tree
3. For each node

e if removing it makes the energy decrease (AE < 0)
remove it and update the local A energy of its relatives
e otherwise stop
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Filtering
Some Applications From detection to segmentation

App: Simplification / segmentation

based on the cartoon model of the Mumford-Shah functional
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Filtering
Some Applications From detection to segmentation

App: From a direct approach to a hierarchical one

For both filtering and segmenting ~+ we set a strength value

@ we can analyze what happens when this strength is varying

@ we are interesting in the saliency of components
(their persistence w.r.t. this strength)
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Filtering
Some Applications From detection to segmentation

App: From a direct approach to a hierarchical one

lllustration with ToS + contour meaningfulness energy + shaping:
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Filtering
Some Applications From detection to segmentation

App: Saliency map

saliency map original image

there is an underlying hierarchy of segmentations
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Filtering
Some Applications From detection to segmentation

App: Saliency map

saliency map low threshold

there is an underlying hierarchy of segmentations
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Filtering
Some Applications From detection to segmentation

App: Saliency map

saliency map mid threshold

there is an underlying hierarchy of segmentations
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Filtering
Some Applications From detection to segmentation

App: Saliency map

saliency map high threshold

there is an underlying hierarchy of segmentations
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Filtering
Some Applications From detection to segmentation

App: Saliency map

49/54
T. Géraud (EPITA-LRDE)

Representations in MM (GIPS,

2018)



Filtering
Some Applications From detection to segmentation

Conclusion

three ways to represent a landscape with component inclusion

7:na><(f) 6(f) 7:nin(f)

from which we can derive many simple applications
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Filtering
Some Applications From detection to segmentation

Conclusion

Pros:

@ tree = very convenient structure
@ at pattern recognition level
@ important invariants of MM

Cons:
@ sometimes, object contours = only parts of level lines
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Filtering
Some Applications From detection to segmentation

Conclusion

Actually there exist some other morphological hierarchies...

OO [OE|O|@] |C— —®
(OO O IO)] "‘
G| ©|® (£>
©O-O|® (\T) "

(a) o-CC
3-CC

C

A B D 2-CC
I &) 1-cC
J s 0-cCc

(e) Finest partition of flat zones (left) and the associated a-tree (right).

hierarchy of quasi-flat zones
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Filtering
Some Applications From detection to segmentation

Conclusion

Actually there exist some other morphological hierarchies...

Figure 16: Hierarchies of watershed. Top left: original, top right: flooding by dynamics,
bottom left: flooding by area, bottom right: flooding by volume. Hierarchies
are represented through their saliency map.

hierarchy of minima dynamics / watersheds
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Some Applications From detection to segmentation
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Filtering
Some Applications From detection to segmentation

Thanks for your attention; any questions?

A

54/54

T. Géraud (EPITA-LRDE) Some Tree-Based Representations in MM (GIPSA-lab, 2018)



	An Insight into Mathematical Morphology (MM)
	Mathematical Morphology with structuring elements
	Connected Operators and Morphological Trees

	Some Applications
	Filtering
	From detection to segmentation


