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—— Abstract

The Skolem problem is a long-standing open problem in linear dynamical systems: can a linear

recurrence sequence (LRS) ever reach 0 from a given initial configuration? Similarly, the positivity
problem asks whether the LRS stays positive from an initial configuration. Deciding Skolem (or
positivity) has been open for half a century: The best known decidability results are for LRS with
special properties (e.g., low order recurrences). On the other hand, these problems are much easier
for “uninitialized” variants, where the initial configuration is not fixed but can vary arbitrarily:
checking if there is an initial configuration from which the LRS stays positive can be decided by
polynomial time algorithms (Tiwari in 2004, Braverman in 2006).

In this paper, we consider problems that lie between the initialized and uninitialized variant.
More precisely, we ask if 0 (resp. negative numbers) can be avoided from every initial configuration
in a neighborhood of a given initial configuration. This can be considered as a robust variant
of the Skolem (resp. positivity) problem. We show that these problems lie at the frontier of
decidability: if the neighborhood is given as part of the input, then robust Skolem and robust
positivity are Diophantine-hard, i.e., solving either would entail major breakthrough in Diophantine
approximations, as happens for (non-robust) positivity. Interestingly, this is the first Diophantine-
hardness result on a variant of the Skolem problem, to the best of our knowledge. On the other hand,
if one asks whether such a neighborhood exists, then the problems turn out to be decidable in their
full generality, with PSPACE complexity. Our analysis is based on the set of initial configurations
such that positivity holds, which leads to new insights into these difficult problems, and interesting
geometrical interpretations.
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On Robustness for the Skolem and positivity problems

1 Introduction

A linear recurrence relation (LRR) is a relation w4, = Z;:Ol a;-Upg; foralln,k € Nyw > 1,
defined by a tuple of non-negative, rational coefficients (ag,...,a,—1) . Given the first
entries of the recurrence uyg,...ux—1 (called the initial configuration), the LRR uniquely
defines an infinite sequence (u, )nen, called a Linear Recurrence Sequence (LRS). The Skolem
problem asks, given an LRS, i.e., a recurrence relation and an initial configuration, whether
the sequence ever hits 0, i.e. does there exist n € N with u,, = 0. The positivity problem is a
variant where the question asked is whether for all n € N, u,, > 0. Both these problems have
applications in software verification, probabilistic model checking, discrete dynamic systems,
theoretical biology, economics.

While the statements seem simple, the decidability of these problems remains open since
their introduction in the 1930’s. Only partial decidability results are known, e.g., when the
dimension is <5 [29]. For a subclass of LRS called simple, positivity is decidable for order
<10 [23]. On top of the inability to provide an algorithm to decide Skolem or positivity in
the general case, the authors of [24] prove an important hardness result: solving positivity
would entail a major breakthroughs in Diophantine approximations. More precisely, one
would be able to approximate the type of many transcendental numbers t, i.e., how close one
can approximate t with rational numbers with small denominators.

This hardness result contrasts with positive results obtained for relaxations of the problems.
First, the continuous relaxation, where instead of considering discrete steps for the recurrence,
Chonev et al [13] considers a continuous process, and some corresponding questions turn out
to be decidable subject to Schanuel’s Conjecture. Second, instead of considering a fixed initial
configuration, [28, 12] consider every possible configuration as initial, i.e., they ask if there
exists an initial configuration starting from which ensures that all entries of the sequence
remain positive (this is sometimes called the uninitialized positivity problem). Surprisingly
they show that this problem can be decided in PTIME. More recently, this result has been
extended to processes with choices [5].

In this paper, we consider a natural variant that lies between the hard question of fixed
initial configuration [24], and the easy question when the initial configuration is totally
unconstrained [28, 12]. More precisely, we ask whether starting from an initial configuration
in a neighborhood, all entries of the recurrence sequence remain positive (we call this the
robust positivity problem) or away from zero (we call this the robust Skolem problem). An
immediate question that arises is whether the neighborhood is part of the input or not
and it turns out that this has a significant impact on decidability, as we discuss next. Our
motivation to look at these problems comes from their role in capturing a powerful and
natural notion of robustness, where the exact initial configuration cannot be fixed with
arbitrarily high precision (which is often the case with real systems).

Since we need to tackle multiple initial configurations, we reason about the set of initial
configurations from which positivity holds, which is sufficient to answer robustness questions.
For that, we revisit the usual algebraic equations in a more graphical manner, which forms
the crux of our approach. This allows us to reinterpret and generalize the hardness result of
[23], giving our first main contribution: if the neighborhood is given as a fixed ball, then
the problems remain hard: both robust Skolem and robust positivity are Diophantine-hard.
Interestingly, this holds regardless of whether the ball is open or closed.

We then turn to the problems where the ball is not fixed, and ask if there exists a radius
1 > 0 such that 0 or negative numbers can be avoided from every initial configuration in
the ¢ ball around a given initial configuration. Our second main contribution is to show
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that this robust version of the Skolem and positivity problems are both decidable in full
generality, with PSPACE complexities.

Related work. As mentioned earlier, the Skolem problem and its variants have received a
lot of attention. Given the hardness of these problems, e-approximate solutions have been
considered, e.g., in [9, 1] with different definitions of approximations. In comparison with
our work, these are designed towards allowing approximate model checking. More recently
the notion of imprecision in Skolem and related problems was considered in [6, 15]. In [6],
the authors consider rounding functions at every step of the trajectory. In [15], the so called
Pseudo-Skolem problem is defined, where imprecisions up to ¢ are allowed at every step of
the trajectory, which is shown to be decidable in PTIME. These are quite different from
our notion of robustness, which faithfully considers the trajectories generated from a ball
representing e-perturbations around the initial configuration. Lastly, [22] considers real
numbers as input (instead of rational numbers). This allows one to consider the set of initial
configurations for which decidability of Skolem is not known, and show that this set has
Lebesgue measure 0.

2 Preliminaries

Let k be any non-negative integer (which will be used to denote the order of the LRS). Let
¢, d be two vectors of R* that can be seen as one dimensional matrices of R**!. The distance
between c,d is defined as ||c — d|| = y/(c — d)T(c — d), the standard L, distance. In this
paper, we will consider two norms on vectors: the first is the standard Ly norm ||c||. The
second is size(c), denoting the size of its bit representation i.e., number of bits needed to
write down ¢ (for complexity). We use the same notation for scalar constants with size(a)
denoting the number of bits to represent a real/rational constant a. An algebraic number «
is a root of a polynomial p with integer coefficients. It can be represented uniquely [20] by a
4-tuple (p,a,b,r) as the only root of p at distance < r of a + ib, with a,b,r € Q (also see
Appendix 8.1). We define size(a) as the size of the bit representation of (p, a,b,r).

2.1 Linear Recurrence Sequences

We start by defining linear recurrence relations and sequences over rationals.

» Definition 1. A linear recurrence relation (un)nen of order k is specified by a tuple of
coefficients a = (ag, ..., a,—1) € Q. Given an initial configuration ¢ = (co,...,cr—1) € QF,
the LRR uniquely defines a linear recurrence sequence (LRS henceforth), which is the sequence
(un(€))nen, inductively defined as uj(c) =c¢; for j <k —1, and

Kk—1
Untw(C) = Z a;junyj(c) for alln € N
j=0

The companion matriz associated with the LRR/LRS (it does not depend upon the initial
configuration c) is:

0 1 0 0
0 0 1 0
M = :
0 0 O 1
ap aip a2 Ar—1
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51:4 On Robustness for the Skolem and positivity problems

The characteristic polynomial of the LRR/LRS is X" — Z;;Ol a;jX?. The LRS is said to be
simple if every root of the characteristic polynomial has multiplicity one. The size s of the
LRS is the size of its bit representation and is given by s = Z;:é (size(a;) + size(cj)).

Notice that given an initial configuration ¢ € Q", we have that M"c = (uy(c), . .., Unt+r—1(C)).
Reasoning in the x dimensions (y,, ..., uy4+x—1) is a very useful technique that we will use
throughout the paper as it displays the LRR as a linear transformation M.

The characteristic roots of an LRR/LRS are the roots of its characteristic polynomial,
and also the eigenvalues of the companion matrix. Let ~1,...,7, € C be the characteristic
roots of the LRR/LRS. An eigenvalue +; is called dominant if it has maximal modulus
|vi| = max;<, |v;], and residual otherwise. For all j < r, ; is algebraic and size(y;) = s®().
We denote by m; the multiplicity of ;. We have Z;Zl m; = K.

» Proposition 2 (Exponential polynomial solution [16]). Given an initial configuration c, there
exists a unique tuple of coefficients (ay;(c))i<r j<m, such that for alln,

r my—1
un(€) =D | D ey | 47
i=1 \ j=0

The coefficients a;;(c) can be solved for from the initial state ¢ [17]. It is implicit in
the solution that for all 4, j, both «a;; and C% are algebraic with values and norms upper
ij

bounded by 257" A formal proof of this claim can be found in [2, Lemmas 4, 5, 6].

If the LRS is simple, then by definition m; = 1 for all ¢, and u, = Y_,_; a;(c)y*, with
a;(c) linear in ¢, ie a;(Ac + Nc') = dai(c) + N ().
» Example 3. Consider the Linear Recurrence Relation of order 6 with a = (—1,4, —8, 10, —8,4),
ie. Upte = 4Upys — Supta + 10Upt3 — 8Upto + 4Upy1 — un. The roots of the characteristic
polynomial are 1,27 e=270 with § = %, each with multiplicity 2, and all dominant
(they have the same modulus 1). The exponential polynomial solution is of the form
un(c) = z(c)n + 2'(c) + (x(c)n + 2'(c))e??™ + (y(c)n + y'(c))e™ 2™, As u,(c) is real, we
must have that z(c), y(c) are conjugates, as well as 2'(c),y'(c), and thus:

un(c) = z(c)n + 2'(c) + 2(Re(z(c))n + Re(2' (c))) cos(2mnd) 4 2(Im(x(c))n + Im(z'(c))) sin(27n0)

2.2 Skolem and positivity problems

» Definition 4 (Skolem problem). Let (up)nen an LRR and ¢ € Q. The Skolem problem is
to determine if there exists n € N such that u,(c) = 0. The positivity (resp. strict positivity)
problem is to determine if for alln € N, u,(c) >0 (resp. un(c) >0).

In this work, we will be more interested in the complement problem of Skolem: namely,
whether u,(c) # 0 for all n. This is of course equivalent in terms of decidability, but this
formulation is more meaningful in terms of robustness, where we want to robustly avoid 0.

The famous Skolem-Mahler-Lech theorem states that the set {i | u;(c) = 0} is the union
of a finite set F and finitely many arithmetic progressions [27, 18, 8]. These arithmetic
progressions can be computed but the hard part lies in deciding if the set F' is empty:
although we know that there is IV such that for all n > N, n ¢ F, we do not have an effective
bound on this N in general. The Skolem problem has been shown to be decidable for LRS of
order up to 4 [21, 29] and is still open for LRS of higher order. Also, only an NP-hardness
bound is known if the order is unrestricted [10, 3].

For simple LRS, positivity has been shown to be decidable up to order 9 [23]. In [25],
it is proved that positivity for simple LRS is hard for codR, the class of problems whose
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complements are solvable in the existential theory of the reals. A last result, from [24],
shows the difficulty of positivity, linking it to Diophantine approximation: how close one can
approximate a transcendental number with a rational number with small denominator. We
will follow the reasoning from [24]. The Diophantine approxzimation type of a real number x
is defined as:

C

L(:C)zinf{ceR|‘x—£‘< mmeZ}
m

m2’

As mentioned in [24], the Diophantine approximation type of most transcendental numbers
is unknown. Let A = {p+qi € C | p,q € Q\ {0},p* + ¢® = 1}, i.e., the set of points on the
unit circle of C with rational real and imaginary parts, excluding 1, —1,7 and —i. The set A
consists of algebraic numbers of degree 2, none of which are roots of unity [24]. In particular,
writing p + qi = 212" = (—1)2%, we have that § ¢ Q [24]. We denote:

T={0€(-1/2,1/2] | ¥ € A}

As argued in [24], the set T is dense in (—3, 3], and is made only of transcendental
numbers. In general, we don’t have a method to compute L(0) for 6 € T (or approximate it
with arbitrary precision):

» Definition 5. We say that a problem is T -Diophantine hard if its decidability entails that
for all@ € T and e > 0, one can compute a number £ such that |¢ — L(0)] < e.

Remarkably, in [24], it is shown that if one can solve the positivity problem in general,
then one can also approximate L(6). That is,

» Theorem 6. [2/] Positivity for LRS of order 6 is T -Diophantine hard.

3 Robust Skolem and Robust Positivity

Both Skolem and Positivity consider a single initial configuration c. In this article, we
investigate the notion of robustness, that is, whether the property is true in a neighborhood
of ¢, which is important for real systems, where setting ¢ with an arbitrary precision is not
possible. We will consider two variants. The first one fixes the neighborhood as a ball B, of
radius ¢ > 0 around an initial configuration c, while the second one asks for the existence of

an 1 > 0 such that for every initial configuration in By, the respective condition is satisfied.

» Definition 7 (Robustness for Skolem and Positivity). Let (un)nen be a linear recurrence
relation (specified by the coefficient a € QF), and c € Q" an initial configuration.

Given 1 > 0, the robust Skolem (resp. robust positivity) problem is to determine if
for all ¢ with ||’ — c|| < ¢ (open balls), or ||c' — c|| < (closed balls), we have uy,(c’) # 0
(resp. un(c’) >0) for allm € N.

The 3F-robust Skolem (resp. 3-robust positivity) problem is to determine if there exists
¥ > 0 such that for all ||c' — ¢|| < ¥ we have uy,(c’) # 0 (resp. uy(c’) >0) for all n € N.

Notice that we do not consider explicitly the case of closed balls for 3-robust Skolem (resp.
positivity), because there exists an open ball of radius ¥ > 0 for which robust Skolem (resp.
positivity) holds iff there exists a closed ball of radius ¢’ > 0 (e.g. ¢’ = %) for which it holds.

Our main results investigate the decidability and complexity of these problems.

» Theorem 8. Robust Skolem and robust positivity are T -Diophantine hard, even restricted
to recurrence relations of order 6 for open or closed balls of rational radius 1.
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Our first result means that uninitialized positivity really needs the initial configuration
to take a value possibly anywhere in the space rather than in a fixed neighborhood to obtain
decidability via [28, 12]. We remark that Diophantine-hardness is known for the non-robust
variant of positivity [24], but to the best of our knowledge, it was not known for any variant
of the Skolem problem.

Surprisingly, by relaxing the neighborhood to be as small as desired, one obtains decidab-
ility in full generality, as stated by our second main result:

» Theorem 9. I-robust Skolem and I-robust positivity are decidable in PSPACE.

The main difference between our techniques and several past works (except [4] which
is restricted to eigenvalues being roots of unity) is as follows: given an LRR (uy, )nen, our
intuition and proofs hinge on representing the set P of initial configurations d from which
positivity holds. Formally:

P ={d € R¥ | u,(d) >0 for all n € N}.

We may note that the set P is convex. To see this, observe that for d,d’ € P, for all
a,B >0 with a« + 8 =1, we have ad + 8d’ € P as u,(ad + d’) = au,(d) + Su,(d’) >0
for all n. We also remark that a definition similar to P is possible for the set S of initial
configurations from which 0 is avoided. But it turns out that that set is much harder to
represent (e.g., it is not convex in general). Using P surprisingly suffices to deal with robust
Skolem as well.

In Section 4, we provide the geometric intuitions behind our ideas as well as set up the
notations for the proofs of the above theorems. We exploit the geometric intuitions from
Section 4 in Section 5, to prove Theorem 8 and in Section 6, to prove Theorem 9.

4  Geometrical representation of an LRR for Diophantine-hardness

We will show that, as for the non-robust variant, hardness starts at order 6. Hence, in this
section and the next, we will focus on a particular LRR of order k = 6, sufficient for the
proof of hardness, i.e. Theorem 8. In Section 6, we will generalize some of the constructions
explored here to obtain decidability of 3-robust Skolem.

Let 0 € T, ie. e?™ = p + qi € A, with both p, ¢ rational and p? + ¢> = 1. We want to
approximate L(6) (indeed this is the problem that is “Diophantine-hard”). Consider the
Linear Recurrence Relation of order 6 defined by a = (—1,4p + 2, —(4p? + 8p + 3),8p? + 8p +
4, —(4p* + 8p +2),4p + 2). The roots of the characteristic polynomial are 1,e??7? e=27¢
each with multiplicity 2, and all dominant (they have the same modulus 1). Example 3
is a particular case of this a, with p = % = cos(%). However, notice that § = % ¢ T as it
corresponds to ¢ = sin(§) = @ ¢ Q. Now, since u,(c) is a real number for any n and real
initial configuration c, we can write the exponential polynomial solution in the form:

Un (€) = Zdom (€)N—Zdom (€)1 cos(2710) —Ydom (¢)n sin(27n0)+2res (€) —Tres (€) cos(2mn0) —yres (c) sin(27nb)

The coefficients zgom (€), Zdom (€); Ydom (€) and zres(€), Tres(C), Yres(c) are associated with
the initial configuration c of the LRS. In the following, we reason in the basis of vectors
zdﬁ@, Taom , ydT,z , m, m, yT_e; , as the geometrical interpretation is simpler in this basis. We
will eventually get back to the original coordinate vector basis at the end of the process.
From e.g., [17, Section 2], we know that we can transform from one basis to the other using
an invertible Matrix C with C - ¢ = (24om (€); dom (€), Ydom (€); Zres(€), Tres(€), Yres(C))-

Uy

We study the positivity of u, by studying the positivity of v, = “=, for all n > 1. We

n
denote V™ (240m, Tdom, Ydom) = Zdom — Tdom c08(2mn0) — Ydom sin(27nd), which we call
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©0,...,0
Hyperplane Hj

Figure 1 Visual representation of the cone P 9,0)-

the dominant part of v,,, while we denote v (zycs, Tres, Yres) = %(zreS — Tpes cOS(2mn0) —

Yres sin(27nh)), which we call the residual part of v,. The residual part tends towards 0
when n tends towards infinity because of the coefficient %

4.1 High-Level intuition and Geometrical Interpretation

We provide a geometrical interpretation of set P. We cannot characterize it exactly, even
in this particular LRR of order x = 6 (else we could decide positivity for this case which is
known to be Diophantine hard). To describe P, we define its “section” over (Zdom, Zdom Ydom )

giVen (Zresa Tres yTES):
P(Z'r‘cs»wres7yrﬁs) = {(Zdoma Tdom » ydom) | Un (Zdoma LTdoms Ydom s Zress Lres yTES) > 0 for all n}

It suffices to characterize P, z....y...) for all (2 cs, Tres, Yres) in order to characterize P,

as P = {(Zdomvxdoma Ydom Zre&xre&yres) | (zdoma zdormydom) € P(z7.es7wres,yms)}- Among
these sets, one is particularly interesting: P 0,0), as it is the set of tuples (24om, Tdom, Ydom)
such that v2°™(240m, Tdom, Ydom) > 0 for all n € N. Our reason for focussing on this
representation of P is three-fold. First, unlike P, the set P(g0,0) can be characterized exactly,
as a cone depicted in Figure 1 (this will be formally shown in Lemma 10 below). Second,
the set P(. .. z,...y.) 18 in 3 dimensions that we can represent more intuitively than a
6 dimensional set. Last but not least, we can show that P, . .. ..y € Py, for all
(Zress Tres, Yres) (Lemma 12).
On the other hand, we also consider a related set in 6 dimensions:

Pdom = {(Zdoma Tdom s Ydom s Zres; Lres, yres) | V’I”L, vgom(zdom7 Tdom» ydom)> Z 0}7

We note that P ,0) is the projection of Pyom over the 3 dimensions (Zdgom, Tdom s Ydom ) Also,
characterizing P9 o,0) is sufficient to characterize Piom as (Zdom, Ldom, Ydom, Zres, Lres, Yres) €
Piom iff (zdomaxdomaydom) € P(O,O,O)- As P(zms,a:ms,yms) c P(O,O.,O) for all (Z'r‘emxresvyres)a
we have P C Pyom.

We are now ready to represent P . . .. .4,..) given some value (Zress Tres, Yres ). We can
Zrenrressyres) 111 terms of half spaces: Pz, . 2., ype) = ﬂi:l HY (Zres) Tres, Yres)
with H,:;(Zres, Tres, y'r'es) = {(Zdoma Tdom s ydom) | Um(zdoma Tdom s Ydom s Zress Lres; yres)) > O}
The half space H,!,(2res, Tres, Yres) is delimited by hyperplane

interpret P

H,, (ZT'637 Tressy yTes) = {(Zdoma Tdom s ydom) | Um(zdoma Tdom s Ydom s Zres; Lres; yres)) = O}

which is a vector space (cos(2rm#) and sin(27m#@) are constant when m is fixed).

51:7
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Hi(ZresXressYres)

\‘\\ \\‘P\(%res,krés,yr‘é\s‘)\\ T
N AN ©0,..., 0)
Hyperplane Hj

HZ(Zrelereslyres)

Holz

reslxresfyres) n Tl

10,00

Ho

Figure 2 Sections of Py,0) (in black) and P ., 2. .y...) (in dashed red), carved out by
hyperplanes (H;) (in black) and (H;(2res, Tres, Yres)) (in red) respectively.

Consider the case of (2yes, Tres, Yres) = (0,0,0). We denote H;}, = H,(0,0,0) and

H,, = H,,(0,0,0) for all m. For instance, Hy = {(Zdom; Tdoms Ydom) | Zdom = Tdom}, as

d —
Uoom(zdom7 Tdom ydom) = Zdom — Tdom-

Let Mo, be the matrix associated with LRS (v3°™),,cn. We have H,, = Mo Hyn1 =
M3,
which allows to characterize H,,, as the hyperplane which is the rotation of Hy of angle 2mmf
around z4om. That is, the cone shape for P g )is obtained by cutting away chunk of the

3D space delimited by hyperplanes (H,,), the rotation 2n76 being dense in [—, 7].

Hy. We characterize My, in Lemma 11 as a rotation around z4,,, of angle —276,

Coming back to some value (zyes, Tres, Yres 0,0,0), we have that the hyperplane
g bl bl y b b b yp p
H,,(2res, Tres, Yres) is parallel to the hyperplane H,, (which is tangent to the cone P 0)),
because for H,, of the form ©z4om +VZdom +WYdom = 0, we have H,,(2res, Tres, Yres) 1S defined
y b b b y
resTZres COS 0)+Yres si 0

by {(Zdom7 Tdom ydom) | UZdom TV dom T WYdom = 0}7 for C' = Zreatd CO§(27TT; )ty sin(2mnf)
a constant as n is fixed.

Thus, with this idea in mind, we can visualize P, _ .. 4...) as depicted in Figure 2,
using Pg,0,0) and the hyperplanes H, (2res, Tres, Yres) parallel to Hy,, with an explicit bound
on the distance from H,,(2res, Tres, Yres) t0 Hyp, which further tends towards 0 as n tends
towards infinity. Next, we formalize the above intuition/picture into lemmas.

4.2 Characterization of P ) and representing P .. ... ..

We now formalize some of the ideas in the above subsection. First, we start with Lemma 10
which shows that Pg,0,0) describes a cone, as displayed on Figure 1.

» Lemma 10. P(O,O,O) = {(Zdomaxdomzydom) | Zdom = V mgom + ygom}'

Proof. We have cos(2mn#)? +sin(27n60)? = 1 and cos(27n#) is dense in [—~1,1] as § ¢ Q. De-
note X = cos(2mn#), and study the function f(X) = ZgomX + Ydom V1 — X2. Its derivative

is f{(X) = Tdom — A= % We have f'(X) = 0 iff X = X = %~ This gives

2 2
a maximum for f(Xg) = % = /a3, + Y3om- Thus, for all (Zgom, Tdom, Ydom) With
\% 'Ldo7n+ydo7n
2 2
Zdom = \/ Thom T Yioms We have zgom > max(f(X)) and Un((zdoma Ldoms Ydoms Zres; Lress yres) >
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Zdom — f(X) > 0 for all n. On the other hand, if zgom < \/2%,,, + Y32,m. then there ex-
ists n such that f(cos(27n#)) is arbitrarily close to max f(X) > z4om, and in particular

Un = Zdom — f(cos(2mnh)) < 0. <

We show in Appendix 8.2 the following lemma which states the linear function Mg,

associated with the LRR (v4°™),,cy is actually a rotation of angle —276.

51:9

» Lemma 11. My, (Zdom, Zdoms Ydom) = (Zdoms Tdom €0S(270)+Ydom Sin(2760), Ydom cos(2m)—

Zdom SIN(270)), that is Mo is a rotation around azis 7 of angle —270.
Finally, the following lemma implies that P C Pyop,.
» Lemma 12. For all zrcs, Tres; Yres, we have P, oy )y € Po,0,0)-

Proof. We use the following simple but important observation. Let (u,),en be an LRS
where all roots have modulus 1, i.e., each root is of the form v = ¢'?, with distinct values of
0. Let u; be the jt" element of the LRS, with j € N. Then for all , N, there exists n > N

with |u, —u;| < e. That is, for each value visited, the LRS will visit arbitrarily close values

dom
n -

an infinite number of times. This is the case in particular of v

Now, assume for contradiction that there is a configuration (Zdom, Tdom, Ydom) 0 Piz,.. e yres) \

P0,0,0)- Since (2dom, Tdoms Ydom) & Po,0,0), there exists m with VI (2 00ms Tdoms Ydom) < 0.
dom
We let ¢ = [om (Zd‘”"’;d“m’yd‘”")‘ and N such that for all n > N, |[v]¢*| < e (because it

converges towards 0 when n tends towards infinity). From the above observation, we obtain

d d .
an n > N such that [v5°™ (Zdom s Tdom, Ydom) — V5" (Zdom s Tdoms Ydom )| < €. Thus:

dom res
Un (Zdoma Ldom s Ydom s Zress Lres, yres) < Uy, (Zdom; Tdom ydom) + (%% (Zresa Tres yres)

d
< 'Unfm(zdom; mdomvydom) +e+e¢ <0

A contradiction with (Zres, Tdom, Ydom) € Plzres mresyres)- <

5 Proof of Theorem 8

5.1 Intuition for hardness of (robust) positivity

Consider a vector d = (Zdom, Tdoms Ydom, Zress Tres, Yres) on the surface of Pyyy,, that is,
(Zdom s Tdom Ydom) € P0,0,0)- Consider the subset of P ) which consists of points whose
first coordinate z4,y, is the same as that of d. For all n, let e,, be the point of this section
where hyperplane H, is tangent to P ). Let 7 be the angle made between the center b of
the section, eg and d. Hence, eq is at angle 0 and e,, at angle 2mnf mod 27w. We depict this
pictorially in Figure 3.

We have that u,(d) > 0 for all n iff d is in the intersection of all half spaces defined by
H;i(zres, Tres, Yres)- As 2rnf mod 2 is dense in [0, 27), for all 8 > 0, there is a n such that
e, is at angle «,, € [T — 8,7 + 3], hence H,, will be e-close to d. To know whether d is in
the half space defined by H,,(2res, Tres; Yres), We need to compare the distance & between
H,, and d, with the value of n. If the value of n is too large, then the distance between

H, (Zres, Tres, Yres) and H,, is smaller than e, and d is in the half space H," (zres, Tres, Yres)-

In other words, for (u,(d))nen not to be positive, n needs to be both small enough and
such that 27nf mod 27 is close to 7. This is similar to L(#) being small, as shown in Lemma
13.

Now, for robust positivity (Theorem 8), we consider a ball B entirely in Py, tangent to
the surface of Py, only on point d. The ball will be positive iff the curvature of the ball is
steeper than the curvature from hyperplanes H,, (zyes, Tres, Yres)nen around d, as shown in
Lemma 14. This will correspond again to computing L(6), thus showing hardness.
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Hiolz

resrXresrYres

0,..., 0)
Hyperplane Hy

Ho(ZresXres Vres)

Figure 3 Representation of a section of P 9,0y, with hyperplanes Ho, H1o being represented.

5.2 Formalizing the proof for closed balls and robust positivity

In this section, we formalize the intuition given above, in the case of a closed ball and for
robust positivity. We will extend this to the full proof of Theorem 8 in the next subsection.

We start by picking L() = inf(c € R | [ — £] < 5 k,n € N\ {0}), ie., L(0) =
inf(c € R | |2mn6 — 27k| < 2%¢ k,n € N\ {0}). Denoting LT (#) = inf(c € R | 2nf
mod 27 < 2Z¢ p € N) and L™ (0) = inf(c € R | | — 2mnf mod 27| < 22¢ n € N), we get
L(#) = min(L*(0), L~ (9)).

We show how to e-approximate L™ (6) in the following, using an oracle for robust positivity,
following ideas in [24]. To compute some ¢ that is e-close to L () for a given ¢ > 0, we
perform a binary search on £. An old observation of Dirichlet shows that every real number
has Diophantine approximation type at most 1. Further, L(6) > 0 by definition. So, for the
binary search, we start with a lower bound /,,;, = 0 and an upper bound /,,,, = 1. For
(= fmindlnes e want to know if £ > L+ (0) — e (and then we set £, = {) or whether
¢ < LT(0) + ¢ (and then we set £p,q, := ¢). Approximating L~ () is done in a symmetric
way, and L(#) can be approximated accordingly.

For an interval I of N, we denote L} (#) = inf(c € R | 2anf mod 27 < 2%¢ n € I). For
instance, we have Ly (§) = LT (0). We will denote > ny for the interval I = {n1+1,n1+2,...}.

Let ¢ > 0 and ¢ be a guess to check against L*(6). Consider the closed ball Bf;) of
radius v/2¢, centered at ¢ = (2 + 1,2 —,0,0,0, 27¢), with 1) < % and ¢ < mf. Notice that
d = (2,2,0,0,0,27¢) € B, on its surface, as ||c — d|| = v/2t. The ball Bf;) is entirely in
Piom (see Lemma 20 in Appendix 8.3, which is not necessary for the rest of the proofs, it
is a sanity check because of Lemma 12). Further, the surface of the ball is tangent to the
surface of Py, in d as 22 = 4 = (2 +0)? satisfies the equation of Lemma 10. In other words,
this the only point where the ball Bf; intersects the surface of Pyop,.

We first explain the relationship between the positivity of (u,(d)) and L(6), which is the
crux of the proof of Theorem 6 by [24].

» Lemma 13. There is a computable ny > 0 such that for all ng > ny, we have (ty(d))n>n,
positive implies LL,, (0) > € — ¢ and (un(d))nsn, not positive implies LT, (0) < £+ e.

Proof. Let o, = 2mnf mod 27 > 0. Considering the Taylor development for «,, > 0 close
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to 0 of (1—cos(ay)) and sin(ay,), we get u,(d) = 202 — 2% 4 f(q,,), with f(a,) = O(a3).

s 2mlay, flan o 270
We have u,(d) < 0 iff 252= js larger than o, (1 + %), that is iff a,, < W

There exists a value oy > 0 such that «, < oy implies 1 — % < ﬁan)) <1l+ %. That
ap

(
is, if u,(d) <0 and v, < g, then L1 () < ¢ +e. Let ng = L#ﬁa(ﬂj +1. As |sin(o)| <1,
if a, > a, then for all n > ng, u,(d) > 2(1 — cos(ag)) — 27761_%5@(%) = 0 is positive. We
define n; = max(ng, L%{:E)J +1).
That is, if u,(d) < 0 with n > nq, then n > ng and a,, < ag, and thus LT, (0) < € +e.
Otherwise, for all n > nj, we have u,(d) is positive and 27nf mod 27 > £ — . Thus we
have L, (6) > ¢ —e. <

The ball be is chosen to have the following crucial Lemma to approximate L (6):

» Lemma 14. If L1 (0) > £+ ¢, there exists an explicitly computable v such that u,(d’) > 0
for alln > ny and all d' € B, for the ny from Lemma 13.

The proof of Lemma 14 uses Lemmas 10, 11 and the description of H,,(2res, Tres, Yres) as
parallel and at a bounded distance to H,,.

Proof. Let e = (2+ Y + 20,,,,2 — ¥ + &)1 Ydoms Zres, Tres, 2T + Yhes) € Bf;), and use the
same notation A1, Ay, A3 as in the proof of Lemma 20. We write A3 = cos(f), and we get
Thyom = V2cos(B) A2 A9 and ), = V2sin(B) A2 A1)

Consider the Circle Cyom, section of Pg .0y OvVer Zaom,Ydom fOr zdom = 2+ + Zom- 1t s
of diameter 24142/ ... Let o the angle (bd’, be) with b = (2+¢+2),,.,0,0, zpcs, Tyes, 2L+

yrles) alld dl (2 w Z’I 72 ’L/} ZI 707z7esvx16872;1€ y'r’les)'
dom dom
2—(1—\/72COSB|>\2|>\1)¢. H( 1nce

Consider r the distance between b and e. We have cos(a) =
x> 2—1 > 1. We also have sina = w < 1. Thus « is small wrt 1, and
r = 22(=V2c0s Ba| M)y _ (14 0(a2))(2 = (1 — V2 cos Bl Az|A)).

cos(a)
We want to know whether e is in P, ., z,., 2501y ). It is not the case iff there exists an
half space H, (2yes, Tres, 2T +Ylos) such that € & H," (2,cs, Tres, 2 +1,..s). Take n with nf

mod 27 < a. As L1(0) > ¢ + ¢, we have n > w > 27”[. That is, the remainder for this

Hn(zresixreslyres)

Figure 4 Representation of B in the section over Zgom,Ydom at height £ = 2+ + 20, over Zaom.
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« is bounded by CAVERISY 2”4 sina < a(sina+ v 7 - 2/\ 1). The diameter of the Cy,yy, circle
is2+v¢+2,,, By Lemma 10 and the description of H, (Zres, Tres, Yres) as parallel to H,,,
characterized by Lemma 11, and at a distance from H,, which we can effectively bound for

/o __ 2
all n € N, we obtain that if r is smaller than 2 + ¢ £ v/2y/1 — \2\1¢ — a(sina + %),
then e is in P, ., o, 2¢04y..)-

. : \/2—2X2
That is, we want 2+ ++1/2/1 — A2\1¢ —a(sin a+¢T)7T = (2421 — A2\ —
o ox2
V2cos B|A2| A1) —a zﬂ?/\l))—l—(’)(az) > 0. Now remark that [v/24/1 — A3\194+v/2 cos B| Az |\ |
A1 (/24 2cos? 3). And also [A1 (/2 + 2cos? 3) + a%ﬂ < \/2 +2cos? 4+ azg, ap-

plying twice the same reasoning as in the proof of Lemma 15.
We now prove that we have (1 — cos? 3) = ¢ sin? B dominates any O(a?) for 1 small,
i.e., we prove that for any f = O(a?), we have e f26 tends to 0 as ¢ tends to 0. In

particular, for all ¢ small enough, the fraction is below 1, i.e., (sin®? 8)y > f. We have
2 .2 .2
(sin? B)yp > T~ SIZ (@) > sin (O‘) as r € [1,3]. This indeed dominates any function O(a?), as

¢ is bounded in [ %, ] In particular, sin® 8 > a?3 w ;) for ¢ small enough.

sin o 20

Now, we write \/2+QCOS2ﬂ+Oz2w = 2\/1 51112[3 a%ﬁe) < 2(1 — 1(sin® B —

404221%)) using the Taylor development of /1 — 7, and the fact that (sin? 8 — az%) >0
because t) is small enough. Thus, we obtain ¢(2—2(1—1(sin? 8))+0(a?) = %(Sin2 B)+0(a?),
which is positive for ¢ small enough, and e is in P, +,.. 2504y, )-

Notice that the function in O(a?) is well defined and well known, and thus ¥ small

enough can be effectively computed. |

Let us explain why these two Lemmas suffice, provided that we have an oracle for 1-robust
positivity, to answer either LT (0) < £+ ¢ or L*(0) > £ — ¢, which proves Theorem 8 for
robust positivity and closed balls. Intuitively, if the ball Bf;} is positive, then in particular
(un(d)) is positive since d € Bf}, and we have LT, (0) > ¢ — & by Lemma 13. Otherwise, the
ball is not positive and Lemma 14 shows that LT () < ¢ + ¢, granted that the radius of the
ball is small enough.

Proof of Theorem 8 for robust positivity and closed balls. Let ¢ > 0. Assume that an ¢
has been fixed, such that we want to know either LT () < £+ or L*(0) > ¢ — ¢. First,
we fix 1 given by Lemma 14. We remark that Bi corresponds to a ball in the coordinates
(Zdoms Tdom s Ydom s Zress Tress Yres) (which are not necessarily orthonormal), not in the original
coordinates (vg, v1, Vg, U3, V4, v5). Taking the transformation from the latter to the former,
which is a linear operator H, the ball Bi corresponds to an ovaloid O in the original

coordinates. We can explicitly define a ball B’ C O in the original coordinates, with d € B’.

Notice that we can choose B’ with an arbitrarily small radius, so in particular we can choose
this radius to be rational without loss of generality.

We first compute Lim (0), which is easy as it only involves a bounded number of indices
n. If L;nl (0) < £+ ¢, then we know LT(6) < L;nl (0) < £+ ¢ and we stop.

Otherwise L;nl (6) > £+ ¢, and we check whether u,(d") > 0 for all n > n; and all
d' € B, using the robust positivity oracle (by starting from M™ (v, ..., vg) rather than
(vo,...,vx)). If it is positive, then in particular it is for d’ = d, and applying Lemma 13, we
obtain L, (6) > ¢ —e. Combined with LE, (6) > ¢+ ¢, we obtain LT(6) > £ —¢.

The last case means that there is un(d’)_< 0 for some n > ny and d € B’ C Bf;. Applying
the contrapositive of Lemma 14, we obtain that LT (0) < £+ ¢.

<4

<
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5.3 Case of Open Balls and robust Skolem

In this subsection, we extend the proof of Theorem 8 to show that considering open or
closed balls does not make a difference for the Diophantine-hardness. Further, there is also
no difference whether we consider the robust Skolem problem (0 is avoided), the robust
positivity problem (negative numbers are avoided), or the robust strict positivity problem
(negative and 0 are avoided).

Let B be an open ball and ¢l(B) its topological closure, which is the closed ball consisting
of B and its surface. Consider the following statements:
Robust Positivity holds for the closed ball ¢l(B)
Robust Positivity holds for the open ball B
Robust Strict Positivity holds for the open ball B
Robust Skolem holds for the open ball B
Robust Strict Positivity holds for the closed ball cl(B)
Robust Skolem holds for the closed ball ¢l(B)

o wb =

We show that equivalence results between these statements. This allows us to conclude
that having open or closed balls does not make a difference for 7-Diophantine hardness of
Skolem and (strict) positivity. Formally, we have the following.

» Lemma 15. (1), (2) and (3) are equivalent. Further, for balls B containing at least one
initial configuration do in its interior that is strictly positive, i.e. u,(do) > 0 for all n, both
(3) and (1) are equivalent and (5) and (6) are equivalent.

Proof. (1) implying (2) is trivial. (2) implies (1): we show the contrapositive. Suppose
there exists an initial configuration d on the surface of the ball B and an integer n such that
un(d) = y < 0. Recall that M is the companion matrix, and u,(d) is the first component of
(M™.d), so up(z) is a continuous function. Thus, there exists a neighbourhood of d, such
that for all d’ in the neighbourhood, u,(d’") < y/2 < 0. This neighbourhood intersects the
open ball B enclosed by the surface, and picking d’ in this intersection shows that Robust
Positivity does not hold in the open ball.

(3) implying (2) is trivial. (2) implies (3): Assume for the sake of contradiction that there
is an initial configuration ¢’ in the open ball B such that u,(c’) = 0. Consider any open O
around ¢’ entirely in the open ball B. We have that ¢’ is on hyperplane H,, by definition.
That is, there are initial configurations in O on both sides of H,. In particular, there is an
initial configuration ¢” in O, hence in B, with ¢” ¢ H,, i.e. u,(c”) < 0, a contradiction
with B being robustly positive.

(3) implies (4) is trivial. (4) implies (3): We consider the contrapositive: if we have an
initial configuration d; of B which is not strictly positive, then u,(d;) < 0 for some n, and
there is a barycenter dy between dg, d; which satisfies u,,(dz) = 0, i.e. negation of (4). To

—un(d1) do + Un (d1) d;.
un (d1)—un(c) un (d1)—un(do)

Now, (5) and (6) are equivalent for balls containing at least one initial configuration dg
that is strictly positive in its interior (same proof as for the equivalence between (3) and (4)
above). However, notice that (5,6) are not equivalent with (1,2,3,4) in general. <

be more precise, we can choose dg =

We are now ready to prove Theorem 8 for open balls B. It suffices to remark that the
center ¢ of Bﬁ) is strictly in the interior of Py, and thus it will be eventually strictly positive
by Lemma 10, that is there exists ny > n; such that u,(c) > 0 for all n > na, and we can
choose dyp = ¢. Hence by Lemma 15, robustness (for n > max(ny,ns)) of positivity, strict
positivity and Skolem are equivalent on B, and these are equivalent with robust positivity of
cl(B) which was proved T-Diophantine hard in the previous section.
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It remains to prove Theorem 8 for robust Skolem for closed balls B. For that, it suffices
to easily adapt Lemma 13, replacing (u,(d)),>n, positive by strictly positive, and obtain the
T-Diophantine hardness for robust strict positivity of closed balls. We again apply Lemma
15 ((5) and (6) are equivalent) to obtain hardness for robust Skolem of closed balls.

6 Proof of Theorem 9

We now turn to the proof of Theorem 9, generalizing elements from Section 4.

6.1 Intuitions for the proof of Theorem 9

Let (un)nen be a recurrence relation defined by coefficients a € Q. As before, we will
consider (v )nen = (*)nen, for fn such that the dominant coefficients of (vy)nen are of the

form ae’™. We will then decompose the exponential solution of (Un)nen as a dominant term
(vdom), ey made of coefficients ae™, and a residue (v1¢%),en with (v7%),en =7 0. For
n——+00

an initial distribution a, we denote by a%°™

define Py, = {a | Vn,viom™(adom) > 0}.

To solve 3-robust Skolem and 3-robust positivity, the reasoning is based on the range of
the dominant term. For 3-robust Skolem, we consider the minimum absolute value v of the
(co)| obtained for the center of the neighborhood co.

v > 0. Then as the residue has negligible contribution to (v, )nen for large n, we show

that the LRS will ultimately avoid zero beyond a threshold index ny,,. Having assured

ourselves of the long run behaviour, it suffices to check the value of the LRS up to n¢p,,
where the residue can have significant contribution, to see whether the LRS satisfies
robust Skolem.

v = 0. Then we show in Proposition 18 that the LRS does not satisfy robust Skolem: no

matter how small we pick a neighbourhood around cg, there will always exist a ¢ in that

neighbourhood that hits zero at some iteration.

Further, Proposition 17 states that v can be computed effectively.

For robust positivity, we let @ be the minimum value of the dominant term (and not of its
absolute value). Thus, u can take three kinds of values: > 0 (¢g € Pyom) and we proceed
as for v > 0; u < 0 (cop ¢ Piom) and then there exists a n such that the LRS from cy is
negative; and = 0 (cg is at the surface of Py, ), and then we can show that there exists a
configuration arbitrarily close to ¢ such that the LRS from that configuration is negative.

its projection on dominant space. As before, we

dom

dominant term |vg

6.2 Range of the Dominant Term
We first define the normalized exponential polynomial solution (vy,)nen:

» Definition 16. Let (un)nen be an LRS of general term u,(c) = >0, Z;n;(;lpijnj’yf,
with p being the modulus of the dominant roots and m + 1 the mazimal multiplicity of a
dominant root. Define vy (c) = ul€) forn >0, and vo(c) = up(c).

nmpn

We call every term of v, which converges towards 0 as n tends towards infinity residual,
while the other terms, of the form ae? are dominant. We denote {0; | j = 1,..., k} the set
of # in dominant terms, and «;(c) the associated coefficient. We define:

. 1
vim(e) = Y ay(@)e™ and ) (e) = va(e) — i (e) = O() e 0

As we explained in Section 6.1, knowing the range of (v4°™), ¢y is crucial in order to solve
J-robust Skolem and positivity. In Section 4 and 5, we dealt with hardness via an example
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which had 3 dominant roots, and it was rather simple to determine the min/max value
(computed in the proof of Lemma 10). The general case is not so easy however, because
there may be relationships between the §; which may alter the range of (vdom), .

A tedious but now rather classical way to compute the range of (v4°™),,cy is by invoking
Masser’s theorem [19] (Theorem 21 in Appendix 8.4), to describe the set of tuples that can
be reached (at least arbitrarily close) by s™ = (e™%1 ... ei"%) for n € N, as used in [23,
Theorem 4]. We can describe a continuous relaxation of {s” | n € N} as a set T of tuples
t = ({1,...,tx) of complex numbers with |¢;] = 1 for all j. The set T is the set of linear
combinations of the finite basis given by Theorem 21, which describes a Torus, independent
of the initial configuration c. Notice that T may be discrete and have finitely many points
(the case where 2% € Q), else, it is continuous and has uncountably many points.

We have s™ € T for all n € N. Further, Kronecker [11] (Theorem 22 in Appendix 8.4)
implies that for all t = (¢1,...,t;) € T and € > 0, there exists an n such that |t; —e'"%| < e
for all j < k. For every initial configuration ¢ and element of the torus t € T', we denote
dominant(c, t) = Y~ aj(c)t;. Thus, for all n and all ¢, we have vio™
Conversely, for all t € T,e > 0, there exists n with [v2°™(c) — dominant(c, t)| < ¢, for all c.

Using Renegar’s result [26], one can compute effectively the range of dominant(c, t) over T,
and thus of (v3°™),cn. A simple adaptation allows to compute the range of |[dominant(c, t)].

n

In the following, we fix cg to be the center of the neighborhood and define
= gcréljrjl(domlnant(co7 t)) and v= min |dominant(cq, t)|

» Proposition 17. p and v are algebraic and can be efficiently computed. Further, we have

,O(1) LO(1)
||, lv] < 2% and Wll’ﬁ < 28

Proof. The statement for p comes directly from Renegar [26], stating that we can compute
the min and max values p = minger(dominant(cp, t)) and g/ = maxier(dominant(cg,t))
over t in the torus T'. The statement for v is a corollary obtained as follows:
If w >0 (un(co) > p >0 for all n € N), then v = p and we are done.
If o/ <0 (up(co) </ <0 for all n), then v = —p/.
If T is discrete, we enumerate the polynomially many values of t (noting that they all
correspond to A*" roots of unity, and Masser polynomially bounds )\) to compute v as
the minimum of the absolute values.
Otherwise, we have u < 0 < y/, that is there exist two elements t,t' € T with
dominant(cg,t) < 0 < dominant(cg,t’). As x — dominant(cg, x) is continuous over
T, there is a t” € T with dominant(cg,t”) = 0, that is v = 0.
<

We now state that if g < 0, then 3-robust positivity does not hold, while if v = 0, then
J-robust Skolem does not hold.

» Proposition 18. If u <0, then Ve > 0, 3n, c. with |cog — cc| < & such that v,(c.) < 0.
If v =0, then Ye > 0, In,c. with |co — c.| < e such that v,(c.) = 0.

To prove Proposition 18, we reason as follows. For every n, let distance(c, Hy,,) be the
distance between an initial configuration ¢ and the hyperplane H,, = {c’ | v,(c’) =0} =
{c | up(c’) = 0}. If distance(co, Hy) < €, then there exists a ¢, with |cy — c.| < e such
that v, (c.) = 0 (3-robust Skolem does not hold). It also implies the existence of a c. with
|co — c.| < e and v,(cl) < 0, as there will be initial configurations in the ¢ neighborhood
of ¢ on both sides of H,, thus some will be outside of H,;" = {c¢’ | v,(c’) > 0}, thus with
vp(ce) < 0 (F-robust positivity does not hold).

(c) = dominant(c, s™).
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» Lemma 19. There exists C' such that for all n, distance(c, Hy,) < C - |v,(c)|.

Lemma 19, proved in Appendix 8.4, implies that if for all a > 0, there exists n, with
|vn, (¢)| < a, then there exists n with distance(c, H,) < e (choose n = n, for a = 55).

Proof of Proposition 18. Consider the first statement. If p < 0, then there exists n with
[ures (co)| < & as v1°% () —rn—soo 0. Thus v, (co) = v4°™ (c)+v7%%(co) < &. That is, c. = ¢o
satisfies the statement. Otherwise, u = 0. We prove that for all « > 0, we have a n,, such that
|Un,, (co)| < «, which suffices by Lemma 19. Let a > 0 arbitrarily small, and let N such that
for all n > N, |v°*(co)| < §. This N exists as v,°°(co) —n—00 0. By Kronecker, as p = 0,
there exists n, > N with [v2°™(co)| < &. Thus |v,, (co)| < [v2™(co)| + |05 (co)| < a.

We now prove the second statement in the same way. Assume v = 0, and let ¢ > 0.
We again prove that for all a > 0, we have a n, such that |v,, (co)| < «, which suffices by
Lemma 19. Let o > 0 arbitrarily small, and let N such that for all n > N, [v],°*(co)| < §.
This N exists as v/%*(cg) = n—soo 0. By Kronecker, as v = 0, there exists n, > N with
v ()| < §. Thus |vn,, (co)| < [v77™ (co)| + [v72*(eo)| < @ <
6.3 Decidability and complexity for 3-robust Skolem and 3-robust

positivity

We now turn to deciding 3-robust Skolem and positivity as stated in Theorem 9, using
Proposition 18. The algorithm for 3-robust Skolem is as follows (as detailed in Algorithm 1
in Appendix 8.4). First, we compute v < mingcr |[dominant(c, t)| using Proposition 17, for
c the initial configuration around which we are looking for a neighborhood. If v = 0, then
J-robust Skolem does not hold. Otherwise, we compute N such that v;**(co) < § for all
n > N. Then we check if v, (co) = 0 for some n < N. If yes, then 3-robust Skolem does not
hold, otherwise it holds. This algorithm can readily be adapted to provide an £ > 0 such
that for all ¢ with |c — ¢g| < e, we have u. # 0, as well as to decide robust positivity.

The correctness of the above algorithm follows from Proposition 18, because if v > 0,
then for all n > N, v,(cg) > v — 5 > 5 > 0, and this remains > 0 in a neighborhood of ¢y.
Denoting v/(¢) = min,<n|vn(c)|, if ¥/(co) > 0, then also v/(c) for ¢ in a neighborhood of cy.

We now argue about the complexity. Both p and 1/u = 257" are bounded (Proposition
17). We thus have ny,, = 2% because v1h¢%(co) = O(%). This is the number of iterates

we have to explicitly check, which gives the PSPACE complexity. This finally completes the
proof of Theorem 9.

7 Conclusion

We have formulated a natural notion of robustness for the Skolem and positivity problems and
shown several results: for a given neighborhood around an initial configuration ¢y, we show
Diophantine-hardness for both problems. Interestingly, this is the first Diophantine-hardness
result for a variant of Skolem as far as we know. This implies that for uninitialized positivity,
the fact that the initial configuration ¢ is arbitrary is crucial to decidability [28, 12], as
having a fixed ball around cg is not sufficient.

On the other hand, we proved decidability of 3-robust Skolem/Positivity around an
initial configuration in full generality, hence this problem is simpler. It is also more practical
because in a real system, it is often impossible to determine the initial configuration with
absolute accuracy. Our results can provide a precision with which it is sufficient to set the
initial configuration. Beyond these results, we provided geometrical reinterpretations of
Skolem /positivity, shedding a new light on this hard open problem.
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8 Appendix

8.1 Regarding algebraic numbers and their bit representation

A complex number « is said to be algebraic if it is a root of a polynomial with integer
coefficients. For an algebraic number «, its defining polynomial p, is the unique polynomial
of least degree of Z[X] such that the GCD of its coefficients is 1 and « is one of its roots.
Given a polynomial p € Z[X], we denote the length of its representation size(p), its height
H(p) the maximum absolute value of the coefficients of p and d(p) the degree of p. When
the context is clear, we will only use H and d.

A separation bound provided in [20] has established that for distinct roots « and 3 of a
polynomial p € Z[z], |a — 8] > W. This bound allows one to represent an algebraic
number « as a 4-tuple (p, a,b,r) where « is the only root of p at distance < r if a + b, and
we denote sizea the size of this representation, i.e., number of bits needed to write down this
4-tuple.

Further, we note that two distinct algebraic numbers o and 3, are always roots of p,pg,
and we have that

1 o)
_ ollal1+1181) 1
o — 7] @

Given a polynomial p € Z[X], one can compute its roots in polynomial time wrt size(p)
[7]. Since algebraic numbers form a field, given «, S two algebraic numbers, one can

always compute the representations of a + 3, a3, é, Re(a), Im(a) in polynomial time wrt
size(a) + size(B) [7, 14].

8.2 Proofs for Section 4

» Lemma 11. Mo (Zdom Tdoms Ydom) = (Zdom, Tdom €0S(270)+Ydom sin(270), Yaom cos(2m0)—
Zdom Sin(270)), that is Myom, is a rotation around azis =z of angle —276.

Proof. We use the formulas cos(a + b) = cos(a) cos(b) — sin(a) sin(b) and sin(a + b) =
sin(a) cos(b) + cos(a) sin(b).

Matrix Mo, transforms v2°™ (24om, Tdom Ydom) iNtO vﬁ?ﬂ’f(zdom, Tdom, Ydom ). Using the
formulas above with a = 27nf,b = 270, we have that for all n > 1, vﬁ‘_’f{(zdom, Tdoms Ydom) =
V2™ (2 40ms Tdom €08(270) + Ydom SIN(270), Ydom c08(2m0) — Tgopm, sin(276)) for all n, and thus
Mom, transforms (2gom, Tdom , Ydom ) IO (Zdom, Tdom €O8(270)+Ydom Sin(270), Yaom cos(2w0)—
Zdom sin(2mh)).

Now, consider a point p in 2D space at cartesian coordinates (Zgom,Ydom ). 1ts polar
coordinates are (r,a), with r = /2% +y3 . the distance between (0,0) and p. Con-
sider the point at polar coordinates (r,a — 276). Thus it is at cartesian coordinates
(rcos(a — 2m0), rsin(a — 270)) = (r cos() cos(270) + rsin(a) sin(270), r sin(a) cos(270) —
rcos(a) sin(270)) = X gom c0S(270)+Ydom SIn(270), Yaom cos(2m0) —x gom sin(276)). Hence the
rotation of angle —27 transforms (Zdom, Ydom ) IO (Zgom cos(270)+Ydom Sin(270), Yaom cos(2w6)—
Zdom sin(2mh)). <

8.3 Proofs for Section 5
We now show that Bf; is fully in P, tangent to the surface of Py, ford = (2,2,0,0,0, 27¢).

» Lemma 20. Let d = (2,2,0,0,0,27¢). For all d’ # d with d' € BY,, we have d’ is strictly
in Piom, ie for all n vdem(d’) > 0.

STACS 2022



51:20

On Robustness for the Skolem and positivity problems

PI’OOf. Let Cl/ - (2 + 1/1 + Zélom’ 2 — 'L/) + xijom7ydom7 Zres;Lres 27T€ + y;‘es) € Bﬁ \ {d} We
now show that d’ is strictly in Pyop,, i.e. (2+ ¢+ 2),,,) — \/(2 — 4+ ' dom)? + Y3y > 0.

We have zéomZ + x&omZ +y3,,, <242, and we write zéomz + m&om2 + 93, = 2M\3?%, with
A1 €10,1] and A; = 1 iff (2pes, Tress Yres) = (0,0,0). We also write mgom2 + Y2 = 2A3A20?
with A2 € [0,1], i.e. 2, > = 2(1 — A2)A2¢. We write 2/, > = 2X2A\3\22, with s € [0, 1]
and A3 = 1 iff ygom = 0. We write 2/, = V2X3 9 X11) and Zhom = +1v/2y/1 — A2\1%. That
is, d is the configuration with Ay = A3 =1 and Ay = %

We have (2 = ¢ + @aom)? + Yiom = (2= )2 + 250 + Ydom + 22 = )2 dom = (2 —
$)? + 2030007 + 2v2(2 — ) Asdo M) < (2 = ) 4+ 2X3079° 4+ 2v/2(2 — ) [ he | Mitp = (2 -
Y+ V2| Ao M\10)?, with equality iff A3 = 1, ie when ygom = 0. Given that ¢ < %, we have
2 — 9+ 2| X2| M9 > 0.

Thus (2 + ¢ + 20,,,) = V2 = & = @aom)? + Yo > 2+ V2T =DMy - (2 -9 +
V2 X A1) = 200 — V2(| A2 £ /1T = A2)Aep > 200 — 2012p > 0 as (Jha] £ /1 - A3) < V2,
with equality iff Ay = :I:g. That is, for all & € B, d’ € Py, and it is strictly inside
whenever d’ # d (one can check that A} = A3 =1 and Ay = —g does not yield the overall
equality). <

8.4 Results and Proofs for Section 6

A deep result of Masser [19] shows that integer multiplicative relationships between algebraic
numbers can be elicited efficiently.

» Theorem 21 (Masser [19]). Let k, be fived, and let €1, ...,e"% be complex algebraic
numbers of unit modulus. Consider the free abelian group L under addition given by L =
{1,y M) € ZF - e etf% = 1}, [ has a basis {l1,...,1p} C ZF with p < k. The
basis can be computed in time polynomial and each entry in the basis vector is polynomially
bounded in size(e’), ..., size(e?*).

Kronecker theorem [11] states that each linear combination t of the basis given by Masser
theorem can be approximated by a power s™ of s = (e, ... ).

» Theorem 22 (Kronecker [11]). Let 61,...,0k, ¢1, ..., € [0,27). The following two state-
ments are equivalent:
For any €' > 0, there exist n,mq,...,my € Z such that for 1 < j < k we have |nf; — ¢; —
2m m| <€
For every tuple (A1,...A\x) of integers such that Z?zl A0, € 2nZ we have 25:1 Ao €
277

Finally, we provide the reasoning why constant C' independent of n exists which bounds
the distance, i.e., we prove Lemma 19.

» Lemma 19. There exists C' such that for all n, distance(c, H,) < C - |v,(c)].

Proof. Let n € N. We have distance(c, H,) = % for y the first row of M" by basic

geometry. Let H be the transformation matrix between the basis of initial configurations
and the basis of the exponential polynomial solution of (u,)nen. Let x = (x1,...,24)
with z; = nkp}Z so that to cover every root p; and multiplicities £ = 1,...,m;. We have

up(c) =y-c =x-(H -c) for all initial configurations c, i.e., y = x - H. That is, there
exists a constant D > 0 depending upon H with ||y|| > Dn™p"™ for p the modulus of
a dominant root and m + 1 the highest multiplicity of a root of modulus p. We obtain

distance(c, Hy,) < % = %. <

Finally, we provide Algorithm 1 for 3-robust Skolem.
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Algorithm 1 Robust Skolem

Data: Companion matrix M € Q"** of (uy)nen and center of ball ¢y € QF
{7;}; ¢ eigenvalues of M, p <= max; |y;|, {e"}_ « {vi/p| |l =p}
Determine 7" Torus obtained by applying Masser’s result (Theorem 21) to {9]-}?:1

=

2

3 v ¢ minger |[dominant(c, t)| (Proposition 17)

4 if v =0 then

5 return NO (Proposition 18)

6 else

7 Compute N such that v;,**(co) < § for all n > N
8 foreach n € {0,1,...,N} do

9 if v,(cp) = 0 then

10 ‘ return NO
11 end

12 end

13 return YES

14 end
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