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Abstract Among the different flavors of well-compo-
sednesses on cubical grids, two of them, called respec-
tively digital well-composedness (DWCness) and well-
composedness in the sense of Alexandrov (AWCness),
are known to be equivalent in 2D and in 3D. The for-
mer means that a cubical set does not contain critical
configurations when the latter means that the boundary
of a cubical set is made of a disjoint union of discrete
surfaces. In this paper, we prove that this equivalence
holds in n-D, which is of interest because today im-
ages are not only 2D or 3D but also 4D and beyond.
The main benefit of this proof is that the topological
properties available for AWC sets, mainly their sepa-
ration properties, are also true for DWC sets, and the
properties of DWC sets are also true for AWC sets:
an Euler number locally computable, equivalent con-
nectivities from a local or global point of view... This
result is also true for gray-level images thanks to cross-
section topology, which means that the sets of shapes
of DWC gray-level images make a tree like the ones of
AWC gray-level images.
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Fig. 1: Equivalence between DWCness in Z? and AWC-
ness in the 2D Khalimsky grid H?: The 3 first sets
in black in the raster scan order are DWC (they do
not contain any critical configuration); their analog in
H? are AWC (their dark grey boundaries are simple
closed curves). At the opposite, the last set (circled in
red) which is not DWC in Z? leads to an analog in H?
whose boundary is not a simple closed curve (see the
self-crossing of the boundary of this set in H? in red)
and then is not AWC in HZ.

In 1995, Latecki introduced in [23] the notion of
well-composedness as an elegant manner to get rid of
the connectivity paradoxes well-known in digital topol-
ogy. Roughly speaking, a set in Z?2 is said to be well-
composed if its connectivities are equivalent, that is,
its set of connected components is the same whatever
the chosen connectivity. This definition has then been
extended to dimension 3 in [24] and in n-D in 2015
in [10]; at the same moment, this definition of well-com-

posedness has been renamed digital well-composedness
(DWChess).
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Later, in 2013, Najman and Géraud [28] introduced
a new notion of well-composedness: a subset X in a
Khalimsky grid, a topological analog of the cubical grid
Z"™ but with combinatorial properties, is said to be
well-composed in the sense of Alexandrov (AWC) if its
boundary is made of a disjoint union of discrete (n—1)-
surfaces (the definition of a discrete surface is formally
recalled later). This definition is used to be able to char-
acterize gray-level images defined on a Khalimsky grid
and whose set of shapes makes a tree; then, we can call
“tree of shapes” this last set. This hierarchical repre-
sentation is known to be powerful to make image seg-
mentation or image filtering thanks to shapings (a fil-
tering of the shapes of a given image based on its tree
of shapes).

These two definitions, even if they seem very differ-
ent, are related: it has been observed that in 2D and
in 3D, a digital set is DWC if and only if it is AWC
(see Figure 1). In other words, AWCness and DWCness
are equivalent in 2D /3D on cubical grids. However, the
question about their equivalence in 4D and beyond still
remains an open question. For sake of completion, we
propose here to prove that they are indeed equivalent
in n-D, n > 2 for sets and that it holds for gray-level
images. A study of the relation between the different
flavors can be found in [9] and a list of some of the im-
portant properties of AWCness and DWCness can be
found in [11].

The plan is the following: Section 2 recalls the ba-
sics in matter of digital topology; Section 3 recalls some
mathematical background relative to (%)n and H"; Sec-
tion 4 recalls how AWCness implies DWCness in n-D;
Section 5 presents some lemmas, propositions and nota-
tions necessary in the next section; Section 6 proves that
DWCness implies AWCness in n-D; Section 7 extends
the proofs seen before from sets to gray-level images;
Section 8 shows some possible applications of well-com-
posedness for gray-level images; Section 9 concludes the
paper; Sections A, B, C and D contains the proofs of
the preceding assertions.

Note that a star has been added in the title of each
assertion which seems to us crucial to understand the
proof of the equivalence between AWCness and DWC-
ness.

2 Digital topology

Let us recall the mathematical background necessary to
define digital well-composedness and well-composedness
in the sense of Alexandrov.

2.1 Digital topology and DWCness

B Orthonormal canonical basis of Z"
X4 it" coordinate of z € Z"
NG, (x) 2n-neighborhood of = € Z™
N () (3™ — 1)-neighborhood of z € Z™
F (flaafk)gB
X The Cartesian product
L(k) { {k} when k € Z,
{k—1/2,k+1/2} when k ¢ Z,
S(z) S(2) = Xieq,npL(2i)
S(z,F) 24+ > NS A €{0,1},Vi € [1,k]
1€[1,k]
antagg(q) | The antagonist of ¢ € Z™ in the block S

Table 1: Notations relative to digital topology.
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Fig. 2: The two classical neighborhoods used in digital
topology when the dimension n of space is 2. The point
p is depicted in black, and its neighborhoods are de-
picted in blue: the 2n-neighborhood is on the left side
when the (3™ — 1)-neighborhood is on the right side.
We can observe that the 2n-neighborhood is made of 4
points and that the (3" — 1)-neighborhood is made of 8
points (because we are in 2D).

The following notations are detailed in Table 1. Let
B = {e!,...,e"} be the canonical basis of Z". We use
the notation x;, where i belongs to [1,n]', to deter-
mine the i'" coordinate of € Z". We recall that the
L'-norm of a point x € Z" is denoted by |.|[; and
is equal to 3,y p zi| where |.[ is the absolute value.
Also, the L*-norm is denoted by ||.||s and is equal to
max;e[1,n] [2:|. For a given point € Z", an element
of the set N5 (z) = {y € Z™; ||z — y|[1 = 1} (resp. of
the set Ngn_1(x) = {y € Z"; ||z — y||o = 1}) is a 2n-
neighbor (resp. a (3™ — 1)-neighbor) of x (see Figure 2).

1 As usual, for any a,b € Z, with a < b, the notation with
double brackets [a, b] means the set of all the integers in the
interval [a, b]
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For any z € Z" and any F = (f1,..., f*) C B, we

denote by S(z,F) the set:

2+ Y Af N e{0,1},Vi€ [1,k]
i€[1,k]

We call this set the block associated with the pair (z, F);
its center is z + Zfe]—‘ %, and its dimension, denoted
by dim(S), is equal to k. We denote by S(c) the block
centered at c € (%)n Note that we have:

S(C) = Xieﬂl,n]]L(Ci)y

(k) when k € Z,
where L(k) := { {k—1/2,k+1/2} when k & Z,

where x is the Cartesian product.

e3 ;
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e
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Fig. 3: Let 2z € Z3 be equal to (0,0,0). We depict here
the block S(z,F) = {(0,0,0),(1,0,0),(0,1,0),(1,1,0)}
associated to the family F = {e!, e?}; this block is cen-
tered at ¢ = (%,%,0) € (%) We can remark that
S(c) = Xpeq,pL(k) = {0,1} x {0,1} x {0} is equal to
S(z, F) as explained before.

More generally, a set S C Z" is said to be a block
(see Figure 3) if there exists a pair (z, F) € Z" x P(B)?
such that S = S(z,F). Then, we say that two points
p,q € Z" belonging to a block S are antagonists [9,10]
in S if the distance between them equals the maximal
distance using the L' norm between two points in S (see
Figure 4); in this case we write p = antagg(q). Note that
the antagonist of a point p in a block S containing p
exists and is unique. Two points that are antagonists in
a block of dimension k& > 0 are said to be k-antagonists;
k is then called the order of antagonism between these
two points. We say that a digital subset X of Z" con-
tains a critical configuration in a block S of dimension

2 P(B) denotes the set of subsets of B.

0

o0 @

Fig. 4: Some examples of antagonists in Z2?: the two
red points are antagonists in the block of dimension
1 encircled by the red curve; the two green points are
antagonists in the block of dimension 2 encircled by the
green curve; the orange point is antagonist with itself
in the block of dimension 0 encircled in orange.

k € [2,n] if there exists two points {p,p'} € Z" that
are antagonists in S s.t. X N.S = {p,p'} (primary case)
or s.t. S\ X = {p,p'} (secondary case).

Definition 1. A digital set X C Z™ is said to be digi-
tally well-composed [10,23] (DWC) if it does not con-
tain any primary or secondary critical configuration.

Fig. 5: An example of 4-path in red in Z? joining the
black points.

We recall that a 2n-path (see Figure 5) in a subset S
of Z™ is a finite sequence of points p°, ..., p¥ of S with
k > 0 such that for any m € [1,k], p™~! and p™ are
2n-neighbors in Z".

Proposition 1 ([10]). A digital set X C Z™ is DWC
iff for any block S of Z™ and for any pair of points
(p,p") of X (respectively any pair of points (p,p’) of
S\ X ) which are antagonists in S, there exists a 2n-
path joining p and p’ in X NS (respectively in S\ X ).

2.2 Axiomatic digital topology and AWCness

All the notations of Table 2 are detailed below. For A
and B two sets of arbitrary elements, A x B denotes
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A B Two sets of arbitrary elements
RCX xX A binary relation on the set X
R(y) {freX;z Ry}

RY {(z,y) e X x X ; z Ry and z # y}
|X| = (X,R) | X supplied with the order relation R
2X The set of subparts of X

U cax A topology on X
(X,U)=X A topological space
R! The inverse of the order relation R
h An element of a topological space X
ax(h) The closure of h in X

(
Bx (h) The opening of h in X
Ox(h) The neighborhood of h in X
o (h) ax(h) \ {h}
B3 (h) Bx () \ {h}
0% (h) O0x(h) \ {h}
SCX A subset of X
ag(h) ax(h)ns
Bs(h) Bx(h) NS
Os(h) Ox(h)NS
o (h) EOLE
BE(h) Uk S
05 (h) 0% ()N S
ax(5) Upesax (p)
Bx () UpesBx (p)
0x(S) Upestx (p)

Table 2: Notations relative to axiomatic digital topol-
ogy.

the Cartesian product of A and B and is defined as
{(a,b) ; a € A, be B}. A binary relation [5] R defined
on a set of arbitrary elements X is a subset of X x X,
and we denote by x € R(y) or equivalently R y the
fact that (z,y) € R. An order relation [5] is a binary
relation R which is reflexive, antisymmetric, and transi-
tive. We denote by R™ the binary relation on X defined
such that, Vz,y € X, {z RP y} & {z Ry and z # y}.
A set X of arbitrary elements supplied with an order
relation R on X is called a poset and is denoted by
(X, R), or shortly |X| when no ambiguity is possible.

Let X be a set of arbitrary elements, and let U be
a set of subsets of X. We say that U is a topology on X
if  and X are elements of U, if any union of elements
of U are elements of U, and if any finite intersection of
elements of U is an element of U. X supplied with U
is denoted (X,U) or shortly X and is called a topolog-
ical space. The elements of U are then called the open
sets of X and any complement of an open set in X is
called a closed set of X. We say that a subset of X
which contains an open set containing a point x is a

neighborhood of x in X. A topological space X is said
(topologically) connected if it is not the disjoint union
of two non-empty open sets.

A Ty-space [2,3,20], let say X, is a topological space
which satisfies the Ty aziom of separation: for two dis-
tinct elements x,y of X, there exists a neighborhood of
z in X which does not contain y or a neighborhood of y
in X which does not contain x. A discrete space [1] is a
topological space where any intersection of open sets is
an open set. Posets are considered as topological spaces
in the sense that we can induce a topology on any poset
based on its order relation (Th. 6.52, p. 28 of [2]): for
a poset (X, R), the corresponding Alexandrov space is
the topological space of domain X where the closed sets
are the sets C' C X such that Vo € C, R(z) is included
in C. Let us denote by R~ the inverse of R. Then, by
symmetry, we obtain that open sets are the sets U such
that for any h € U, R7!(h) is included into U. Dis-
crete Tp-spaces are generally called Alexandrov spaces.
Details can be found in [15].

On an Alexandrov spaces | X| = (X, R), for any el-
ement h € X, we define respectively the combinatorial
closure of h:

a(h):={h € X ; h' € R(h)},

its inverse operator called the combinatorial opening of
h:
B(h) =={h"€ X ; h e R(I)},

and the neighborhood of h:
O(h):={h € X ; W € R(h) or h € R(h)}.

Obviously, thanks to the properties explained be-
fore, for any h € X, a(h) will be a closed set in X
and each S(h) will be an open set in X. In other words,
combinatorial and topological definitions are equivalent
in Alexandrov spaces.

The operators «, 8 and 0 are also defined for sets:
VS C X, a(S) = Upesax(p), B(S) := UpesBx (p), and
0(S) = Upesbx(p), where a(S) is closed and 5(S) is
open thanks to the properties exposed before.

In this paper, we work with cubical Alexandrov spaces
called Khalimsky grids [21] and denoted by |H"| =
(H™, C) (see Table 3); they are defined such that:

Hy = {{a}; a € Z},
Hi = {{a,a+1}; a € Z},
H' = H} UH,

H™ = {hy % -+ X hy, ; ¥i € [1,n],h; € H'}.
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H™ = (H", Q) The n-D Khalimsky grid
h e H" A face of H”
dim(h) The dimension of h
Hy The faces of dimension k in H"
a(h) {h eH"; b Ch}
B(h) {W eH”; hCh}
0(h) {h eH"; ¥ ChorhCh'}
S| = (S,Q) A suborder of H"
as an(Sx59)
Bs BN(S xS
Os 0N (S x.S)
as(h) alh)NS
Bs(h) HODE
Os(h) 0(h)yn s
Int(.59) Interior of S
CC(S,p) The component of |S| C H"
containing p € H"”
CC(9) Components of |5
p(h,|S]) Rank of the face h in the poset |S]|
oS Boundary of S in H"
| X |%|Y| Join of the posets | X| and | X|

Table 3: Notations relative to Khalimsky grids.

Elements of H™ will often be called faces (of H™).

Any face h of H” which is the Cartesian product of k
elements, with k € [0, n], of Hi and of (n — k) elements
of H} is said to be of dimension k [22], which is denoted
by dim(h) = k, and the set of all the elements of H"
which are of dimension k is denoted by H..

, s/ HE |, HE
.o ] ]
- = s W v |
-l ~ n a
E-m EB-H

Fig. 6: Basic operators in axiomatic digital topology:
« is the combinatorial closure, 8 is the combinatorial
opening, and 6 is the neighborhood.

Using Khalimsky grids, for any element h € H", we
obtain the following equalities:

a(h) ={n" e H" ; K/ C h},
B(h) ={h" €eH"; h C I’}
O(h)={h eH"; " Chor h Ch'}.
Some examples of such sets are depicted in Figure 6.

On the left column, in blue, we can see that the initial
face h = {xo} leads to a(h) = {h} = {{zo}} since no

vy | | + HE

£ B miE
- _ s @A _ R
| n ~n
m®z B

Fig. 7: “Squared” versions of the basic operators used
in axiomatic digital topology.

other face in H" than {z¢} is contained in h. On the
left column in red, we can see that the initial face h =
{z0, zo+1} leads to a(h) = {{zo}, {zo, ®o+1}, {zo+1}}
since they are the three faces of H” contained in h. We
can continue this way with h in green which will contain
nine faces. In the middle of Figure 6, the reasoning is
dual: we consider the faces of H"™ including h. And the
right column shows that the neighborhood in Khalim-
sky grids is the union of the closure and of the opening
of a face. The “squared” versions of these operators,
that is, a5, Y, and " are depicted in Figure 7.

Note that the operators o and 8 are idempotent:
aoa =« and B o = (. However, the neighborhood
operator is not idempotent.

From now on, the Khalimsky grids will be supplied
with the order relation C by default.

Assuming that S is a subset of H", the suborder [5]
of |H"| relative to S is the poset |S| = (5, C) with, for
any h € S, ag(h) = a(h) NS, Bs(h) = (k) NS, and
Os(h) = 0(h)NS. For any suborder |S| of |H™|, we call
interior of S the open set defined such as:

Int(S) :={h € H" ; 8(h) C S}.

A set S C H" is said to be a regular open set (respec-
tively a regular closed set) if S = Int(a(S)) (respec-
tively S = a(Int(S5))).

We call path [5] into a set S C H™ a finite sequence
(p°,...,p") such that for all i € [1,k], p* € 65(p*~1)
(see Figure 8). We say that a digital set S C H" is
path-connected [5] if for any points p, ¢ in S, there ex-
ists a path into S joining them. Path-connectedness
and topological connectedness are equivalent [5,15] in
|H"| like in any Alexandrov space. The greatest (path-
Jeonnected set in the digital set S C H™ containing
p € H" is called the connected component [2] of S con-
taining p and we denote it by CC(S,p); by convention,
when p does not belong to S, we write CC(S,p) = 0.
Any non-empty subset of a poset S which can be writ-
ten CC(S, p) for some p € S is called a connected compo-
nent of S. The set of connected components of a poset
S is denoted by CC(S).
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Fig. 8: An example of path in red in H? joining the
black points: two successive points a and b on the path
satisfy that a € 05(b).

Fig. 9: On the top-left, a set which is a discrete 1-surface
(a simple closed curve), and on the bottom-right a set
which is not a discrete l-surface (since it contains a
“pinch” encircled in red).

The rank p(h,|S|) of an element h in the suborder
|S| of H™ is 0 if aF(h) = 0 and is equal to:

max (p(z,[5])) +1
mGaE(h)

otherwise. The rank of |S| is denoted by p(|S|) and is
equal to the maximal rank of its elements. An element
h of S such that p(h, |S|) = k is called a k-face [5] of S.
In Khalimsky grids, the dimension is equal to the rank.

Let | S| be a suborder of H". |S| is said to be count-
able if S is countable. Also, |S| is called locally finite
if for any element h € S, the set 0g(h) is finite. When
|S] is countable and locally finite, it is said to be a CF-
order [5] in H™.

Let |S| be a CF-order in H"; |S] is said to be a
(—1)-surface if S = 0, or a O-surface if S is made of two
different faces x,y € X such that = ¢ 05(y), or a k-
surface, k € [1,n], if | S| is connected and for any h € S,
|05 (h)] is a (k — 1)-surface (see Figure 9). According to
Evako et al. [16], |H"| is an n-surface.

Any n-surface |S| is said homogeneous [13], i.e.,
Vh € S, Bs(h) contains an n-face.

Definition 2 ([28]). The boundary of a suborder |S|
of [H"| is denoted by 0S and is defined as :

0S = a(S)Nna(l™\ S).

Definition 3 (AWCness [28] for sets). Let |S| be a
suborder of |H™|. Then, S is said to be well-compo-
sed in the sense of Alexandrov (AWC) if the connected
components of its boundary are discrete (n—1)-surfaces.

Let |X| := (X,Rx) and |Y| := (Y,Ry) be two
posets; it is said that |X| and |Y]| can be joined [5]
if XNY =0.If | X| and |Y] can be joined, the join of
|X| and Y| is denoted | X|*|]Y| and is equal to:

(XUY,Rx URy UX x Y).

Proposition 2 ([14]). Let |X| and |Y]| be two posets
that can be joined. The poset |X|x|Y| is an (n + 1)-
surface with n € Z iff there exists some integer p €
[—1,n + 1] such that |X| is a p-surface and |Y| is a
(n — p)-surface.

We will see in Lemma 10 that Proposition 2 is es-
sential since, for any z in a suborder S, it implies that
when |a5(2)] is a (n — p)-surface and when |85(2)] is a
p-surface, then |05(2)| = |35 (2)|*a5 (2)| is an (n + 1)-
surface. This way, we will be able to reformulate AWC-
ness of the immersions studied in this paper using only
the operator f.

Proposition 3 (Property 10 in [13]). Let |S| be a sub-
order of [H"|. Then |S| is an n-surface iff for any h € S,
|ag (h)| is a (k—1)-surface and |85 (h)| is a (n—k—1)-
surface with k = p(h,|S]).

3 Mathematical background relative to (%)n
and H™

Fig. 10: A set in Z2.

As described before, we juggle with two cubical spa-
ces in this paper (see the notations used here in Ta-
ble 4): (%)n (in Figure 10) and H™ (in Figure 11). More
exactly, we need a bijection from (Z/2) to H™ which
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Fig. 11: Different immersions of the set presented in
the preceding figure. In the raster scan order, the direct
transform, the miss transform, the hit transform, and
the image by the H, operator (described hereafter).
Note that the representation of a set of Z? is not unique
in H?.

H Transform from (Z/2) into H*
Hr Transform from (%)n into H"™
Z Transform from H! into (Z/2)
Zn Transform from H" into (%)n
® Product operator
anbd sup (a(a) N (b))
Card (X) The cardinal of the set X
AUB Disjoint union of A and B

Table 4: Notations relative to the immersion from ( %)n
to H".

preserves the structure between these two spaces. For
this purpose, we define the function H : (Z/2) — H!:

{z,z+1} ifz€Z,
Vz € (Z)2), H(z) =

{z+ 1} otherwise.

From H, we can compute its inverse, that we denote
by Z : H! — (Z/2), and that we define this way: Vh €
H,

a if Ja € Zst. h={a,a+1},
Z(h) =

a—1/2 if Ja € Z s.t. h = {a}.

These bijections are depicted in Figure 12. We define
also the bijection H,, : (%)n — H" as the n-ary Carte-
sian product of H, and we denote by Z,, : H” — (Z)n

2
its inverse.

Then, for two sets A, B of faces of H", we define the
product operator &:

A®@B:={axb;ac Abec B}.

As usual, for any a € H", n > 1, and for any
i € [1,n], we denote by a; the i*" coordinate of a in
H"™. We can show easily that Va € H", the closure of
the Cartesian product is equal to the product of the
closures:

a(a) =« (Xme[[l,n]]am) = ®m€[[1,n]]a(am);

and the same thing holds for the opening thanks to the
symmetry of Alexandrov spaces:

ﬁ(a) = ﬁ (Xme[[l,n]]am) = ®me[[1,n]]ﬁ(am)~

3.1 Some relations between (%)n and H”

Using H,,, we obtain the following lemma.

Lemma 1. Let ¢ be a value in (Z/2) \ Z, and let y be
a value in Z. Then,

ve{em gt 5} e B0 € B,

In other words, when H(c) is a O-face of H', y is a
neighbor of ¢ in (Z/2) iff the opening of H(y) is included
in the opening of H(c).

The proof of this assertion is postponed to page 29.

Notations 1. From now on, for any c € (%)n, let %(c)
denote the set of indices of the coordinates i € [1,n]
satisfying ¢; € (Z/2) \ Z.

By Lemma 1, we obtain that:

Proposition 4. Let S be a block in Z™, and let ¢ be its

center in (%)n. Then S and c are related this way:

S = Zn(ﬁ(Hn(C)) n Hg)

The proof of this assertion is postponed to page 29
and is depicted in Figure 13.

3.2 Supremum in H"

Notations 2. From now on, we write that an expres-
sion is WD if it is well-defined.

Notations 3. Let a,b be two elements of H", then we
denote by a A'b the supremum of a(a) N a(b):

a ANb=sup (a(a) Na(d))
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o—C——©

-3/2 1 1/2 0

{-1} {-1,0} {0} {o,1}

1/2 1 3/2

Y

(Z/2)

{1} {1.2} {2}

— - N - H

Fig. 12: The bijection H between (Z/2) and H! preserves connectivity between the two spaces.

CHn(o) |

|8(Hn (c) B(Hn(c)

Hn(c) |

|8(Hn (c) B(Hn(c)

Fig. 13: Explanation of the formula S(¢) =

Zp(B(Hn(c)) NHY): we start from a block S of cen-

ter ¢ (top left side), we go into the Khalimsky grid

(top right side) using the transformation #,,, then we

compute the n-faces contained in 8(H,(c)) (down right
A

side), and then we go back into (£)" using 2, (down

left side), we obtain the block S(c).

Lemma 2. Leta,b be two elements of H™. Then, a(a)N
a(b) # 0 iff the aAb is WD. Furthermore, when a/Ab is
WD, we can switch the operators x and A in this way:

aNb= (Xie[in)@i) A (Xie[i,n)bi) = Xieqny(as A b;),

and we obtain a(a Ab) = ala) Na(b).

The proof of this assertion is postponed to page 30.

3.3 Some properties relative to antagonism

Let us now expose a simple lemma relative to antago-
nism.

Lemma 3. Let z,y be two elements of Z™. Then, x
and y are antagonists in a block of Z™ of dimension

k € [0,n] iff:

Card{m e [1,n] ; T =ym} =n—k, (1)
and
Card{m € [1,n] ; |xm —ym| =1} = k. (2)

In other words, x and y are k-antagonists iff they have
(n — k) equal coordinates and that the remaining coor-
dinates differ from 1.

The proof of this assertion is postponed to page 30.
By Lemma 3, it follows that:

Lemma 4. Vp,p' € Z", p and p’ are k-antagonists,
k € [0,n], iff Hn(p) A Ha(p') is WD and belongs to
H ..

The proof of this assertion is postponed to page 30
and is depicted in Figure 14.

By Lemmas 2 and 4, it follows that:

Lemma 5. Let p,p’ be two elements of Z™ such that p
and p’ are (3™ — 1)-neighbors in Z™ or equal. Then,

H, (p;p,) = Hu(p) A Hn(p').

The proof of this assertion is postponed to page 31.

By Lemma 5, the following assertion is true:

Proposition 5. Let S be a block and let p,p’ € S be
any two antagonists in S. Then the center of the block
p+p’

S is equal to 5. Furthermore, its image by Hy, in H"

is equal to Hn(p) AN Hn(p').

The proof of this assertion is postponed to page 31.
By Lemma 5, we obtain also:

Lemma 6. Let p be an element of Z™, then we can re-
formulate the squared closure of H,(p) in the following
manner:

" (Hn(p)) = U

veENSn_(p)

a(Hn(p) A Hn(v)).
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Fig. 14: Computation of H,(p) A H,(p') in 3D.

Hn (p) Hn (v)

—
)

D

Fig. 15: We can observe that to compute the set
o (H,(p)) in H”, it is sufficient to compute in Z" all
the neighbors v (in gray on the left side) of p (in blue on
the left side), then we deduce the corresponding faces
Hn(p) (in white and blue on the right side) and H,(v)
(in gray on the right side) in H" that we use to compute
the faces H,, (p) AHn(v) (in green on the right side). By
grouping these faces, we obtain finally o (H,(p)) in
H"™ (the set made of the green vertices and edges on
the right side).

]

[ | [

The proof of this assertion is postponed to page 31
and is depicted in Figure 15.

By Lemmas 2 and 4, it follows that:

Lemma 7. Let S be a block in Z™ of dimension k > 2.
Now, let p,p’ be two antagonists in S, and v be a 2n-
neighbor of p in S. Then, we have the following relation:

Hau(p) A Hn(p') € a(Hn(p) A Ha(v)).

The proof of this assertion is postponed to page 31.

3.4 Property of images of blocks by H,,

Let us observe a basic property of the image of blocks
by the bijection H,,.

Proposition 4 implies that:

s o o s |
(Hn (y))
[ — {— ] —
()| | [ ()
LJ LJ ¥ LJ
i —  —
oltn ) |pn ()| | [pn (o)

Ol 0 s o

Fig. 16: When y (whose image by H,, is one of the big
square in blue) does not belong to the block S centered
at Z,(z*) (#* is depicted in black), we obtain that the
closure of H,(y) (the sets of 9 faces in blue) does not
intersect the opening in H? of z* (in red).

Lemma 8. Let S be a block of Z™, and let z* € H™ be
the image by H,, of the center of S. For ally € Z",

{y & S} = {a(Ha(y)) N B(z") = 0}.

The proof of this assertion is postponed to page 32
and is depicted in Figure 16.

3.5 Additional background concerning n-surfaces

The following proposition results from the proof of Prop-
erty 11 (p. 55) in [13].

Proposition 6 (*). Let n > 1 and k € [0,n] be two
integers. Let | X| = (X,ax) and |Y| = (Y, ay) be two
k-surfaces in H"™. Then, if | X| is a suborder of |Y|, then
| X[ = [Y].

The proof of this assertion is postponed to page 32.

Notations 4. From now on, let us denote by LI the dis-
joint union operator: for A and B two sets of arbitrary
elements, we denote by AU B the union of A and B
assuming that AN B = ).
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Proposition 6 implies then:

Corollary 1. Let |X1| and |X2| be two k-surfaces, k >
0, with X1 N Xy = 0. Then | X1 U Xs| is not a k-surface.
In other words, the disjoint union of two k-surfaces,
k >0, is not a k-surface.

The proof of this assertion is postponed to page 32.
Proposition 3 implies the following assertion:

Proposition 7. Let a,b be two elements of H"™ with a €
BU(b). Then |aP(a)NBE(b)| is a (dim(a) — dim(b) —2)-
surface.

The proof of this assertion is postponed to page 32.

4 The proof that AWCness implies DWCness
in n-D

n>2 The dimension of the ambient space
X A non-empty finite subset of Z"
Y The complement of X in Z"
X The image of X by H,
Yy The image of Y by H,
Tht(X) The hit-transform of X
Tmiss(X) The miss-transform of X
N The boundary of the two last transforms
0.2 | alHa(p) NalHa(Y NS)) N AI)
f0,7) | alHa(p)) Na(Ha(Y 18) 0 O

Table 5: Notations relative to the proof that AWCness
implies DWCness.

The new notations introduced in this section are
summarized in Table 5.

Notations 5. From now on, we assume that n is an
integer greater than or equal to 2, that X is a non-empty
finite subset of Z™, that Y is the complement of X into
Z"; also, we define the sets:

X :=H,(X), YV:i=H,(Y).

Notations 6. The hit-transform of X into H"™ is de-
fined such as:

ThY(X) == a(X),

and the miss-transform, shortly the immersion, of X
into H" is defined such as:

I7(X) = Int (ZM(X)) .

For sake of simplicity, the boundary of the immersion
of X is denoted by MN:

N := O™ (X).

Let us begin with a property of the closures of the
sets X and ).

Proposition 8. The sets a(X) and a(Y) are regular
closed sets.

The proof of this assertion is postponed to page 32.

Lemma 9. Let XY be two subsets of H such that
XUY=H]. Then,

a(X) UInt(a(Y)) = H".

The proof of this assertion is postponed to page 33.
By Lemma 9 and by Proposition 8, we obtain:

Proposition 9. The hit-transform and the miss-trans-
form of X have the same boundary which is equal to:

a(X)Na(Y).

The proof of this assertion is postponed to page 33
and is depicted in Figure 17.

By Proposition 3, we obtain:

Proposition 10. For any z € N, we have the property
that |5 (2)| s a (dim(z) — 1)-surface.

The proof of this assertion is postponed to page 33.

By Propositions 2 and 10, we obtain that:

Lemma 10 (*). The immersion ™ (X) of X is AWC
iffVz €M, |BR(2)] is a (n — 2 — dim(z))-surface.

The proof of this assertion is postponed to page 33.

Figure 18 shows how we can compute in the 2D case
if a set is AWC from a local point of view: the set circled
in blue is AWC since for any vertex z € N, |35(2)] is a
0-surface, while the set circled in red is not AWC since
there exists some vertex z such that |35 ()| is not a
0-surface.

By Propositions 5 and 9 and by Lemmas 2, 4, and
7, we obtain that:

Proposition 11 (*). Let S be a block of dimension
ke[2,n] st. XNS={p,p'} (orst.YNS={p,p})

and p' = antagg(p), then H, M) € N. In other

2
words, when X contains a primary or secondary criti-
cal configuration, the image by H,, of the center of the
critical configuration belongs to the boundary N of the
immersion of X.
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Y X Y
o—0—o0—0—o0—0—o0

Hn(X) ] o [l ] | Zmiss(X)
Hn(Y) (] T | - Hr \ Zmis(X)

a(Hn(X)) O memEcC | O e C a(Z75 (X))

a(MHn(Y)) IEEEE IEEEE | IEEEEC e a(H" \ Tmiss(X))

a(Hn(X)) N a(Ha(Y)) [/ —T{— | —[m = m—1 — {—— e A 0. O NN RCT( : AW @)

Fig. 17: The computation of the boundary of Z™(X) can be made using to different manners: either by computing
directly a(Z™5(X)) Na(H"™\ Z™*(X)) using the definition or by computing a(H,, (X)) Na(H,(Y)) based on the

closures of the sets H,(X) and H,(Y).

10

i

i

18R (=)]

=

30

O
.

JC

L

]

arc

oc—

I

—
]

Fig. 18: AWCness of a subset of a Khalimsky grid can be
expressed using a local point of view using the property
that for any z in its boundary M, |8H(2)| is a (n —
dim(z) — 2)-surface.

Fig. 19: BH(H,(c)) (in green and red) when X admits
a 2D /3D critical configuration in the block of center
¢ (whose image by H,, is depicted in light gray) when
n = 3.

The proof of this assertion is postponed to page 34
and is depicted in Figure 19.

Then the first main result of this paper is as follows.
The summary is presented in Figure 20.

Theorem 1. Let X be a digital subset of Z™. Then,
when its miss-transform (or equivalently its hit-trans-
form) is well-composed in the sense of Alexandrov, then
X is digitally well-composed.

Proof. The proof is the same if we choose the miss-
transform or the hit-transform since their boundaries
are equal by Proposition 9.

So, we want to prove that AWCness implies DWC-
ness in n-D. For this aim, we will show that if X is not
DWC, then Z™%5(X) is not AWC. Since by Lemma 10,
7™ss(X) is AWC iff V2 € N, |B5(2)] is a (n — 2 —
dim(z))-surface, it is sufficient to prove that when X is
not DWC, then there exists an element z* of 91 such
that |85 (z*)| is not a (n — 2 — dim(z*))-surface. So,
let us assume that X is not DWC, that is, X admits a
primary or secondary critical configuration.

Let us treat the primary case, since the reasoning
for the secondary case is similar: let us assume that
there exists a block S of dimension k € [2,n] such that
X NS ={pp} with p’ = antagg(p). This way, we can
compute the image z* by H, into H" of the center of
S. By Proposition 5,

2" =M (p) A Ha(p).

Let us show that |35 (z*)| is not a (n — 2 — dim(z))-
surface. By Proposition 11,

z*eMm,
so the expression ﬁg(z*) is WD.

Now, let us compute |35 (z*)|. For this aim, let us
define:

f(p, 2*) := a7 (Ha(p)) N B7(z").
Using Lemma 6,

flp,z) = |J

yeN;n,l(p)

a(Ha(p) A Ha(y)) N B ().

Using Lemma 8, we obtain that:
flp.z) = |J a(Halp) AHa(y)) NB7(=").
yeS\{p}

Then, since we know that:

a(Ha(p) A Ha(p')) N A (27) = 0,
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H(p)

_
u

—a

mi
|
g

H(p)

| — ) —

I

I | —

I

T — O
X

not AWC

Fig. 20: Summary of the proof of Theorem 1: since X is assumed not to be DWC, it contains a critical configuration
in a block S whose center z* belongs to the boundary 9. We can then check that the poset |85 (2*)| is made of
two discrete O-surfaces and then it is not a 0-surface, which means that X is not AWC.

thus: and because S\ {p,p'} =Y NS, we obtain that:

)= | alal) AHaly)) N 0.
yeS\{p.p'} f(p, 2*) = a(Hn(p)) Na(H. (Y NS)) N BY(z%),

By Lemma 2,
With a similar calculation based on p’, we obtain
that:

f(p, 2*) = Uyes (ppry @(Hn () N(Ha(y)) N B7(27), f(p, 2*) == QB (Ha (') N AP (=Y
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is equal to:
a(Ma(P)) Na(Ha (Y N S)) N A= (=").

Next,

f(p, 2*) U f(p/, 2*)

= a(Ha(X NS)) Na(H, (Y NS)) N BE(2"),
which is equal by Lemma 8 to a(X) N a(Y) N A9(z*),
and then to ﬂg(z*) by Proposition 9.

Finally, we have that:
|85 ()| = [f(p, 2") U, 2.

Figure 19 depicts examples of 35(2*) in the case n = 3.

Let us now remark that |35 (2*)| is the disjoint union
of |f(p, z*)| and of |f(p’, z*)|:

a™(Ha(p)) NP (Ha(p) N7 (") = 0.

However, by Proposition 7, |f(p,z*)| and [f(p/, z*)| are
both (n—dim(z*)—2)-surfaces. By Corollary 1, |35(2*)]
is not a (n — dim(z*) — 2)-surface, and then Z™(X)
is not AWC. O

The flow diagram of Theorem 1 (see below) is de-
picted in Figure 21.

Now that we have proved that AWCness implies
DWCness, let us prove the converse, but before let us
present some general results relative to two spaces: H"
and (Z/2)".

5 General results relative to H" and (Z/2)"

In this section, we present notations, lemmas and propo-
sitions necessary to prove in the next section that DWC-
ness implies AWChness in n-D.

5.1 Definition of 1 (x)

Notations 7 (Integral coordinates). From now on, for
each point x € (Z/2)", we will write:

1(x)={ie[l,n]; z; € Z}.

Obviously, 1 (z) = [1,n] \ 3 (z), and Card (1 (z)) =
dim(Hn(x)).

[1,7]

The set of integers between 1 and n

x An element of (%)n
1(x) The indexes of the integral coordinates
2 (2) The complementary of 1 (z) in 1, n]
- The covering relation
a>b The face a covers the face b
opp,(b) The opposite of b relatively to the face ¢
z A family of indexes in [1,7n]
¢ A family of coefficients in (Z/2)
HYy 7.0y | Ho ({Z0(h) + iz Nie' s Vi€ T\ € C})
B B(z) \ (B(t) U B(t))
Jso(u) Hn (Zn(u) + (Z(tm~) — Z(2m~)) em*)
Cy GATE

Table 6: Notations relative to the relation between to
H" and (Z/2)".

Proposition 12. Let p,c be two elements in H". We
have the following equivalence:

(

(

(
{pepblo} = Z(pi) = Z(ci),

(

(

The proof of this assertion is postponed to section C
at page 34 and an example of this proposition is de-
picted in Figure 22.

5.2 Covering and opposites

Definition 4 (Covering relation). Let a,b be two ele-
ments of H". We say that a covers b, when a € 5(b)
and dim(a) = dim(b) + 1. We denote it a > b.

By Proposition 12, we obtain:

Proposition 13. Let p, ¢ be two elements of H™. Then,
p = c iff there exists m € [1,n] such that:

L(Za(p)) N 5 (Zn(c)) = {m}
and
Z,(p) € {Zn(c) — 3™, Zy(c) + 3€™} .
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Lemma3 Lemma2
O O
Lemma Proposition3 Lemma?® Proposition8
O Q Q
Proposition6 Y Proposition4  Proposition2 Y Propositiond0 Proposition; Proposition9
Q Q O
Corollary1 Lemma8 Lemmaé
O O O
Fig. 21: Flow diagram of Theorem 1.
En(c) L L p—
Jokn S oEmnE— | | | | O ] ]
0&n (P) ‘
fop T p
[ 1 O 1001 |
Fig. 23: Examples of opposites in H?: blue and red faces

Fig. 22: We can observe that p belongs to SB(c) on
the right side. At the same time, on the right side in
(2)", for i € 1(Z2.(p)) N L(Z.(c)) = {2}, we have
that Z(p;) = Z(¢;) — 1 (first condition of Proposi-
tion 12), for i € 1(Z,(p)) N1 (Z,(c)) = {1}, we have
that Z(p;) = Z(¢;) = 0 (second condition of Proposi-
tion 12), and the two other conditions of Proposition 12
are satisfied too because the intersections in the third
and fourth conditions are empty sets.

The proof of this assertion is postponed to Section C
at page 34.

Definition 5 (Opposites [26]). Let a,b,c be three el-
ements of H™. We say that a and b are opposite rel-
atively to ¢ and we denote it a = opp,(b) when a >
¢, b= c and B(a) N B(b) = 0.

On Figure 23, some examples of opposite faces are
depicted: we have a = opp,(b) with a in red, b in blue,
and c in pink.

are opposites relatively to the pink face.

By Propositions 12 and 13, we obtain that:

Lemma 11. Let a,b,c be three elements of H" such
that a = opp,(b), then there exists m € [1,n] such
that:

— either Z,(a) = Z,(c) — 3™ and Z,(b) = Z,(c) +
Lo

— or Z,(a) = Z,(c) + 3e™ and Z,(b) = Z,(c) — 3™,

which leads in both cases to:

Zn(a) + Z,(b)

5 = Z,(¢0).

Furthermore,
1(Zn(a)) = 1(Zn(c)) U{m} = 1(Z(b)),

3 (Zn(a)) U{m} = 3 (Za(c) = 5 (Za (b)) U {m}.

The proof of this assertion is postponed to Section C
at page 35.
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5.3 A very particular (n — dim(z) — 2)-surface

Notations 8 (Subspaces of H"). Let h be an element
H", and let be T be a family of indices into [1,n], and
let be € a set of values in (Z/2). Then we define the
following set:

HYy 1.0) = Ha ({Zn(h) + Z Nel s YieTI )\ € Qt}) )

i€l

It is then obvious that for any element h € H"™, we
have the following relations:

Examples 1. For any element h € H”,

= B(h),

= a(h),

H{h,%(zn(h)),{_%,o,%}}
H{hﬁl(zn(h))f{_%p’%}}

HYp 1,00, (2/2) = H™

We recall that a bijection f : X — Y is said to
be an (order) isomorphism if for any x1, x5 € X, then
x1 € ax(x2) is equivalent to f(z1) € ay (f(x2)).

By Proposition 13, we obtain:

Proposition 14. Let t,t', z three elements in H" such
that t and t' are opposite relatively to z. Now let define
E:=p(z)\ (B(t)UB)), and let m* be the only coor-
dinate in [1,n] such that m* € 1(Z,(t)) \ 1(Z,(2)).
Then, the application Jso : £ — H" such that, Yu € &,

Jso(u) = Hy (Zn(u) F(Z(tme) — Z(2m-)) em*) .

is an isomorphism from £ to B(t). In other words, the
order is preserved from & to [(t).

The proof of this assertion is postponed to Section C
at page 35 and the notion of a “translation” in Khal-
imsky grids is depicted using the usual notion of trans-
lation in Z™ (see Figure 24).

As depicted on Figure 25, when ¢ and ¢’ are opposite
relatively to z, |€| depicted in red is isomorphic (as an
order) to |5(t)| depicted in blue and to |3(t')| depicted
in green.

By Lemma 11, we have the following lemma:

Lemma 12 (*). Assuming n > 2, let z be an element
of H" \ H and t,t" be in H, (241 such that they are
opposite relatively to z. Then |ﬁD(z) \ (B(t) UB(H))] is

a (n — dim(z) — 2)-surface.

The proof of this assertion is postponed to Section C
at page 37.

@
=

i

099

e
Iill

Fig. 24: We depict here what is a “translation” in a
2D Khalimsky grid as a counterpart of the well-known
notion of translation defined in Z" (and then (%)n by
extension). The dark gray little squares on the left side
represent the 0-faces z and the dark gray nodes on the
right side represent their images by Z,, of z. In the same
way, the light gray rectangles on the left side represent
a face t covering z and the light grey nodes on the right
side represent the images of ¢t by Z,. Since we can-
not define naturally a “translation vector” in the 2D
Khalimsky grid on the top left side, we go into (%)n
on the top right side. Then we define in this last space
the vector (Z,(tm+) — Zn(2m+)) €™ (in red) utilized
to orientate in the good direction the translation (from
z to t); we recall that m* is the only coordinate where
t and z differ. Then, we can observe that thanks to
this translation we can transform all the elements p
of the component encircled in blue (on the right down
side) into the component encircled in green thanks to
the operation p — p + (Z(tm=) — Z(2m=)) €™ . Going
back to the 2D Khalimsky grid thanks to the H,, trans-
form, we can then translate the suborder encircled in
blue into the suborder encircled in green thanks to the
operation u — My (Z,(w) + (Z(tm-) — Z(2m=)) €™).
Observe that the order is preserved and then this trans-
lation is an isomorphism.

5.4 Definition and properties of the set T (u)

Notations 9. From now on, we will use the notation:
Vz € H* \ H?, Vu € 85(2),

T(U‘) = a(u) N BD(’Z) N Hgim(z)Jrl'

This set represents the (dim(z) + 1)-faces of the set
a(u) N B (2).

By proposition 12, we have:
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Fig. 25: When ¢ and t' are opposite relatively to z,
then the orders |5(t)| (in blue), |5(t')| (in green) and
[8(z)\ (B#)UB{))| (in red) are isomorphic orders.

Lemma 13. For all z € H*\H? and for allu € 5(z),

Hau (Z0(2) + (2(wi) = Z(2))-€")

T(u) = , 1
i€ 1(Za(w) N (20(2)

The proof of this assertion is postponed to Section C
at page 37 and is depicted in Figure 27.

5.5 Infimum

We have seen before the notion of supremum of the
intersection of the closure of two faces in H™. Let us see
now the infimum of the intersection of the openings of
two elements a,b € H™.

1

Hn

0
0
0
0

]

IZI_E_DI

|
|

|
|

OO . )

1

| Jul Yl
|ﬁ|
]

BT [ S ]

11
[ I B I [

1Al

1O

|

1O 1O H:I\ ]

Fig. 26: Examples of infimum: §(x) is in red, S(y) is in
blue, their intersection is in purple, and the infimum of
B(a) N B(b) is surrounded in green.

Definition 6. Let a,b be two elements of H", then we
denote by a V' b the infimum of 5(a) N B(b):

aVb=inf (B(a) N B(b)).

The notion of supremum is illustrated in Figure 26.

Lemma 14. Let a,b be two elements of H".

{B(a)

Furthermore, when aVb is WD, it satisfies the relations:

Then,

B(b) #£0} < {avbis WD }.

aVb= Xieﬂl,n]] (a/i \ b’b)7
B(a Vv b) = B(a) N B(b).

The proof of this assertion is postponed to Section C
at page 38.

5.6 Decomposition lemma,

Now let us show that we can “decompose” any face of
BY(2) as a function of its (dim(z) + 1)-faces.

P

Fig. 27: Decomposing faces of 39(z) into (dim(z) + 1)-
faces. On the left, a (dim(z)+2)- face is decomposed into
two (dim(z) + 1)-faces and on the right a (dim(z) + 3)-
face is decomposed into three (dim(z) + 1)-faces.

By Lemma 13, we obtain that:

Lemma 15 (Decomposition lemma). Let z be a face
in H* \H". Each face u € 85(z) can be decomposed in
the following manner (see Figure 27):

V v

veT (u)

The proof of this assertion is postponed to Section C
at page 38.

Lemma 16. Let v,v" be two elements of 85(z) such

that v # v'. Then T (v) # T ().

Proof. We can easily prove this lemma by counterposi-
tion thanks to Lemma 15. O
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Fig. 28: When f is of dimension 2 (in green) and when
f € B(v) where v is of dimension 0 (in blue), then we
have in a(f) N S(v) a number of one 2-face, of two 1-
faces (in pink) and of one 0-face.

m |
i
[mig|
m |
[mig|
s

Fig. 29: We assume that we have n = 2. In this three
pictures, the square whose boundary is in red corre-
sponds to the n-face a, the blue square to the n-face b,
the small black square to the O-face z, and the green
faces to the set a(a) Na(b) N BY(2). We can observe
that when o (a) Na™(b) N B7(2) = 0 (the figure on the
right side), then Z,,(a) and Z,(b) are 2-antagonists.

5.7 Counting the k-faces into a(a) N B(b)

By Proposition 12, we can prove the following assertion:
Lemma 17. Let v, f be two faces of H™ such that f €
B(v). For all k € [dim(v), dim(f)]:

Card (a(f) N B(v) NHy) = Cﬁ;@df}?%mw)'

The proof of this assertion is postponed to Section C
at page 39, and an example of counting of faces is de-
picted in Figure 28.

5.8 Antagonism and Bg(z)

By Lemmas 2 and 4, and by Proposition 7, we obtain
that:

Fig. 30: In n-D with n > 3, removing an element p of
Z™ and one of its k-antagonists p’ (both in red) with
k > 3 in a k-block S (the set of green and red nodes)
does not separate this same block: S\ {p,p’'} (depicted
by the green nodes) is 2n-connected.

Lemma 18 (*). Let us assume that n > 2. Let z be
in H™ such that dim(z) < n — 2, and let a,b be in
H? N BY(2). Then oP(a) Nal(b) N BY(2) = O implies
that Z,(a) and Z,(b) are (n — dim(z))-antagonist into
VALY

The proof of this assertion is postponed to Section C

at page 39 and a demonstration of this assertion is de-
picted in Figure 29.

5.9 Connectivity of S(z) minus two of its antagonists
when dim(z) < (n — 3)

Lemma 19. Let n > 3 be an integer. Let z be in
H™ such that dim(z) < n — 3, and let p,p’ be in S(2)
such that p = antagg.)(p'). Then S(2) \ {p,p'} is 2n-
connected into Z".

The proof of this assertion is postponed to Section C
at page 40 and two examples are given in Figure 30.

6 The proof that DWCness implies AWCness
in n-D

We assume that X is a non-empty finite subset of Z™,
that Y is its complement in Z™, that 91 is the boundary
of the hit/miss-transform of X.

Notations 10. From now on, we define for any z € N:

{Fi}iez = CC(BR())).

In this section, we present lemmas relative to the
suborder | Bg (z)} in general, and properties relative to
|85 (2)| when it is assumed not to be connected and/or
each component of ‘ﬂg (2)| is a (n— dim(z) —2)-surface.



18

N. Boutry et al.

Then, using these assertions, we prove that DWCness
implies AWCness in n-D.

Now let us present very briefly the proof which fol-
lows. We assume that X is DWC. Then, we show that
in the “2D case” (dim(z) = n—2), the ZM(X) is AWC
by a case-by-case study (we will show that |35 (2)] is a
O-surface). Thanks to this last property, we can start
a proof by induction on the dimension of z (dim(z) <
(n — 3)) where we want to prove that |85(2)| is a (n —
dim(z) — 2)-surface, that is, it is connected and for any
u € B5(2), we have that ‘HED(Z)(u) isa (n—dim(z)—3)-
surface. This last property igt easy to prove thanks to the
induction hypothesis. However, proving that | ﬁ%(zﬂ is
connected is much more complex and need the proper-
ties and lemmas detailed hereafter. Finally, thanks to
the last lemma in the following subsection, we will see
that when X is DWC, |85(2)] is connected and we will
end the proof thanks to the induction procedure.

6.1 Properties and lemmas relative to |35 (z)| under
some constraints

Let us define two hypotheses that will be very useful in
the sequel.

Hypothesis 1 (n > 3). “There exists z € M such that
dim(z) < (n — 3) and satisfying that ’B%(Z)’ is not
connected”.

Hypothesis 2. “Each component F; of ‘69'31(2)‘ is a
(n — dim(z) — 2)-surface.”

We are going to detail which properties we get when
some of these hypotheses are true.

6.1.1 Basic lemmas

Lemma 20. We assume that X is a non-empty finite
subset of Z, that Y is its complement in Z", that N
is the boundary of the hit/miss-transform of X. Then
each component |F;| of |85 (2)| is closed in ().

The proof of this assertion is postponed to page 40.

Lemma 21. We assume that X is a non-empty finite
subset of Z, that Y is its complement in Z", that N is
the boundary of the hit/miss-transform of X. Then for
two different components F; and Fj of |B5(2)|:

5(Fz) ﬁFj = @, and Oé(FZ) ij = @

The proof of this assertion is postponed to page 40.

Lemma 22. We assume that X is a non-empty finite
subset of Z™, that 'Y is its complement in Z", that N is
the boundary of the hit/miss-transform of X. For each
u € ﬁg(z), there exists one unique index i* € T such
that u € Fy« and it satisfies that:

O‘%l‘,i* (u) = a?!%(z) (u)7

The proof of this assertion is postponed to page 40.

6.1.2 Under Hyp. 1 and 2, the components F; cannot
contain opposite faces

«n

opp(t)

Fig. 31: Let us assume that two opposite (green) faces ¢
and ' := opp, (t) in B5(z) belong to a same connected
component F; of |35(2)| (we just draw the two faces
t and t' of this component). Then they are connected
in this last poset by some path 7 (not depicted here)
belonging to F;. Now, assume that |35(z)| is not con-
nected (Hypothesis 1), then there exists another con-
nected component F of |35(2)| and it is included into
the (n—dim(z)—2)-surface |87(2)\ (B(t)UB('))|; other-
wise I and F; would be connected, what is impossible.
Since by Hypothesis 2, F; is a (n — dim(z) — 2)-surface
included in the (n — dim(z) —2)-surface |87 (2) \ (8(t) U
B(t"))], they are equal. Since 7 must intersect F}; to join
t and ¢’ in 87(z), we obtain a contradiction.

As a consequence of Hypotheses 1 and 2, and using
Lemmas 12 and 20 and Proposition 6, we obtain:

Property 1 (*). We assume that n > 3 and that there
exists z € N such that dim(z) < (n—3) and that ‘69'%' (2)]
is not connected (Hypothesis 1). We assume also that
each component of m%(z)} is a (n— dim(z) — 2)-surface

(Hypothesis 2). Then, Vi € T, Vit € Hgim(z)H,

{t € Fi = opp,(t) & Fi}.
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The proof of this assertion is postponed to page 40
and is depicted in Figure 31; its flow diagram is depicted
in Figure 32.

Proposition12

Examples1 y Proposition13

Proposition14 Lemma11

Lemma21 Lemma12

Hypothesis1 Hypothesis2 Proposition6

Fig. 32: Flow diagram of Property 1. The blue points
refer to hypotheses assumed to be true.

6.1.3 Under Hyp. 1 and 2, F; contains at most
(n — dim(z)) (dim(z) + 1)-faces

As a consequence of Hypothesis 1, and using Prop-
erty 1, we obtain:

Property 2. We assume that n > 3 and that there
exists z € M such that dim(z) < (n—3) and that W%(z)‘
is not connected (Hypothesis 1). For each value i in T,
F; contains at most (n — dim(z)) (dim(z) + 1)-faces.

The proof of this assertion is postponed to page 41.

6.1.4 ‘Bg(z)‘ is a closure of (n — 1)-faces in |ﬂD(2)|

Lemma 23. Let x,y be two elements of Z™ and S be
a block such that © = antagg(y). Then for all z € S:

a(Hn(x)) Na(Hn(y)) € a(Ha(x)) Na(Ha(z)),

a(Hn(z)) N a(Mn(y)) © a(Ha(2)) Na(Ha(y)):

The proof of this assertion is postponed to page 41.

By Lemmas 2, 8 and 23, and Proposition 4, we ob-
tain that:

Lemma 24. Let X be a non-empty finite subset of Z",
Y its complement in Z", and N be the boundary of the
mass-tranform of X in H". For each z € N:

iz = J  ahHnp),

feHr_ nBR(2)
in other words, ﬂ%(z) is equal to the union of the clo-
sures (into f°(2)) of its (n — 1)-faces.

The proof of this assertion is postponed to page 41.

6.1.5 F; is the closure of some particular (n — 1)-faces

in BB(z)
By Lemma 24, we obtain:

Lemma 25. Let X be a non-empty finite subset of Z",
Y its complement in Z", and N be the boundary of the
mass-tranform of X in H". For each z € N, and for
any i € T, the component F; of \Bg(zﬂ is the closure
in B9(2) of a set of (n — 1)-faces, i.e.:

r=

fEH! _ NF;

a(f) N B7(2).

The proof of this assertion is postponed to page 42.

6.1.6 Under Hyp. 1 and 2, F; contains faces of each
dimension in [dim(z) +1,n — 1]

Lemma 26. Let f,z be two elements of H™ such that
fe€B(z), and let be 3= {i € [1,n] ; fi # zi}. Then,

dim(f) = dim(z) + Card (7).

The proof of this assertion is postponed to Section C
at page 42.

As a consequence of Hypotheses 1 and 2, and using
Lemmas 25 and 26, we obtain:

Property 3. We assume that n > 3 and that there
exists z € M such that dim(z) < (n—3) and that ‘ﬁg (2)]
is not connected (Hypothesis 1). We assume also that
each component of |69E’1 (2)| is a (n— dim(z) —2)-surface
(Hypothesis 2). Then, Vi € Z, ¥Ym € [dim(z)+1,n—1]:

F,nH;, #0.

The proof of this assertion is postponed to page 42,
and its flow diagram is depicted in Figure 33.
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Lemma1

Proposition4

Lemma2 Lemma23

Lemma26

Hypothesis1 Hypothesis2

perty3

Fig. 33: Flow diagram of Property 3. The blue points
refer to hypotheses assumed to be true.

6.1.7 Under Hyp. 1, we have the “Rank property”

As a consequence of Hypotheses 1, we obtain what we
call the “rank property”:

Property 4. We assume that n > 3 and that there
exists z € N such that dim(z) < (n—3) and that {ﬁ% (2)|
is not connected (Hypothesis 1). We assume also that
each component of ’ﬁ%(z)’ is a (n—dim(z) — 2)-surface
(Hypothesis 2). Now, Vi € Z, Vv € F;,

p(v, |Fi]) = dim(v) — dim(z) — 1.

The proof of this assertion is postponed at page 43.

6.1.8 Minimal number of (dim(z) + 1)-faces into F;
under Hyp. 1 and 2

As a consequence of Hypotheses 1 and 2, and using
Properties 3 and 4 and Lemmas 16, 17 and 20, we ob-
tain:

Property 5. We assume that n > 3 and that there
exists z € N such that dim(z) < (n—3) and that ’69':'1 (2)|

is not connected (Hypothesis 1). We assume also that
each component of |ﬁ§t(z)} is a (n— dim(z) —2)-surface
(Hypothesis 2). Then, for alli € Z, F; contains at least
(n — dim(z)) (dim(z) + 1)-faces.

The proof of this assertion is postponed to page 43;
its flow diagram is depicted in Figure 34.

Proposition12

Lemma17

Lemma15

Hypothesis1  Hypothesis2 yLemma16 Lemma20 Property3

Fig. 34: Flow diagram of Property 5. The blue points
refer to hypotheses assumed to be true and the red
points are assertions whose diagrams have been already
drawn.

6.1.9 Ezact number of (dim(z) + 1)-faces into F;
under Hyp. 1 and 2

As a consequence of Hypotheses 1 and 2 and using
Properties 2 and 5, we have:

Property 6 (*). We assume that n > 3 and that there
exists z € N such that dim(z) < (n—3) and that ‘ﬁ%(z)‘
is not connected (Hypothesis 1). We assume also that
each component of ’ﬂ%(z)} is a (n—dim(z) —2)-surface
(Hypothesis 2). Then, for all i € T, F; contains exactly
(n — dim(z)) (dim(z) + 1)-faces.

6.1.10 Number of components of |35(2)| under Hyp. 1
and 2

As a consequence of Hypotheses 1 and 2, and using
Property 6, we have:

Property 7 (*). We assume that n > 3 and that there
exists z € M such that dim(z) < (n—3) and that ‘59'31 (z)‘
is not connected (Hypothesis 1). We assume also that
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each component of ’Bg(z)’ is a (n—dim(z) — 2)-surface
(Hypothesis 2). Then,

Card (Z) = 2.

The proof of this assertion is postponed to page 43.

6.1.11 Decomposing components T (F;) under Hyp. 1
and 2

Notations 11. From now on, for eachi € T, we define:
T(F) = FiNHG )41
This set represents the (dim(z) + 1)-faces of F;.

As a consequence of Hypotheses 1 and 2, and using
Properties 1 and 5, we obtain:

Fig. 35: Some possible cases of T(F;) when n = 3 and
dim(z) = 0.

Property 8. We assume that n > 3 and that there
exists z € N such that dim(z) < (n—3) and that ’59‘:’1 (z)|
is not connected (Hypothesis 1). We assume also that
each component of ’ﬁ%(z)’ is a (n—dim(z) — 2)-surface
(Hypothesis 2). For all i € T, T (F;) is equal to:

{Haz@) + amemime 3 2.6}

with each A\, being exactly one value in {—%7% .

The proof of this assertion is postponed to page 43
and Figure 35 depicts the different possible cases of
T(F;) when n = 3 and dim(z) = 0.

6.1.12 Characteristical points of each F; under Hyp. 1
and 2

As a consequence of Hypotheses 1 and 2, and using
Properties 6 and 8, we obtain that:

Property 9. We assume that n > 3 and that there
exists z € M such that dim(z) < (n—3) and that {Bg (z)|
is not connected (Hypothesis 1). We assume also that

each component of m%(z)} is a (n— dim(z) — 2)-surface
(Hypothesis 2). For alli € T,

\ ot
tET(Fi)

exists in H? N BY(2). We will call this face the charac-
teristical face of the component F;.

The proof of this assertion is postponed to page 44;
its flow diagram is depicted in Figure 36.

Property1

Hypothesis1

Property5 Hypothesis2

Fig. 36: Flow diagram of Property 9. The blue points
refer to hypotheses assumed to be true and the red
points are assertions whose diagrams have been already
drawn.

6.1.13 F; is contained in the closure of its
characteristical point under Hyp. 1 and 2

As a consequence of Hypotheses 1 and 2, using Proper-
ties 1 and 9 and Lemmas 14 and 15, we have:

Property 10 (*). We assume thatn > 3 and that there
exists z € M such that dim(z) < (n—3) and that ‘59':'? (2)]
is not connected (Hypothesis 1). We assume also that
each component of |59E’1 (z)} is a (n—dim(z) —2)-surface
(Hypothesis 2). For each i € Z:

\V ot

teT (F;)

FigOé

Note that an intuition of this property is given in
Figure 37 and its proof is given at page 44.

6.1.14 Formulas of each component F; under Hyp. 1
and 2

As a consequence of Hypotheses 1 and 2, using Proper-
ties 9 and 10 and Propositions 6 and 7, we have:
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t L,

Fig. 37: Assuming the hypothesis of Property 10, let
t1,12,t3 be the three different (dim(z)+ 1)-faces into F;
(we depict the case dim(z) = (n — 3)); these faces are
not opposite to each others. Since B(¢1) N B(t2) is not
empty, u = t1 V to is WD. Also, since S8(u) N B(t3) is
not empty, u V t3 exists and is equal to \/ t. This
teT (F;)
term is equal to inf (8(u) N B(t3)) and then belongs

\V ot
teT (F;)
In the same way, t; and ty will belong to a(u) C

to B(u) N B(ts), this way, t3 and v € «

«Q \/ t | . Finally, t1, t5 and t3 belong to the closure
teT (F;)

of \/ t |, and then Fj is included in «
teT (F;)

\V ot

teT (F;)

Property 11 (*). We assume thatn > 3 and that there
exists z € M such that dim(z) < (n—3) and that |ﬂf‘jjt(z)|
is not connected (Hypothesis 1). We assume also that
each component of ’ﬁg (z)’ is a (n— dim(z) —2)-surface
(Hypothesis 2). Then,

Fi:OéD

\ t]ng ().

teT (F;)

Lemma14 Lemma15

Property1

Hypothesis1  Hypothesis2  Propertyd Lemmag Proposition8

Proposi

Fig. 38: Flow diagram of Property 11. The blue points
refer to hypotheses assumed to be true and the red
points are assertions whose diagrams have been already
drawn.

The proof of this assertion is postponed to page 45
and its flow diagram is depicted in Figure 38.

6.1.15 The two characteristical points of |85 (z)| under
Hyp. 1 and 2

From now on, we will use the following notation:

Notations 12. We assume that n > 3 and that there
exists z € M such that dim(z) < (n—3) and that |,6’9|:|1 (z)]
is not connected (Hypothesis 1). We assume also that
each component of |59';’( (2)| is a (n— dim(z) —2)-surface
(Hypothesis 2). We denote:

a:= \/ t, and b:= \/ t.

teT (F1) teT (Fz)

6.1.16 Z,(a) and Z,(b) are (n — dim(z))-antagonist
under Hyp. 1 and 2

As a consequence of Hypotheses 1 and 2, using Prop-
erty 12 and Lemma 19, we obtain that:

Property 12 (*). We assume that n > 3 and that
there exists z € M such that dim(z) < (n — 3) and that
‘ﬁg(z)‘ is not connected (Hypothesis 1). We assume
also that each component of |B;JDt(z)| is a (n—dim(z) —
2)-surface (Hypothesis 2). Then, Z,(a) and Z,(b) are
(n — dim(z))-antagonist in Z™.

The proof of this assertion is postponed to page 45.

6.1.17 Hyp. 1 and 2 imply that X is not DWC

Fig. 39: We can observe the structure of A3(2) when
we have (n — dim(z)) = 3, assuming that |55 (2)] is not
connected: |35(2)| is then made of 6 1-faces in red, of
six 2-faces in blue, and together they correspond to the
disjoint union of two 1-surfaces |Fy| = |0¢D(a) N 6'](,2)‘
(on the left) and |F| = |0¢D(b) N B9(2)]| (on the right).

As a consequence of Hypotheses 1 and 2, using Prop-
erty 12 and Lemma 19, we obtain:

Property 13 (*). We assume that n > 3 and that
there exists z € M such that dim(z) < (n — 3) and that
‘ﬂg(zﬂ is not connected (Hypothesis 1). We assume
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also that each component of |,89gt(2)| is a (n—dim(z) —
2)-surface (Hypothesis 2). Then, X contains a critical
configuration of dimension (n — dim(z)).

The proof of this assertion is postponed to page 45
and is depicted in Figure 39.

Lemma3

Lemma2

Proposition3

Lemmaé4

IPmpostionT

Lemma18

Property11 Hypothesis Hypothesis2

Lemma19

Fig. 40: Flow diagram of Lemma 27. The blue points
refer to hypotheses assumed to be true and the red
points are assertions whose diagrams have been already
drawn.

6.1.18 The key lemma

When we group together Hypotheses 1 and 2, we ob-
tain that X is not DWC. It means that Hypothesis 1,
Hypothesis 2 and { X is DWC } are incompatible by
Property 13. In other words, when we know that X is
DWC and that the components F; are (n— dim(z) —2)-
surfaces (Hypothesis 2), then |Bg(z)| is connected (be-
cause Hypothesis 1 is false). It leads to the follow-
ing lemma, crucial for the proof that DWCness implies
AWCness.

Lemma 27 (*). Let X be a non-empty finite subset of
7", Y its complement in 2™, and I be the boundary
of the miss-transform of X in H". For each z € N, let
us consider the suborder |ﬂ%(z) |. When X is DWC and
when each component F; of ’ﬂg(zﬂ is a (n—dim(z)—2)-
surface (Hypothesis 2), then |ﬂ§t(z)| is connected.

The flow diagram of Lemma 27 is depicted in Fig-
ure 40.

6.2 The proof that DWCness implies AWCness

A list of notations inserted in this section are depicted
in Table 7, and the flow diagram of Theorem 2 (see
below) is depicted in Figure 41.

Let n be an integer satisfying n > 2. Let us assume
that X is a non-empty finite subset of Z", that Y is its
complement in Z™, and that 91 is the boundary of the
miss-transform of X in H".

We want to prove that the fact that X is DWC
implies that Z™(X) is AWC too. For this aim, let us
assume that X is DWC. Proving that Z™(X) is AWC
is equivalent by Lemma 10 to prove that for any z € M,
we have the property that |35 (2)] is a (n— dim(z) —2)-
surface.

In other words, it is sufficient to prove that for any
k € [1,n], the property:

VzeMNH"_,,
(Pr) = { 1B5(2)] is a (nk_ 2 — dim(z)) — surface} ’

is true. We will proceed by induction.

When k = 1, dim(z) = n — 1, and then 85(z) = 0,
then |85 (2)| is a (—1)-surface, which proves that (P,
is true.

When k = 2, dim(z) = n — 2, and then, since X is
DWC, we have only two possible cases (modulo rota-
tions and symmetries) (see Figure 42). In both DWC
cases, 5}(2) is made of two faces which are not neigh-
bors, and then |85(2)| is a O-surface. Note that Fig-
ure 42 shows the case for n = 2 but the reasoning is
exactly the same for any n > 2.

Now, for the case k > 3, we can decompose (Py)
this way: since (n — dim(z) —2) > 1, (Py) is equivalent
to say that:

B Vze MNH"_,, Yu € B5(2),
(Pi) = ‘GED( )(u)‘ is a (n — dim(z) — 3)-surface
N 4

and

(PP) = Vze MNHy_,,
771185 (2)| is connected

are true.

To prove that these two properties are true, we are
going to prove that for each k > 3, (P{}) is true thanks
to the induction hypothesis, that (P;!) implies Hypoth-
esis 2, and that Hypothesis 2 implies (P2).

Let us then prove that assuming that (Py) is true for
any ¢ € [1,k — 1] (induction hypothesis), the property
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The indexes of the components of |35 (2)]

The (dim(z) 4+ 1)-faces of F;

First characteristical point of 85(2)

Second characteristical point of B5(2)

k>

1B5(2)| is a (n — 2 — dim(z)) — surface

|

k»

‘HED(Z) (U)’ is a (n — dim(z) — 3)-surface

Vu € B5(z),

}

ko

A
{Fi},cz | The components of 1B5(2)]
T(F3)
a
b
VzeNNH?
(Pr) { : O
N Vze MNH_
(Pi)
k |B5(2)] is connected

|

Table 7: Notations relative to the proof that DWCness implies AWCness

Pk=1) is true,
XDWC = P(k=2) is true.

Initialization

(V¢ € [1k-11, P, is true} = P*(k) = Hyp.2
‘ X DWC

= PP k)= Pk)

Heredity

J

DWC = {Vk €[1,n], P is true} => AWC

Fig. 41: Flow diagram of the proof that DWCness implies AWCness.

| 1 1 | ||
DWC DWC i not DWC

Fig. 42: When X is DWC, for any z € MM N H _,, then
|85(2)| is a O-surface; observe here X N B(z) in blue,

YN B(2) in red, and |35 (2)| is black.

PA) is true. For any u € S5(2), we have the following
k N
equalities:

‘ggﬁ(a(“)‘
=[5 ()] * a5 )]
|87 0 87) 9 | ()
|87 9| |, ()]
—|BR(w)] + oS5 ) )]
=[8R )| [P () N 85 (2)|
—[BR )|+ |a% (@) n 8%z N |
=[5 |a%() N 872)

However, by the induction hypothesis, ‘/39‘]1 (u)| is a
(n — dim(u) — 2)-surface, and by Proposition 7,

7w N 57(2)

is a (dim(u) — dim(z) — 2)-surface. It means by Propo-

sition 2 that ‘HD

BEI(Z)(U) is a (n — dim(z) — 3)-surface,
N
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(P{) is then true.

Let us prove now that (77,;4) shows Hypothesis 2. For
any i € Z, the component |F;| D(z)’ is connected
by definition. Also, by Lemma 22, for any u € F;, we
have that:

62, ()] = |65k ) ()
which is a (n — dim(z) — 3)- surface (see before). Then

|F;| is a (n— dim(z) — 2)-surface, and then Hypothesis 2
is true.

)

Now, to prove that (PkB) is true, we just have to
apply Lemma 27, ’ ﬁ%(z)’ is then connected. Indeed,
as detailed in the proof of Property 13, when Hypothe-
ses 1 and 2 are true, X contains a critical configuration.
However, Lemma 27 tells that when we have X DWC
and when furthermore Hypothesis 2 is true, we obtain
that Hypothesis 1 is false, which explains the connect-
edness of |5(z)|, and then (PP) is true.

Since (P;') and (PP) are true, (Py) is then true.

By induction, (Py) is then true for any k € [1,n],
and then Z™*(X) (and Z"*(X) since their boundaries
are the same) are AWC, which leads to the second main
result of this paper:

Theorem 2. Let X be a digital subset of Z™. Then,
when X is DWC, its miss-transform and equivalently its
hit-transform are well-composed in the sense of Alexan-
drov.

The flow diagram of Theorem 2 is depicted in Fig-
ure 43.

7 The n-D Proof for gray-level images

From now on, we will call gray-level image on Z™ any
mapping from Z™ to Z, and gray-level image on H"
any plain map from H" to H' (the definition is given
hereafter). So, in this section, we show how we extend
Theorems 1 and 2 from sets to gray-level images based
on cross-section topology [6-8,27] using span-based im-
mersions [17,28].

7.1 Plain maps
Table 8 summarizes the new notations inserted in this
section.

Let us now recall some mathematical background
coming from set-valued analysis [4,28] to be able to

Proposition3
[0}

y Proposition10 Proposition2

Lemma22 Lemma27 Proposition7

Fig. 43: Flow diagram of Theorem 2. The red point
refers to an assertion whose diagram has been already
drawn.

| X1, Y] Two Alexandrov spaces
F:X —Y | An application from X to Y
F:X ~Y | A set-valued map from X to Y
U:X ~Y | A plain map from X to Y
D(F) The domain of F'
h A face of H”
2+ 1 ifh={z2z+1},
w(h) { L ifh— L«}, }
<o The natural order relation on H!
U [ {zeH"; JyeU(z),y> A}
[U > Al {zeH"; Yy e U(z),y > A}
UQN [ {zeH"; JyeU(z),y <A}
[U <A {r eH"; Yy e U(x),y < A}
w:Z" — 7 | A gray-level image
[u=A [ {zeZ"; ux) > A}
[u> A {r €Z”; u(z) > A}
[u<A [ {z€Z"; ux) <A}
[u < A {r €Z”; u(z) < A}

Table 8: Notations related to gray-level images.

define the class of gray-level images on H"™ we will work
with in this paper.

Let |X| := (X,ax) and |Y| := (Y,ay) be two
Alexandrov spaces; as usual, the operators Sx and By
will denote the inverse of ax and ary respectively. Since
ax and ay are closures in X and Y, Sx and By denote
the openings in these same spaces.

An application F' from X to Y such that for any
z € X, F(x) is a subset of Y is called a set-valued
map, and we denote this fact by F : X ~ Y. The
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domain of F is the set D(F) C X such that Vz € X,
F(z) #0 < z € D(F).

A set-valued map F : X ~» R is said to be upper
semi-continuous (USC) at z € D(F) if Vo' € fBx(z),
F(z') C By (F(z)). A set-valued map is said to be upper
semi-continuous (USC) if it is USC at each point = €
D(F).

A set X is said degenerate if there exists some p such
that X = {p}. A set-valued USC map F : X ~~» Y is
said to be a quasi-simple map if for any z € D(F), F(x)
is a connected set and furthermore, for any x € D(F)
such that {«} = (), F(z) is degenerate.

An open point p € H" is a face of H" satisfying
that B(z) = {z}. A quasi-simple map F : X ~ Y is
said to be a simple map if for any quasi-simple map
F5 : X ~ Y such that F' and F5 are equal on open
points, then for any z € D(F), F(z) C Fy(x).

A set-valued map F : X ~» Y is said closed-valued
if for any = € D(F), F(x) is a closed subset of Y, and
is said interval-valued if for any x € D(F), F(x) is
connected. A set-valued map F : X ~» Y is said to be a
plain map if it is a closed-valued interval-valued simple
map.

7.2 Threshold sets and AWChness of a plain map

Let us define a bijection ¢ : H! — (Z/2):

1 _
vhe W, gy =4 @ ° Th= ety

z if h={z},

Now, let us define an order relation <, on H!: we
will say, for hi,hy € Hl, that hq SSD ho if (p(h1) <
©(ha). This way, as in [28],

<o {0 < {01 <, {1 <,

We will abusively omit the symbol ¢ when no confusion
may arise.

Now that we have introduced an order relation on
H!, we can define the threshold sets [28] of a plain map
U : H* ~» H! corresponding to A € H' as being the
following sets:

(U AN ={zel"; JyecU(x),y=A}
U AN ={zeH"; VyeU(x),y > A},
[UaN={zel"; JyeU(z),y <A}
U< A ={zeH"; VyeU(z),y <A}

Definition 7. Assuming that a plain map U : H™ ~
H' is given, we say that U is well-composed in the sense
of Alexandrov [28] (AWC) if the connected components
of the boundary of each of its thresholds sets are discrete
(n — 1)-surfaces.

7.3 Span-based immersions

m{0} m[o,1] m[0,2]
m{1} m(12] m {2}

Mo W1 [O2

Fig. 44: A span-based immersion U (on the right side)
of a gray-level image u (depicted on the left side).

I [ i
o O
o o
o[U > {0}] olU > {1}] olU > {2}]
o0 Do) o]
1 O
[ T T
dlU < {0}] U < {1}] AU < {2}]

Fig. 45: All the threshold sets of U of Figure 44 are
AWC since their boundaries are either made of disjoint
1-surfaces in H? or empty.

We recall that for any finite subset S of Z, assum-
ing that we know the minimum m := min(S) and the
maximum M := max(S) of S, the span of S into H' is
denoted by Span(S) and is defined as:

{{m},{m,m+1},{m+1},....{M -1, M}, {M}},

when m < M and as {{m}} when m = M. Obviously,
Span(S) is then a closed connected subset of H*.
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Then, the span-based immersion of a gray-level im-
age u : Z"™ — 7 is the plain map U : H" ~» H! defined
such that Vz € H™:

U(h) = Span {u(Z,(q)); ¢ € B(h)

NH}.

Assuming that for a given h € H", U(h) is closed
and connected, we will identify U(h) and its associated
interval in Z defined as [m, M] where m := min(U (h))
and M := max(U(h)). For example, we will identify
U(h) :={{0},{0,1},{1}} and the interval [0, 1].

Figure 44 shows an example of immersion of a gray-
level image u; as depicted on Figure 45, the immersion
of u is AWC.

7.4 Extension of DWCness to gray-level images

u>0 u>1 u>2
[u < 0] [u < 1] [u < 2]

Fig. 46: All the threshold sets (in white) of the image
u of Figure 44 are DWC.

Based on threshold sets [6-8,27], we can extend eas-
ily well-composedness from subsets of Z™ to gray-level
images on Z".

Let u : Z™ — 7Z be a gray-level image, and let A € Z
be a given threshold. The large upper, strict upper, large
lower, and strict lower threshold sets corresponding to
A are respectively:

0> X = {r € 27 ; u(x) > A},
[u>A={ze€Z"; ulx) > A},
[u< A ={zeZ"; u(x) <A},
[u<A={zeZ"; u(x) <A}

Definition 8. A gray-level image u : Z"™ — 7Z is said

Figure 46 depicts the threshold sets of the gray-level
image depicted in Figure 44: this image is DWC since its
threshold sets do not contain any critical configuration.

7.5 The proof for gray-level images

For sets, we have proved that a digital subset X of Z"
satisfies that its miss-transform (or equivalently its hit-
transform) is AWC iff X is DWC. Now, we are going
to prove that the span-based immersion U of a given
gray-level image u : Z" — Z is AWC iff u is DWC.

Lemma 28. Let u:Z" — Z be a gray-level image and
let U : H® ~» H' be its span-based immersion. Then,
for any A € Z, we have the following equalities:

Int(a(Ha(fu > A)))) = [U > {A}],
Int(a(Hn([u < A)))) = [U < {A}],
a(Mn(lu= A))) = [U B {A}],
a(Mn(lu < A))) = [U I{A}].

Proof. Let \ be an integer and let us begin with the
proof that [U > {A}] is equal to the miss-transform of
[u> A]. Let h be a face of H". Then,

he U {A}],

< U(h) > {\},

& Span {u(Z,(K)); h' € B(h) NHL} > {A},

< min{u(Z,(h')); A’ € B(R)NHL} > A,

& Vh' e B(h) NHY, u(Z, (k') > A,

< Vh* € B(h),VYh" € B(R*) NH, u(Z,(h")) > A,
< Vh* € B(h),Vh™ € B(h")NH}, Z,(h"™) € [u> A,
& VYh* e B(h),Yh" € B(R*) NH", h" € H,([u > A)),
< Vh* e B(h), B(R") NH] C Hy([u > A]),

& VI € B(h), B(h*) NHL N Ho([u > N)) # 0,

& Vh* € B(h), B(h*) N Ha([u > N]) # 0,

< Vh* € B(h),3n" € Hy([u > A]) N B(RY),

& Vh* € B(h),3h" € Hy(fu > N),h € B(h"),

< Vh* € B(h), 3N € Hy([u > A)),h* € a(h'),

< Vh* € B(h),h" € a(Hp([u> A)])),

& B(h) C a(Ha(ju> ),

& hent (o (Ha(fu> N))).

which is equivalent to say that h belongs to the miss-
transform of [u > A]. Then the first equality is proved.

digitally well-composed [10, 23] (DWC) if for every thresh- We deduce the second equality by following the same
old A € Z, all its threshold sets are digitally well-composed. reasoning.
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The third equality follows from the fact that, by us-
ing Lemma 9 with X = H,([u > A]) and Y = H,,([u <
A]), we obtain:

a(Ha(lu= A))))

= H"\ Int(a(Hn([u < A)))),
=H"\ [U < {A}],

= [U = {A}].

The fourth equality follows the dual reasoning. O

Let us now announce the main result of this paper
about gray-level images.

Theorem 3. Let u: Z" — 7Z be a gray-level image. Its
span-based immersion U : H" ~ H is well-composed in
the sense of Alexandrov iff u is digitally well-composed.

Proof. This result follows from Lemma 28 and Theo-
rems 1 and 2. O

8 Applications of well-composedness to image
processing

An important result of the equivalence between AWC-
ness and DWCness for n-D cubical images is that finally
all the interpolations [9,10,26] which provide DWC im-
ages provide at the same time AWC images, which is
surprising because intuitively we could think that it is
harder to make an AWC image than a DWC Image
(see [12] for an AWC interpolation on discrete surfaces).
A second important result is that every application ex-
isting on DWC images can be applied on AWC im-
ages, like the ones described hereafter. A third result,
that we found very important too, is that in some way
we unify the theory behind the paper of Najman and
Géraud [28] and the computing counterpart of Géraud
et al. [17], both about the tree of shapes: the first uses
AWChness to explain that it is a sufficient condition to
the existence of the tree of shapes, when the second
explains that the sufficient condition so that the graph
of shapes computed with a front propagation algorithm
is a tree is DWCness. For these three reasons, we pro-
pose to expose some of the main applications relative
to these flavors of well-composedness.

The first interesting applications concerns the tree-
based shape-space of Xu et al. [30], where we decompose
an image into a tree based on its well-composed inter-
polation [10]. Using a filtering procedure in the shape-
space, we can remove components in the image that
are not relevant, and then make object segmentation in
images (see Figure 47).

Fig. 47: An example of extraction of objects based on
the tree-based shape-space [30].

Fig. 48: Extracted from [25]: we start from a color im-
age in (a), we compute its graph-based shape-space,
and then we group the shapes which correspond to the
same character (w.r.t. some geometrical or alignment
criteria). The results of the filtering are shown in (b),
(¢), and (d) for different filterings.

This paradigm of shape-space has been extended to
graph-based shape-spaces [25] which allows us to seg-
ment clusters of objects which are geometrically related
in the image like characters in a document image (see
Figure 48).

A second approach using well-composedness is to
compute interpolations of the Laplacian of an image [19];
the zero-level-lines of the Laplacian are then a good ap-
proximation of the boundaries of the object in an image
(see Figure 49).

A third approach which need well-composedness is
the Dahu pseudo-distance [18] where we compute the
distance between two points in an image based on the
distance in the tree of shapes between the two shapes
containing these two points (see Figure 50). This pseudo-
distance has been shown as being a good approximation
of the well-known minimum-barrier distance (MBD).
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(a) Original image.

P

(b) Morphological Laplacian.
@

NO SMOK
MAXIMU " PER

(d) Node selection and text boxes.

(c) Result of labeling.

Fig. 49: Starting from a gray-level image (see (a)), we
compute its well-composed gray-level Laplacian, then
we deduce from its sign (see (b)) the labeling of the dif-
ferent characters (we look “inside” the zero-level-lines),
and then we label the characters of the image (see (c¢)
and (d)). This picture is extracted from [19].

0 C 2
2o W
Fig. 50: Computation of the Dahu pseudo-distance [18]:
the distance between the components B and F' depends
on the number of level lines that are crossed in the
image when we go from the interior of B to the interior
of F in the domain of the image (see the left side), this
distance is easily computable by computing the length

of the path joining the corresponding nodes B and F
in the tree (see the right side).

2 D

(R 4

Fig. 51: Example of saliency-based detection of identity
documents captured by smartphones [29].

A direct application of this Dahu pseudo-distance
can be found in [29] (see Figure 51) and corresponds to
a saliency-based detection of identity documents cap-
tured by smartphones.

9 Conclusion

In this paper, we proved that DWCness and AWCness
are equivalent in n-D. Thanks to cross-section topology,
we have easily extended this result to gray-level images.

We say that an image is continuous well-composed
(CWC) when the boundary of its continuous analog [24]
is a topological (n—1)-manifold. This property is known
to be equivalent to DWCness in 2D and 3D; their rela-
tion in 4D and beyond is an open question. Our next
step could then be to study the relation between DWC-
ness and CWCness in n-D.

A Proofs of Section 3

Lemma 1. Let ¢ be a value in (Z/2)\Z, and let y be a value
in Z. Then,

ve{emgiet g e 0w B,

In other words, when H(c) is a O-face of H', y is a neighbor
of ¢ in (Z/2) iff the opening of H(y) is included in the opening
of H(c).

Proof. When c belongs to (Z/2) \ Z,

H(c) = {c+ %} € H3,
and then we have:
B(H(c)) ={{c—1/2,c+1/2},{c+1/2},{c+1/2,c+ 3/2}}.
Also, when y € Z, H(y) = {y,y + 1} € H}, and then:
B(H(y)) = Hy,y + 11}
If y belongs to {c — %, c+ %}, we obtain that
B(H(y)) C B(H(c)).
Conversely, if {{y,y + 1}} is included into
{{ec—1/2,c+1/2}, {c+1/2},{c+1/2,c+ 3/2}},
it means that y € {c —1/2,c+1/2}. O

Proposition 4. Let S be a block in Z™, and let ¢ be its center

mn (%)n Then S and c are related this way:

S =Zn(B(Hn(c)) NHE).

Proof. This proof is depicted in Figure 13. Now, we can re-
mark that:

) 1 11
S = S Niet;Vie S() N €42,
c+iel<c> e { 2 2}
2

Then, for any y € S,
—ifie [1,n]\ %(c), then y; = ¢,
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— if i € 3(c) such that A; = 1/2, then y; = ¢; + 1/2 with
ci € (Z/2)\ Z,

— and if ¢ € %(c) such that A\; = —1/2, hence y; =¢; — 1/2
with ¢; € (Z/2) \ Z.

Then, for any ¢ € [1,n], by Lemma 1, H(y;) € B(H(c)),

and then H,(y) € B(Hn(c)). Because y € Z™, Hn(y) €

H?, and then Hn(y) € B(Hn(c)) N H?, which leads to y €
Zn(B(Hn(c)) NHE).

Conversely, let us assume that y € Z,(8(Hn(c)) NHY).
Then, Hn(y) € B(Hn(c))NH?, which means that y € Z™, and
Hn(y) € B(Hn(c)). In other words, for any i € [1,n], H(y:) €
B(H(c;)). Two cases are then possible: ¢; € Z, hence y; = ¢;,
or ¢; € (Z/2)\Z and thus by Lemma 1, y; € {ci —%,ci+1}.
This way, y € S. |

Lemma 2. Let a,b be two elements of H™. Then, a(a) N
a(b) # 0 iff the aAb is WD. Furthermore, when a Ab is WD,
we can switch the operators X and A in this way:

aNb=(Xiep1,n]ai) A (Xic1,n]bi) = Xic[1,np(ai Abs),

and we obtain a(a A b) = a(a) N a(b).

Fig. 52: Study case-by-case showing that, when a,b €
H', a A b exists iff a(a) N a(b) # 0. The closures a(a)
and «(b) are depicted in red, and the face encircled in
blue corresponds to a A b when it exists.

Proof. Let a1,b; be two elements of H', then it is easy to
show by a case-by-case study (see Figure 52 for the different
possible cases) that:

{a(a1) Na(by) # 0} < {a1 Ab1 is WD},

{a1 A by WD} = {a(al AN bl) = a(al) n a(bl)} .

Now let us treat the case where a,b € H™. For this aim,
let us remark that:
a(a) Na(b) = a(Xie1,nai) N a(Xieqr,n)bi)s
= Qieq1,n(@i) N Qseqr,nja(bi),
= ®ie[1,n] ((as) Na(bs)).

Then, when a(a) N a(b) # 0, we obtain that for any i €
[1,n], a(a;) Na(b;) is not empty, which implies that a; A b;
is WD and that we have:

ala;) Na(b;) = ala; Ab;).

This way, a(a) Na(b) is equal to ®;e1,nja(ai Ab;), and then
is equal to:

a(Xieq1,np(ai Abi)),
and then the supremum of a(a) N a(b) is X;eq1,ny(as A bs).
We can then denote by a A b this last term. Furthermore, it
satisfies a(a A b) = a(a) N a(b).

Conversely, when aAb is WD, the supremum of a(a)Na(b)
exists and thus a(a) N a(b) # 0. O

Lemma 3. Let x,y be two elements of Z™. Then, x and y
are antagonists in a block of Z™ of dimension k € [0,n] iff:

Card{m € [1,n] ; zm =ym}t=n—k, (1)
and

Card{m € [1,n] ; |m —ym| =1} = k. (2)

In other words, © and y are k-antagonists iff they have (n—k)
equal coordinates and that the remaining coordinates differ
from 1.

Proof. Let x,y be two elements of Z™ satisfying (1) and (2)
with k € [0,n]. Now, let us take ¢ € Z™ such that Vi € [1, n],
¢; := min(z;,y;), and let us define:

I :={i€l,n]; ci #zi},

and

Zy:={ie€[l,n]; ci #vi}.
By (1), there are (n — k) coordinates ¢ such that z; = y; = ¢;,
and then k coordinates i such that x; # ¢; or y; # ¢;. Then,

Card(Z, UZy) = k.

Since by (2) we have:

r=ctY,eq e
y=c+ Ziezy e,

then = and y belong to S(c¢, F) where
Fi={e'€B; i€l UL}

is of cardinality k. Furthermore, the L' norm of x —y is equal
to k, and thus z and y maximize the L'-distance between two
points into S(c, F). So, z and y are antagonists in S(c, F).

Conversely, let us assume that z,y € Z™ are antagonists
in a block S(c, F) of dimension k € [0,n]. For any ¢ € [1,n],
e’ belongs to F and hence |z; —y;| = 1, or it does not belong
to F and hence z; = y;. Since Card(F) = k by hypothesis,
this concludes the proof. O

Lemma 4. Vp,p’ € Z", p and p’ are k-antagonists, k €
[0,n], iff Hn(p) A Hn(p') is WD and belongs to HI*_, .

Proof. The intuition of the proof is depicted in Figure 14
for the 3D case. Let p,p’ be defined in Z™ and k € [0,n]
such that p and p’ are antagonists in a block of dimension
k € [0,n]. By Lemma 3, there exists a family J C [1,n] of
k coordinates s.t. Vi € J, |p; —pi| = 1 and Vi € [1,n] \ J,
ps = pj. Since for each i € [1,n], we have p;,p, € Z, then
H(p:) = {pi,ps + 1}, and H(p}) = {p},p; + 1}. Let us denote
z; = H(pi), and 2z, = H(p}), then z;, 2z} € H}.
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When ¢ is in J, p; = p; — 1, and a(z;) Na(z]) = {{pi}},
and then z; A 2] = {p;} € H(l), or p, = p; + 1, and a(z;) N
a(z]) = {{p}}} and then 2; Az} = {p} € H}. When i belongs
to [1,n] \ J, zs = 2z} and a(z;) N «a(z]) = a(z;) and then
zi ANz, = z € Hi. It follows then that X;c1,.j(zi A 2})
belongs to H _, .

Also, since a(z;)Na(z]) # 0 for any i € [1,n], a(Hn(p))N
a(Hn(p')) is equal to ®;c[1,n)(a(2:) N a(z])) which is non-
empty, and then, by Lemma 2, H, (p) A Hn(p’) exists and is
equal to X;eq1,n](2i A 2;), which belongs to H _, .

Let us now prove the converse implication. Let p,p’ be
two points of Z™, and z = Hn(p),2’ = Hn(p’') such that
zAz' is WD and belongs to H? _, . Then, we define J = {i €
[1,n] ; 2z A 2} € H}}, whose cardinality is equal to k thanks
to Lemma 2. Now, let us observe that, for any ¢ € [1,n],
pi € {pi—1,p,+1}iff z; Az, € H}, then p and p’ have exactly
k different coordinates, and they differ from one. Then, p and
p’ are antagonists in a block of dimension k by Lemma 3. [J

Lemma 5. Let p,p’ be two elements of Z™ such that p and
p’ are (3™ — 1)-neighbors in Z™ or equal. Then,

e (”2”/) = Ho(0) A Ha ().

Proof. Since p and p’ are (3™ — 1)-neighbors in Z™ or equal,
they are antagonists in a block of dimension k£ € [0,n], and
then by Lemma 4, Hn (p) A Hn(p’) is WD.

Now, let us prove that:

p+p
2

= Zn(Hn(p) A Hn(p'))-

This is equivalent to say that for any ¢ € [1,n], we have

%p; = Z(H(pi) AN H(p})) by Lemma 2. Let us rename the
following equality:

H(pi) N H(p;) = {pi,pi + 1} AP}, p; +1} (P).
Since p and p’ are (3™ — 1)-neighbors in Z™ or equal, they
satisfy for any ¢ € [1,n] that p; € {p}, — 1,p},p; + 1}. Then
we have 3 possible cases:

— pi = p}; — 1, and then by (P):
H(pi) AN H(p;) = {p; — 1,05} AMph 0t + 13 = {pi},
i+
and then Z(H(pi) A H(p})) = (0} — 5) = “52,
— or we have p} = p; —1, and then a symmetrical reasoning
leads to the same result,

— or p; = p;, and then the result is immediate.

The proof is done. O

Proposition 5. Let S be a block and let p,p’ € S be any
two antagonists in S. Then the center of the block S is equal
to BLEL . Purthermore, its image by Hp in H™ is equal to

Hn(p) AN Hn(p')-

Proof. Starting from the two antagonists p,p’ in S, we can
compute z € Z™ and F C B such that S = S(z, F). In fact, for
all i € [1,n], 2; = min(p;,p}), and F = {e* ; i € [1,n], p; #
ps}. Then, it is clear that:

p=p-2)+z=2+ Y ¢,

PiFZ;

and in the same manner:

p=0p —-2)+tz=2z+ Z et

P F#z;
Then,
p+p =22+ > f
feF
which shows that p+2p’ is the center of S in (Z/2)". The
second part of the proposition follows from Lemma 5. O

Lemma 6. Let p be an element of Z™, then we can reformu-
late the squared closure of Hn(p) in the following manner:

HHap) = U

vENm_,(P)

a(Hn(p) A Hn(v))-

Proof. This proof is depicted in Figure 15. Let p be an ele-
ment of Z™. Then, let us compute the value of a(Hn (p)):

a(Hn () = a (Hn(Xieq1,nppi)) ,
= o (Xien,nHPi)
= ®ieq,nja (H(pi)),
= ®ie1,n)a ({ps,pi +1}),
= Qieq,nj{{pi}, {pi,pi + 1}, {pi + 1}},
= Giepnt {# (pi = 3) M), H (i + 3)}
= Qiep,niH{pi — 5,pi,0i + 5}),
=Hn (Qieq1,n){pi — 5.06:0i + 31}),
=Hn ({a€(3)" 5 la—plle < 3})-

‘We can deduce that:
aBHn(p) = {Hn(@); a€ ()", llg—pllos = 2},

={f€H"; |Za(f) = plloo = 3}

However, || Z,(f) — plloc = ; is equivalent to:

[[lv = plloc = 1 with v :=2Z,(f) —p.

Then, o (Hn(p)) is equal to the set of elements f € H™
satisfying v € N3 _;(p) and f = H, (%) By Lemma 5,
we obtain that:

aF(Hn(p)) = {Hn(v) AHn(p) EH" ; v € NG _1(p)}

which leads to the required formula by applying the o oper-
ator on both sides. O

Lemma 7. Let S be a block in Z™ of dimension k > 2. Now,
let p,p’ be two antagonists in S, and v be a 2n-neighbor of p
in S. Then, we have the following relation:

Hn(p) ANHn(P') € a(Hn(p) A Hn(v)).
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Proof. Since p and v are 2n-neighbors, they are antagonists
in a block of dimension 1. Then, by Lemma 4, H,, (p) A Hr (v)
is WD. For the same reason, Hn.(p) A Hn(p’) is WD. By
Lemma 2, the first term of the relation is equal to:

Xiet,n] (H(p:) A H(DE))-

Likewise, the second term is equal to:

®ieqt,n] (a(H(pi)) Na(H(vi))) .

Then it is sufficient to show that for all ¢ € [1,n]:

(P)

Let us define J = {i € [1,n]; p; # p}}. Since v is a 2n-
neighbor of p into S, there exists an index ¢* in J such that
Vir F# Pix, e, V3» = ph., and Vi € [1,n]\{i*},v; = p;. When
i € [1,n] \ J or when ¢ = ¢*, the property (P) is obviously
true. When ¢ € 3\ {¢*}, then v; = p;, which implies:

a(H(p:)) No(H(vi)) = a(H(pi))
= {{p:}, {ps + 1}, {ps, ps +1}}.
When p = p; — 1, we obtain H(p;) AH(p}) = {p: }, and when

p; = pi + 1, we obtain H(p;) A H(p}) = {ps + 1}. Then, in
both cases,

H(pi) A H(p;) € a(H(pi) N a(H(vi)).

H(pi) ANH(p;) € a(H(pi)) N (M (vi))-
The proof is done. O

Lemma 8. Let S be a block of Z™, and let z* € H" be the
image by Hyn of the center of S. For ally € 2",

{y € S} = {a(Hn(y)) NB(z") = 0}.

Proof. This proof can be observed in Figure 16. Let us pro-
ceed by counterposition. Let y be an element of Z™ such that:

a(Hn(y)) N B(z") # 0.

Then, for all ¢ € [1,n], a(H(y;)) N B(z]) is not empty. Now,
let us show that y belongs to S. Since there exists p; €
a(H(y:)) N B(z]), then H(y;) € B(pi) and p; € B(zF), which
leads to H(y:) € B(z}) by transitivity of the operator /3, and
then H,(y) € B(z*). Since y € Z™, Hn(y) € H}, and then
Hn(y) € B(z*)NHT, which is equivalent toy € Z,, (8(z*) NH?),
which is the reformulation of a block centered at z* by Propo-

sition 4. O

Proposition 6. Let n > 1 and k € [0,n] be two integers.
Let | X| = (X,ax) and |Y| = (Y,ay) be two k-surfaces in
H"™. Then, if | X| is a suborder of |Y|, then |X| =Y.

Proof. Let us proceed by induction on k.

Initialization (k = 0): when | X| and |Y'| are two O-surfaces,
the inclusion X C Y implies directly that X =Y since they
have the same finite cardinality, and then

| X[ = [Y].

Heredity (k > 1): we assume that when two (k—1)-surfaces
satisfy an inclusion relationship, that is, when they are nested,
then they are equal. Now, let |X| and |Y| be two k-surfaces,

k > 1, such that | X| is a suborder of |Y'|. Then, for all x € X,
x € Y and so we can write:

02 (z) =05 ()N X Co (@) nY =6P(2)

because X C Y. However, |9)D( (z)| and |9§D, (z)| are (k — 1)-
surfaces and |9)D((x)\ is a suborder of |9$ (z)], then we have
thanks to the induction hypothesis:

0% (@)] = 165 (2)].
Now, let us assume that we have:
XCy (P).

Then let  be a point of X and y a point of Y \ X. Since
|Y'| is connected (because it is an k-surface with k > 1), it is
path-connected, and so z,y € Y implies that there exists a
path 7 joining them into Y. This way, there exist x’ € X and
y’ € Y\ X such that:

y € 69(").

In other words, y’ € 0}‘:,’(10’), where 95’ (z') is equal to G)D( (z')
since z/ € X. This leads to y’ € X. We obtain a contradiction
on (P). Thus we have X = Y. Supplying these two posets
with C, we obtain | X| =|Y|.

By applying the induction on k until n, this property is
true for any finite k € [0, n].

Corollary 1. Let |X1| and |X2| be two k-surfaces, k > 0,
with X1 N Xo = 0. Then | X1 U X2| is not a k-surface. In
other words, the disjoint union of two k-surfaces, k > 0, is
not a k-surface.

Proof. Let |X1| and |X2| be two disjoint k-surfaces in H™
with k € [0,n]. If we assume that |X; U X>| is a k-surface,
then X7 C X3 U Xo implies by Proposition 6 that X; =
X1 U Xsg, which is a contradiction since X2 is non-empty.
Then | X1 U X2| is not a k-surface. O

Proposition 7. Let a,b be two elements of H™ with a €
BU(b). Then |aB(a) N BE®B)| is a (dim(a) — dim(b) — 2)-
surface.

Proof. Since |H"|is an n-surface, then |a5 ()| is a (p(a, |H"|)—
1)-surface by Proposition 3, and then is a (dim(a)—1)-surface.
Now, we can remark that because b belongs to ozD(a)7 we can
write:

a (@) n 8 b) = 855 ,, ),

and then, again by Proposition 3, |a(a)n82 ()| is a ((dim(a)—
1) — p(b, |aB (a)|) — 1)-surface. Since we have:

p(b1a(a)]) = p(b, [H"|) = dim(b),

the proof is done. O

B Proofs of Section 4

Proposition 8. The sets a(X) and a(Y) are regular closed
sets.
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Proof. Let us prove that a(X) is a regular closed set, the
same reasoning applies for a()’). The fact that

Int(a(X))) € a(X)
implies:
a(Int(a(X))) € a(X)

by monotonicity of a. Conversely, any element x € X sat-
isfies B(z) = {z} C X, and so Int(a (X)), which is equal to
{h € a(X) ; B(h) C a(X)}, contains X. This implies that
a(Int(a(X))) 2 a(X). Thus a(X) is a regular closed set. [

Lemma 9. Let X, be two subsets of H such that XY =
H'. Then,
a(X) U Int(a(Y)) = H™.

Proof. Let us first prove that the union is disjoint. For this
aim, let us remark that h € a(X) is equivalent to say that
there exists some = € X such that h € a(z). In other words,
there exists some € X such that z € B(h). Now, let us
remark that A € Int(a())) is equivalent to say that S(h) C
(). If we assume that:

a(X) NInt(a(Y)) #0, (P)

we can deduce that there exists some h € H"™ such that there
exists € X satisfying that:

z € f(h) € a(d),

leading to « € a(Y). Since x € X C HZ, then = € Y, which
is a contradiction. Then (P) is wrong and the intersection of
a(X) and Int(a(Y)) is empty.

Let us now prove that their union is equal to H"™. The
fact that o(X)UInt(a(Y)) C H™ is obvious. Now, let us prove
the converse inclusion. Let h be a face of H"™. Two cases are
possible:

— either B(h) C a(Y), then h € Int(a())),
— or B(h) € a(Y), then the fact that
a(X)Ua(Y)=H"
implies that we have:
B(h) Na(X) # 0,
then there exists € X such that:
B(h) N a(z) # 0.
Then there exists p € f(h) N a(z) which means that h €
a(p) and p € a(z), and then by transitivity, h € a(z) C
a(X).
Then a(X) U Int(a(Y)) 2 H™. The proof is done. O

Proposition 9. The hit-transform and the miss-transform
of X have the same boundary which is equal to:

a(X) Na(d).

Proof. The boundary N of Z"*(X) is equal to:
(TM(X)) M a(H \ (X)),
also equal by idempotence of «a to:
a(X) Na(H" \ a(X)),
which is equal by Lemma 9 to:
a(X) N a(Int(a(V))),
and by regularity of a()) (see Proposition 8), then:
N = a(X)Na()).
In the same manner, the boundary 0N of Z™i5(X) is equal to:
a(T™3 (X)) Na(H" \ I™(X)),
which is equal to:
a(Int(a(X))) N a(H" \ Int(a(X)),
which is by Proposition 8 equal to:
a(X) N a(H" \ Int(a(X))),
and by Lemma 9, it is equal to:
a(X) Nafa()),

equal to:
a(X)Na(y),

by idempotence of a. This way, we have:
N=N =a(X)Na()).
O

Proposition 10. For any z € N, we have the property that
‘a%(z)‘ is a (dim(z) — 1)-surface.

Proof. Since M is closed, Yz € N, |a5 (2)| = |aP ()|, which
is a (p(z, |H™|) — 1)-surface by Proposition 3 since H™ is an n-
surface. Since p(z, |H"|) = dim(z), \a%(z)\ is a (dim(z) — 1)-
surface. O

Lemma 10. The immersion T™%(X) of X is AWC iff Vz €
N, |B¢|J:r|t (2)| is a (n — 2 — dim(z))-surface.

Proof. Let us recall that two disjoint components C'; and Cs
of M are separated: C1 N O(C2) = 0.

For this reason, for any z € N,

'95|):|1 (2) = HD(Z) N UC’eCC(m) C,
=Ucecem)02(2) N 0),

= ecDC(m,z)(z)~

Since n > 2, Z™s5(X) is AWC iff vC € CC(M), C is a (n —

1)-surface, i.e., VC € CC(M), Vz € C, \Hg (2)] is a (n — 2)-

surface, which means that YC € CC(M), Vz € C, |65(z)| is

a (n — 2)-surface, or, in other words, by Proposition 2 and

Proposition 10, Vz € N, \,B‘JD"L (2)] is a (n — 2 — dim(z))-surface.
O
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Proposition 11. Let S be a block of dimension k € [2,n] s.t.
XNS={p,p'} (orst.YNS={p,p'}) and p’ = antagg(p),

then Hn, (p+pl

5 € N. In other words, when X contains a pri-

mary or secondary critical configuration, the image by Hrn of
the center of the critical configuration belongs to the bound-
ary N of the immersion of X.

Proof. Let v be a 2n-neighbor of p in S, which is possible
since dim(S) > 1. Then, v and p are l-antagonists which
implies by Lemma 4 that H,(p) A Hn(v) is WD. Hence, by
Lemma 2:

a(Mn(p) A Hn(v)) = a(Hn(p)) N (Hn(v)).

If we assume that v belongs to X, it means that v = p’, or
in other words that k = 1, which is wrong since dim(S) > 2.
Then, v € Y, and so

a(Hn(p)) Na(Hn(v)) SN

by Proposition 9. Now, using Proposition 5,

o (p;p’) = Ho(p) A H (),

which belongs to a(Hn(p) A Hyn(v)) by Lemma 7, and thus
to . O

C Proofs of Section 5

Proposition 12. Let p,c be two elements in H™. We have

the following equivalence:

Vi € 1(Zn(p)) N 5 (Zn(c)),
Z(pi) € {Z(ci) — 5, Z(ci) + 5},
Vi € 1(Zn(p) N1 (Zn(c)),
Z(pi) = Z(ci),
Vie 2 (Zu(p)NL(Za(0),
Z(ps) = Z(eq),
5 (Zn() N1 (Zn(c) = 0.

{fpeplo} &

Proof. Let us prove first that p € 8(c) implies this set of four
properties. The relation p € 3(p) is equivalent to say that for
any i € [1,n], p; € B(c;). Each term p; belongs to H} or to
Hcl), and so does ¢;, which leads to four cases. Then, assuming
that for ¢ € [1,n], we have p; € B(ci), we obtain that:

— pi € Hi and ¢; € H}, then p; € 5(c;) implies:
1 1
Z(pi) € { Z(ci) — Q,Z(Cz‘) +o(

— or p; € Hi and ¢; € Hi, then p; € B(c;) implies Z(p;) =
Z(ci)7

— or p; € H} and ¢; € H}, then p; € B(c;) implies Z(p;) =
Z(Ci)7

— or p; € H(l) and ¢; € Hi, then p; € B(c;) leads to a
contradiction.

This leads to the 4 formulas described above, which con-
cludes the direct implication.

Conversely, it we have these four properties, % (p)N1(c) =
() shows that:

(1wnj@)vamni@u(;en;©) =,

and since in these three cases, we obtain that p; € B(c;), it
is clear that p € 3(c).

Proposition 13. Let p, c be two elements of H™. Then, p > ¢
iff there ewists m € [1,n] such that:

1(Zn(p)) N % (Zn(c)) = {m}
and
Za(p) € {Zn(e) = 3™, Zn() + 3™}

Proof. We can reformulate the fact that we have p > c in the
following manner (see Proposition 12):

Vi € 1(Zn(p) N 5 (Zn(c)),
Z(pi) € {Z(ci) = 5, Z(ci) + 5}, (D)
Vi€ 1(Zn(p) N1 (Zn(c)),

Z(pi) = Z(ci), (2)
Vi€ 5 (Zn(p) N5 (2n(0),

Z(pi) = Z(ci), 3)
3 (Zn(P)N1(Zn(c) =0, (4)
dim(p) = dim(c) + 1. (5)

lByd(4), 1(Zn(c)) € 1(2,(p)), and then (2) can be reformu-
ated:
viel (Zn(c)) 7Z(pi) = Z(Ci)a

which implies that at least the dim(c) integral coordinates
of Z,(c) are integral for Z, (p). Since dim(p) = dim(c) + 1
by (5), p admits one more integral coordinate than ¢ and it
lies into 1 (Z,(p)) \ 1 (Zn(c)) = 1 (Zn(p)) N % (Zn(c)), which
means that:

1
Card(1 (Zn(p)) N 5 (Zn(c)) =1,
and then there exists one index of coordinate m € [1, n] such
that 1 (Z,(p)) N % (Zn(c)) = {m}. By (1) to (4), we obtain

then that for each coordinate i € [1,n], Z(p;) = Z(c;) except
for the case ¢ = m where:

2 € {2 - 5.2 + 3 |,

which concludes the direct sense.

Conversely, if there exists m € [1,n] such that :

L(Za() 0 5 (Za(@) = {m}

and ) )
Z,(p) € {Zn(C) — Eem,Zn(c) + gem} ,
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it is clear that (1) is satisfied by hypothesis. Also, for each
i € [1,n] \ {m}, we have Z(p;) = Z(c;), which implies (2)
and (3). Now let us assume that (4) is false, it means that
there exists some i € 3 (2 (p)) N1 (Zn(c)) such that Z(c;) is
in half and such that Z(p;) is integral. Then we obtain that
|Z(ci) — Z(pi)| = 3, which means that i = m (Z,(c) and
Z,(p) are different only on the m*" coordinate). However, i
belongs to % (Zn(p))N1 (2, (c)) and m belongs to 1 (Z,(p))N
% (Zr(c)). We obtain a contradiction:

{1} € 1(Za) N 5 (Za(9) N 5 (Za(p) N1 (Za(e)) = 0,

then (4) is true. (5) is true because p has one more integral
coordinate than ¢ by hypothesis. O

b, a
j *
e (10D
i *
! >
ai* a

b\

i* Y

Fig. 53: Assuming that a and b cover ¢, that the index
i* is defined such that a;« # ¢;» and that the index
j* defined such that b« # cj+. When ¢* and j* are
different, we obtain that 5(a) N A(b) in light gray is not
empty.

Lemma 11. Let a,b,c be three elements of H"™ such that
a = opp,(b), then there exists m € [1,n] such that:

— either Z,(a) = Zp(c) — %em and Z,(b) = Z,(c) + %em,
— or Zp(a) = Zn(c) + %em and Zy,(b) = Z,(c) — %em,

which leads in both cases to:

Zp(a) + Z,(b)

5 = Z,(c).

Furthermore,

1(Zn(a)) = 1(Zn(c)) U{m} = 1(2.(b)),
3 (Zn(a)) U{m} = 5 (Zn(0)) = 5 (Zn(b)) U {m}.

Proof. By Propositions 12 and 13, there exist i*,j* € [1,n]
such that:

1(Zn(a)) N 3 (Zalc) = {i"},
Zn(a) € {Zn(c) — %ei*,Zn(c) + éei*} ,
1(2n (b)) N 5 (Zn(c) = {i*},
Zn(b) € {Zn(c) — 2€7, Znlc) + 377 }.
Also, since a and b cover ¢, we have that a € 3(c) and
b € B(c). Applying B on these expressions, we obtain that
B(a) C B(c) and that B(b) C B(c) (by transitivity of 3). Due

to the fact that for each ¢ € [1,n], we have a; = ¢; iff i # i*,
and b; = c; iff j # j*, then we have:

Blai-) C B(eir),
Vi€ [1,n]\ {i*}, B(a:) = B(ci),
B(bj-) C Blej-),
Vi€ [1,n]\ {5} B(bi) = B(ci),

If i* # j* (see Figure 53), then when m = i*, we have
B(am) C B(em) = B(bm), when m = j*, we have B(bm,) C
Blem) = Blam), and when m € [1,n] \ {i*,7*}, we have
Blam) = Blcm) = B(bm). We obtain that B(a) N B(b) =

®ie[1,n] (B(ai) N B(bi)) # B, which contradicts the hypothe-
sis that a and b are opposites. Then we have i* = j*.

Because Z,(a), Z,(b) belong to

1 ..« 1 .«
{Zn(c) — 56’ , Zn(c) + 56’ }

and because they are different, we obtain that:
— either Z,,(a) = Z,(c) — %ei* and Z,(b) = Z,(c) + %ei*,
— or Zp(a) = Zn(c) + %ei* and Z,(b) = Z,(c) — %ei*,
which leads obviously to:

Zn(a) + Z,(b)

5 = Z,(c).

When m € [1,n]\{¢*}, we have then dim(am) = dim(cm) =
dim(by,), and when m = ¢*, we have dim(am) = dim(cm) +
1 = dim(bm ). We can then conclude that:

1(Zn(a)) = 1(Zn(c)) U{i"} = 1(Zn (D)),
3 (Zn(@) U{i*} = 5 (Zn(0) = 5 (Zn () L {i*}.

O

Proposition 14. Let t,t’, z three elements in H™ such that
t and t’ are opposite relatively to z. Now let define £ :=
B()\(B)UB(t')), and let m* be the only coordinate in [1,n]
such that m* € 1(Z,(t)) \ 1 (Zn(z)). Then, the application
Jso : £ — H"™ such that, Vu € &,

Jso(u) == Hn (Zn(u) + (Z(tm-) — Z(2m+)) em*) .

is an isomorphism from & to B(t). In other words, the order
is preserved from & to B(t).
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Proof. Let t,t’,z be three elements of H™ such that t’ =
opp, (t), then by Proposition 13), we obtain that there exists
some value m € [1,n] such that % (Zn(2))NL(Zn(t)) = {m},
Zp(t) = Zn(2) + %em, and Z,(t') = Z,(z) — %em (or the
converse case Zp(t) = Zp(z) — %em, and Z,(t') = Z,(z) +

1

5e™ but by symmetry, we do not need to treat this case).

‘We know by Examples 1 that
B =HY, 1 (z,10),(-1.0.21}
and
N T
BW) =HY, 1(z,00),(-1,0,13}
Since € is equal to 8(2) \ (B(t) UB(t')), we can reformulate it

using Notation 8. Indeed,

B(z)

j— n
T {E@Een {304}

. 1 1
=Hn Aie’ 5 Ay -—,0,- )
s+ 3 aetiae{fog}
1€ 1 (Z.(2))
, 1 1
=Hn Aie’ 5 Ay -—,0, - )
SD> c e{ = 2}
i€l (2, (Hu{m})
g [1F AR Btz M€t
/\m S {_%707%}5)% S {_%705 %}
=H t+ ) et N € Lol
- n . . X2 9 K2 2? 72
i€L(Z,(1)

) 1 1
2+ Y et Aie{_iaovi}

( i€1(Z,(1)
U H '+ > A-ei-/\-e{—lol}
n 3 b 2 27 ’2 )
i€1(Za(1))
E

uB(t).

Since this is a disjoint union, it is clear that :

) 1 1

8:7'[” >\’L ’L; )\1 _77077

s+ X wneine{-jog)
i€1(Z.(1))

Now that we have this equality, we can prove that their
exists an isomorphism between B(t), £ and B(t'). By symme-
try, it is sufficient to prove that £ and 3(t) are isomorphic.
For that, we define the application 7™ : H?® — H" such
that for any v € H™:

() = H, (Zn(u) + %em) .

Let us show first that this application maps € to 3(t). Let
u be an element of £, then there exists for any ¢ € % (Zn(t))

one value A; € {—1,0,1} such that

u=Hn | Z.(z) + Z e

i€1(2.(1))
This way,
1 )
T W) = Hn | Za(2) 4 gem D0 Nie!
iel(Z, ()

Since Z,(2) + se™ = Z,(t), we obtain that

[V

™ (u) = Hy,

Zo+ >, et |,

i€ 5 (Zn (%))
and then

+.m n
T €HE 1z 00— 10,1

which is in fact 8(t).

Now we want to prove that 71>™ is injective, which is im-
mediate because it is a translation. To prove that 7™ is sur-
jective, let us proceed this way: let v be a point in S(t), then
there exists for any ¢ € % (Zr(t)) one value \; € {—%, 0, %}
such that v = Hn(zn (t) + ZiEé(Zn,(t)) /\7;51). Its antecedent

is simply

u=Hn | Zn(z) + Z el

1€ (Za(t)

which obviously belongs to £.

This translation is then a bijection from £ to B(t). Now
we need to prove that it preserves the order: let a,b be two
elements of £ such that a > b, then, by Proposition 13, there
exists a value i € 3 (Zn(t)) such that:

Zn(a) € {Zn(b) — Lei, Zn(b) + Lei},
Z(az) €7,
Z(b:) € (Z/2)\ L.

Now let us define a’ = 77 ™(a) and ¥ = 7t ™(b). We
want to prove that a’ covers b’. In fact, we can write a’ =
Hn(Zn(a) + %em) and b = Hn(Z2n(b) + %em). We obtain
then that:

Zp(a) = Zn(a) + %em,
{Z’”«(b) - %ei + %em7z’n(b) + %ei + %em}’
{20 (V) = 3¢°, 20 (V') + 3¢}

m

m

It remains to show that Z(a}) belongs to Z and that
Z(b}) belongs to (Z/2) \ Z. Since we have the three follow-
ing conditions: (1) Z(b;) belongs to (Z/2)\ Z, (2) Z,(b') =
Zn(b)+ %em, and (3) m ¢ % (Z,(t)) (which contains 7), then
m # 4, which leads to Z(b}) = Z(b;). Then Z(b}) belongs to
(Z/2) \ Z. The fact that Z(a}) belongs to Z comes from the
fact that Z(a}) € {Z(b;) — 2e*, Z(b;) + Le'}. This concludes
the proof. O
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Lemma 12. Assuming n > 2, let z be an element of H™ \ H"

and t,t’ be in Hgim<z)+1 such that they are opposite relatively
to z. Then |85 (2)\ (B(t) UBE))| is a (n — dim(z) — 2)-

surface.
Proof. Since t and t’ are two opposites,
1(Za(t) = 1(Za (1))
by Lemma 11, and
Card (1 (Z2,(t))) = Card (1 (Z,(2))) + 1.

Now let m* be the coordinate in [1,n] such that m* €
1(Zn(t))\ 1 (Zn(z)). We can then write:

Zn(t) = Zn(2) + (Z(tm+) — Z(2m~)) e™.
Now let define € := B(z) \ (B(t) U B(t')), and let define
the application Jso : £ — H™ such that Yu € &,
Jso(u) := Hn (Zn(u) T (Z(tme) — Z(2m-)) em*) .

Intuitively, this application translates the point u from &£
to B(t) directed by the vector e™ . More exactly, by Propo-
sition 14, Jso is an isomorphism from |€]| to |B(t)|. This way,
189(2) \ (B(t) UBE))| = |€\ {z}] is isomorphic by Proposi-
tion 14 to |8(t) \ {Jso(2)}| = |BY(t)| which is a (n — dim(t) —
1) = (n — 2 — dim(z))-surface. O

a(H(z) N a(Hx)

] [ In

H) H(z)

I_I@F [ J00)se) naiw

| ]

H(y)

| | D | 10

«(HE) N «HE)

Fig. 54: When z belongs to the block S where x and
y are antagonist, we have the relation o(H,(z)) N

a(Hn(y)) C a(Hn(2)) N a(Ha(y))-
Lemma 13. For all z € H* \ H" and for all u € 85(2),
T(w) = Hn (?n(z) + (Z(ui) - Z(21))-€") ;
i €1(Zn(u)N 5 (2n(2)

Proof. Let us define:

Aos P M (@) + (E(w) = 2()€)
i € 1(Zn(u)N L (Zn(2)

Let us show first that A C 7 (u). Since we have u € 5(z),
by Proposition 12, 1 (Z,(u)) N 5 (Zn(2)) # 0. Then let t be
a face in A, t can be written:

= (20(2) + (B) = 2’

with ¢* € 1 (Z,(u)) N % (Zn(2)). We recall that
5 (@) N1 (2a(2)) =0

because u € AU (%), we then have the different subcases when
i€ [1,n] :

1. i belongs to

(1 E @) N1 E N U (5 En)n ] (26D).

then u; = z; and then t; = z; = wu; implies that t; €

a(ui) N B(z:).

2. 0r i =14* € 1(Zn(uw)N % (Zn(2)), then t; = u; with
Z(u;) = Z(z) £ % Since Z(t;) = Z(z;) = %, we have

then
{Z(z1) = 1/2,2(2:) + 1/2},
ti € { {Z(20) +1/2,2(z:) + 3/2} } :

Also,

{Z(z:) — 1/2, Z(z;) + 1/2},
B(zi) = {Z(2:) +1/2},
{Z(z:) +1/2,Z(z;) + 3/2}

This way, t; € a(ui) N B(2:).

3.ori € 1(Z,(u) N %(Zn(z)) \ {i*}, then t; = z; with
Z(z;) = Z(us) £ % Also, we have

N A2 (), Z(ug) + 13,
a(us) = { (Z ()}, (Z(us) + 1) } :

which contains {Z(z;) + %} = {Z(:) + %} = t;. This
way, t; € a(us) N B(2:).

We have finally ¢ € o(u)NB(2), and since by construction
we have t # z, t € a(u) N BY(z). Furthermore, Z,(t) has the
same dim(z) integral coordinates as z plus the i*-th one, and
then t € Hy, )., then A C T(u).

Let us show now that 7 (u) C A. Let ¢ be in T (u). Since
t € B(z), we know that:

(Vi€ [1,n],i € 1(Zn(2)) = i€ 1(Zn(t)}.

Also, t € ngm(z)+1’ then there exists an unique coordi-
nate i* in 1(Z,(¢)) \ 1 (Z£,(2)). Since t; € {z;,u;} for each
i € [1,n], then t;+ = u;» # 2+ and for all ¢ € [1,n] \ {i*},
t; = z;. Because we have t € a(u),i* € 1 (Zn(u))ﬁ% (Zn(2)).
Also, we have:

0= (200 + (20ir) = (o))’ )

then we finally obtain that ¢t € A. O
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Lemma 14. Let a,b be two elements of H™. Then,
{B(a)NB(b) #0} < {aVbis WD }.

Furthermore, when a V b is WD, it satisfies the relations:

aVb=xep nylaiVbi),
BlaVb) = pB(a) N Bb).

Proof. Let us treat first the case a1,b; € H' and let us pro-

ceed case by case.

(1) When a1, b1 are in H}, then there exists 4, j € Z such that
a1 = {i} et by = {j}. Then B(a1) = {{i — 1,1}, {i}, {3, +
1}}, /B(bl) = {{.7 - 1>.j}7 {.7}7{.77.7 + 1}}

(A) Then ¢ =j and B(a1)NB(b1) = {{i — 1,4}, {i}, {i,i +
1}} and a1 V by = {i} which implies that S(a1) N
B(b1) = B(a1 V b1).

(B) Ori=j7—1, and B(a1) N B(b1) = {{i,4+ 1}} and
a1 Vby = {i,%+ 1}, which implies B(a1) N B(b1) =
B(al \Y bl).

(C) Ori=j+1,and B(a1) N B(b1) = {{j,7 + 1}} and
a1 Vb1 = {j,j + 1}, which implies B(a1) N B(b1) =
B(al \/bl).

(D) Ori & {j —1,4,j + 1}, then B(a1) N B(b1) = O and
ai V b1 does not exist.

(2) When a1 € H% and by € H(l), then there exist i,5 € Z
such that a1 = {¢,7+ 1} and b1 = {j}. Then B(a1) =
{ii+ 11}, B(b1) = 14 — L,jh 43} 1.7 + 11
(A) Then ¢ = 7, B(a1) N B(b1) = {{Z,'L + 1}}, a1 Vb

{i,i+ 1} and B(a1) N B(b1) = B(ar V b1).

(B) Ori=j—1,5(a1)NpBb1) ={{j —1,j}}, a1 Vb
{.] - 1aj}7 and B(al) n B(bl) = B(al 4 bl)

(C) Ori g {j—1,5}, then B(a1) NB(b1) =0 and a1 V by

does not exist.

(3) When a1 € H} and b; € Hi, then the reasoning is the
same as before.

(4) When a1,b1 € Hi, then there exist i,j € Z such that
a1 = {i,9+1} and b1 = {j, +1}. We obtain then S(a1) =
{iri+ 13}, Blby) = {{5:7 + 11)-

(A) Then i = j, which implies B(a1)NB(b1) = {{i,i+1}},
ay Vb = {Z,Z-i— 1} and 5((11) N B(bl) = B(al Vv b1)

(B) Ori#j, B(ai)NB(b1) = 0 and a1 Vb1 does not exist.
When a, b belong to H", n > 1, such that 8(a)N3(b) # 0,
we obtain that:
B(a) N B(b) = B(Xig[1,n1a:) N B(Xic1,nbi),
= ®7L€[1,n]]/8(ai) N ®i€|ll,n]]/8(bi)7
= ®i€[[l,n]] (ﬁ(al) n ﬁ(bz)) )
# 0,
then for all ¢ € [1,n], B(a;) N B(b;) # O, which imples
that a; V b; exists and B(a;) N B(b;) = B(a; V b;). This way:

B(a) N B(b) = B(Xieqr,n]a:) N B(Xic1,n]bi)
= ®ieq,n] (Blas) N B(b:))
= Qieq1,n]Blai V by)
= B(Xie1,n]@i V bi)
whose infimum is X ;¢ [1,n]a:Vb; and then aVb = X;¢1,nja:V

b;, and B(a V b) = B(a) N B(b).

Lemma 15 (Decomposition lemma). Let z be a face in H™\
H?. Each face u € BD(Z) can be decomposed in the following
manner (see Figure 27):

Proof. We need first to show that \/ v exists. For this

veT (u)

ﬂ B(t) # 0. However,
teT (u)

u € B9(z) implies by Lemma 13 that

aim, it is sufficient to show that

Ty = 4 P (Bale) + @alu) = ZuG0)e) 5 |
i€ 1(Zn(w) N 5 (Zn(2)

For all +* € 1 (Z,(u)) N % (Zn(2)), let us denote:
£ =M (Zn(z) + (Zn(uir) — Zn(zi0)) e) 7

then T (u) = {ti*}i*E]l(Zn(u))ﬁé(Zn(z))'

This way,
N B = N B(t)
teT (u) P E€L(Z, (u)NL(Z,(2))

N 6( X tii)
i*EJl(Zn(u))ﬂé(Zn(Z)) me([l,n]
= N ® 5()

*€1(Z, (w)NL(Z,(2)) mEll,n]

X M

me[l,n] i*€1(Z,(u))NL(Z.(2))

8 (tm)

We want to show that for all m € [1,n],

N 8 (i) #0.

T €L(Z, (u)N 3 (Z,.(2))

Since u belongs to 3(z), then:

— either m € 1 (2, (2))U é (Zn(u)), then Z(um) = Z(zm)-
And because m # i* for all i* € 1(Zn(u)) N 5 (Zn(2)),

.
tl, = Zm = Um, and:

ﬂ B (ﬁ;) = B(um) # 0.

P EL(Z, ()N (24 (2))

—orm€1(Z,(u)N % (Zn(2)), then

Z(um) € {Z(zm) - %,Z(zm) n %}

Then, there exists a value i* € 1 (2, (u))ﬂ% (Zr(2)) such
that i* = m, for which Z(t{.) = Z(um) € {Z(zm) —
%,Z(zm) + %}, and then:
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N s(m)

i €1(2, ()N L(Z,(2))

= B(ti) N N 8(th)
P €1(Z, (u)NL(Zn(2)\{m}
= B(um) N B(zm).
Two cases are possible. Either Z(uy) = Z(zm) — %,
then:
B(um) N B(zm)

= B(Hn(2(zm) = ) 1 B(zm)

= {Z(m) — 5, 2(em) + 3}
{2(em) = 1/2,2(zm) +1/2),

n {2(m) +1/2),

{2(em) +1/2,2(zm) +3/2)

= ({Zem) = 5, Z(em) + 51}

= Blum)

£0

Or Z(um) = Z(2m) + 3, then:

Blum) 1 B(zm)

= B(Hn(Z(zm) + ) 0 Bem)

={{Z(zm) +1/2, Z(zm) + 3/2}}
{Z(zm) — 1/2, Z(zm) + 1/2},

n {Z(em) +1/2),

{Z(zm) +1/2,Z(zm) + 3/2}

= ({2 (em) +1/2,2(om) +3/2}}

= Bum)

£0

This way, for all m € [1,n],

N B(th) #0,

i €1(Z,(u)N3(2,(2))

and then m B(t) # 0, which implies that vteT(u) t exists
teT (u)
in H™.

Let us compute now this term, following the calculus
made before:
7 (tn)

B(Vierwmt) = & N

me[l,n] i*€1(Z, (u))N3(Zn(2))
= @ Blum)
me[l,n]
= B(Xmeﬂl,n]]um)
= B(w)
and then u = VtET(u) t. O

Lemma 17. Let v, f be two faces of H™ such that f € B(v).
For all k € [dim(v), dim(f)]:

k—dim (v
Card (o(f) N B(v) NHY) = odim(f)i;m(v).

Proof. This proof is an enumeration problem: we want to find
the total number of k-faces of a(f) N B(v). We recall that by

Proposition 12 for all w € H™, we have:

w € a(f) N B(v)

<~
vm € 1(Z.(f))N % (Zn(v)) s wm € {vm, fm}s

and

Vm € 2 (Zn(f)UL(Zn(v), Wm = Vm(= fm).

Then, dim(v) coordinates of w in a(f)NB(v) are fixed and
integral, which means that (k — dim(v)) of its coordinates are
free, that is, in half or integral. These last coordinates can be
chosen among the (n — dim(v)) half coordinates of v minus
the (n — dim(f)) half coordinates of f, which explains the
(dim(f) — dim(v)) term. This concludes the proof. O

Lemma 18. Let us assume that n > 2. Let z be in H™ such
that dim(z) < n — 2, and let a,b be in H* N B2 (2). Then
aH(a)na®)npE(2) = 0 implies that Z,(a) and Z,(b) are
(n — dim(z))-antagonist into Z™.

Proof. The fact that a,b € 85(z) implies that z € aH(a) N
aH(b), and then a(a) N a(b) # 0, which implies that a A b
exists and a(a) N a(b) = a(a A b) by Lemma 2. This way,

z € aD(a) ﬁaD(b) C alaAb),

and then a A b € 3(z). Let us assume that we have a = b.
Then

a(@)naP ) n Y (2) = a(a) N 87 (2)

is a (n — dim(z) — 2)-surface by Proposition 7, and then is
non empty (because (n — dim(z)) > 2). This is impossible by
hypothesis, and then we have a # b. Since a and b are different
and they are both into H}, they are not neighbors and this
way a2 (a) Na(b) = a(a) Na(b) = a(a Ab). We obtain that
a(a A b) N BH(z) = 0. We have seen that z € a(a A b), then

(alanb)nB7(=)) ULz} = ala Ab) N B(2) = {2,

and then z = a A b. By Lemma 4, we deduce that Z,(a) and
Z,(b) are (n — dim(z))-antagonists. O
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Lemma 19. Let n > 3 be an integer. Let z be in H™ such
that dim(z) < n — 3, and let p,p’ be in S(z) such that p =
antagg,)(p’). Then S(z)\ {p,p’} is 2n-connected into Z™.

Proof. Let z,y be in S(z) \ {a,b} with z # y. Then there
exists a value k € [1,n — dim(z)] such that « and y are k-
antagonists (since they belong to the block S(z) of dimension
(n — dim(z))). Let us now proceed by induction on the value
of k.

Initialization (k = 1): when = and y are l-antagonists in
Z™, they are 2n-neighbors and then there exists a 2n-path
joining them into S(z) \ {a, b} such that 7 = (z,y).

Heredity (k € [2,n — dim(2)]): we assume that for all the
elements z,y in S(z) \ {a,b} such that they are (k — 1)-
antagonists into S(z), there exists a 2n-path joining them into
S(z)\{a,b}. Let us show that when z and y are k-antagonists,
x and y are 2n-connected into S(z) \ {a, b}. By hypothesis, x
and y are k-antagonists with k£ > 2 and belong to S(z), then
they are antagonists in a block S C S(z) of dimension k. This
way, = admits in S a total number of k 2n-neighbors (which
are different from itself) where at most one is into {a,b}.
Indeed, if a and b were neighbors of z, they would be identi-
cal or 2-antagonists. These two cases are impossible since a
and b are (n — dim(z))-antagonists with (n — dim(z)) > 3.
Then there exists a 2n-neighbor v, of z into S\ {a,b}; vs
is then (k — 1)-antagonist of y and 2n-neighbor of z, then z
and y are connected into S(z) \ {a, b} thanks to the induction
hypothesis. O

D Proofs of Section 6

Lemma 20. We assume that X is a non-empty finite subset
of Z™, that Y is its complement in Z™, that N is the boundary
of the hit/miss-transform of X. Then each component |F;| of
|B% ()| is closed in B9 (2).

Proof. Since 5)(z) is equal to the intersection 9 N A5(z)
and 91 is closed in H"™ as intersection of two closed sets of
H™, then 85 (z) is closed in 87(z). Because when a subset
of a topological space is closed, each connected component
: |

is closed too, then the connected components of Bg(z) are
closed in BY(z), and then for each i € Z, F; is closed in
BE(2). O

Lemma 21. We assume that X is a non-empty finite subset
of ™, that Y is its complement in Z™, that N is the bound-
ary of the hit/miss-transform of X. Then for two different

components F; and F; of |B‘% (2):

BE;)NF; =0, and a(F;) N EF; = 0.

Proof. Let i, 7 be two different values of Z. Now, let us assume
that the intersection S(F;)NF; is not empty, then there exists
some z € B(F;) N F;. It means that we have at the same time
z € B(F;) and z € Fj. It is equivalent to say that there exists
some a € F; such that z € B(a) and z € Fj. Then, there
exists some a € F; such that a € a(z) and z € F;. So, there
exists some a € F; which satisfies a € a(F};). Now, we know
that F}; is a connected component of the closed set 91, and
then o(F;) = Fj. Then, there exists a € F; NF;, which would
mean that F; N F; is non-empty. We have a contradiction. O

Lemma 22. We assume that X is a non-empty finite subset
of Z™, that Y is its complement in 2™, that N is the bound-
ary of the hit/miss-transform of X. For each u € Bg(z),
there exists one unique index i* € T such that u € F;« and
it satisfies that:

agﬁ (u) = ag%(z)(u);
BIE‘I* ('LL) = BE%(Z)(u)!

GEL* (u) = OE%(Z)(U)

Proof. Let u be an element of B%(z) Then there exists one,
and only one, value ¢* € Z such that u belongs to Fj-.

— First, let us remark that:

a%(z)(“)
:aD(u)ﬂ (U F,) ,
1€T
=@ W NnF-)u o (w)n U 7|,
1€I\{i*}
= (@) N Fi-)U U o wnr|,

i€Z\{i*}

However, we can remark that if for any 5 € Z \ {i*},
we have oH(u) N F;; # 0, then there exists some z €
aD(u) N Fi;, and then there exists z € Fi; such that
u € 5D(z), which implies u € B(Fi;), and then F;- and
F;; are neighbors. Contradiction.
— By symmetry, we obtain a same reasoning.
— With the two preceding assertions true, we can remark
that:
O
P55 (W)
=0 (u) N B3 (2),
O O O
= (a= () UB~(u) N Bx(2),
O O O O
= (@~ (u) N Bx(2) U (B~ (u) N Bx(2)),
_ g O
= aﬁ%(z)(u) Uy ﬁgg‘]l(z)(“)v
O O
= (ap,. (v) UBE,. (u),
=07, (u).

O

Property 1. We assume that n > 3 and that there exists
z € M such that dim(z) < (n — 3) and that ’,Bg (z)‘ is not
connected (Hypothesis 1). We assume also that each compo-
nent of ‘Bg(z)‘ is a (n — dim(z) — 2)-surface (Hypothesis 2).
Then, Vi € Z, Vt € ng‘m(z)+17

{t e Fi = opp,(t) € Fi}.



Equivalence between DWCness and AWCness on n-D Cubical Grids 41

Proof. It is sufficient to show that the hypothesis of non con-
nectivity of ‘5% (2)| and of presence of two opposite faces in a
same connected component of |35 (z)| are incompatible. The
reasoning of this proof is depicted on Figure 31. Let ¢ be

in Z such that there exists t,t' € HY, (241 N Fi satisfying
t’ = opp, ().

Then for all j € Z, j # i, we have B(F;) N F; = 0 by
Lemma 21, and then 8(¢t) N F; =0, and B(¢') N F; = 0. This
way, F; C BU(2)\ (8(t) U B(t')), which is by Lemma 12 a
(n—dim(z)—2)-surface (like F};). However, when two discrete
surfaces of same rank satisfy an inclusion relationship, they
are equal (see Proposition 6), then we have :

Fj = B9(2)\ (Bt) UBE)).

This implies that F; is included into §(t) UB(t’) and then
F; = F;n(B(t)UB(t)). Since t and t’ belong to F;, we obtain
finally that:
Fi = Bp,(t) U BF, ('),
which is a disjoint union of two open non-empty sets, i.e., F;
is not connected, which is impossible. O

Property 2. We assume that n > 3 and that there exists
z € M such that dim(z) < (n — 3) and that ’,Bg\t(z)

connected (Hypothesis 1). For each value i in I, F; contains
at most (n — dim(z)) (dim(z) + 1)-faces.

s not

Proof. ,BD(Z) contains exactly 2(n— dim(z)) pairs of opposite
(dim(z) + 1)-faces, and then by Property 1, for all ¢ in Z, F;
contains at most (n — dim(z)) (dim(z) + 1)-faces. O

Lemma 23. Let x,y be two elements of Z™ and S be a block
such that © = antagg(y). Then for all z € S:

a(Hn(x)) Na(Hn(y)) € a(Hn(z)) Na(Hn(2)),

a(Hn(x)) Na(Hn(y)) € a(Hn(2)) Na(Hn(y)):

Proof. By symmetry, it is sufficient to show the first asser-
tion (see Figure 54). Let 3 = {i € [1,n] ; x; # yi}. Let z be
an element of S, then for all i € J, z; € {z;,y;} and for all
1€ 1,n]\J,z; =yi = z;.

When i € [1,n]\ J, ; = y; = z; and then:

a(H(zi)) Nea(H(yi))
= a(H(z:)),
= a(H(x:)) Na(H(z)).

When ¢ € J, either z; = xz;, and:

a(H(z:)) Na(H(y:))
C a(H(z4)),
C a(H(z:)) Na(H(zi)),

or z; = y; and we obtain immediately:
a(H(z:)) Na(H(y:)) = a(H(zi)) N a(H(z)).

A simple application of the Cartesian product is then suffi-
cient to end the proof. O

Lemma 24. Let X be a non-empty finite subset of Z™, Y
its complement in Z™, and I be the boundary of the miss-
tranform of X in H™. For each z € N:

Brx)= U ahns ),

femr_ npR(z)

n—1

in other words, ,Bg]t(z) is equal to the union of the closures
(into BE(2)) of its (n — 1)-faces.

O

\
-
(

y

Y

G

Fig. 55: Let x be in X and y be in Y such that they
are antagonist in a block S C Z™. They are joined by a
2n-path 7 C S containing a pair (z’,y’) € X x Y such
that 2’ € N5, (y').

Proof. Let us begin with the first inclusion. Since for all f €
ﬂ%(z), f €M, then a(f) N BH(z) C BODAI (2) because Bg(z) is
closed in the subspace 85 (z).

Now let us prove the second inclusion. Let w be an element

of 55‘1 (2). Let us recall that S(z) = Z,(8(z)NH?) is the block
centered at z (see Proposition 4). Then by Lemma 8:

BR() = a(Hn (X)) Na(Ha(¥)) N A7 (2),
= a(Hn (X N S(2)) Na(Hn(Y N S(2)) NBH(2).
This way, there exist z € X N S(z) and y € Y N S(z) such
that u € a(Hn(z))Na(Hn(y)). Also, z and y belonging to the

same block S(z) and being different, they are k-antagonist,
k>1.

Now let J be the set {i € [1,n] ; ;s #yi} = {j1, .-, Jk}
where the sequence (j;); is strictly increasing. We can then
define the 2n-path 7, i.e., a sequence in Z™ such as two con-
secutive elements in the sequence are 2n-neighbors in Z",
joining z and y into S(z):
m=(p =a,pt ..., p" " =),

satisfying the recursive relation:

{po =, .
ph=p A+ (g, — )€V E [k,
Now, let us define

I*:=min{l € [L,k] ; p' €Y} -1,

then we obtain two points ' :=p!" € X and gy’ :=p"" Tl €Y
which are 2n-neighbors in the block S(z) (see Figure 55).
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Since y' —z = Z (yj, — z4,).€", ¥ and = are an-
lef1,1x+1]
tagonist in a block of dimension (I* + 1) that we will call S’.

Moreover:

{ ¥ =z+ Zle[[l,l*]] (yjz - sz‘)'ejl , (1)
z' = y/ + (le*+1 - yjz*+1)'ejl*+la (2)

then Vi € [1,n], =} € {y,,z;}, which implies ' € S’.
Then, using Lemma 23:
a(Hn () Na(Hn(y') € a(Hn (")) Na(Hn(y')).

Moreover, y’ € S where z and y are antagonist, so one more
time using Lemma 23,

a(Hn(z)) No(Hn(y) C a(Hn(z) Na(Hn(y)),
and then we obtain by transitivity that:
a(Hn(z)) No(Hn(y) € a(Hn (")) Na(Mn(y)).

This way, u € a(Hn(z")) N a(Hn(y')). Also, 2’ and y’
being 2n-neighbors, they are 1-antagonist and then u belongs
to the closure of the (n — 1)-face f := Hy,(z') A Hn(y’') by
Lemma 2.

Because Hy,,(z') and H,(y’) belong to S9(z), we have
z € a(Hn(z")) Na(Hn(y’)) = a(f) and then f € B(z). Since
f is of dimension n—1 and z of dimension lower than or equal
to n — 3, f is different from z. Because f is the supremum
of a(Hn(z')) Na(Hn(y')) € N, it belongs to N. Finally, we
have u € a(f) N BE(2) with f € 85 () NH? O

n—1-

Lemma 25. Let X be a non-empty finite subset of Z™, Y
its complement in Z™, and N be the boundary of the miss-
tranform of X in H™. For each z € N, and for any i € Z,
the component F; of \5% ()| is the closure in B9 (2) of a set
of (n — 1)-faces, i.e.:

r= U

fEH!  NF;

a(f) N BE(2).

Proof. Using Lemma 24, we have:

BR(z) = U

fEH?_ NBR(2)

a(f)nBB(2),

where for all f € H?_, ﬂﬁglt (2), the orders |a(f)N A2 (2)| are
connected; indeed, any two faces a,b in this poset different
from f are connected by the path m = (a, f,b).

Now, let us show by a double inclusion that we can prove
the result we are looking for.

For any ¢ € Z, and for each f € H?_; NF;, \a(f)ﬁ,BD(zﬂ
is connected, and share f with F;. Since they are both subsets
of ﬁ,% (2), by definition of Fj,

F; 2 a(f)n B (2).

Hence,

a(f) N BE(2).

F; 2 U

fEH!  NF,

Conversely, F; is a connected component of |85 (2)| which
is closed in 8H(z), and then F; is also closed in 85 (z), which
means that for f € Fy, a(f) N BH(z) C F;, then for any
feFrnH"_,, a(f)nBY(z) C Fi, and then:

F; C U

fEH"_  NF,

o(f) N ().
That concludes the proof. O

Lemma 26. Let f,z be two elements of H™ such that f €
B(z), and let be 3 ={i € [1,n] ; fi # zi}. Then,

dim(f) = dim(z) + Card (7).

Proof. Since f € (z), then for all ¢ € [1,n], fi; € B(zi) and
then three cases are possible:
— dim(z;) = 1, and then f; = z; (because B(z;) = {z:}),
— or dim(z;) = 0 and dim(f;) = 0, then f; = z; (because
the only face of dimension 0 in 5(z;) is z;),
— or dim(z;) = 0 and dim(f;) = 1, and then

fi € {’H <Z(zi) - %) H (Z(zi) n %) }

In other words, the number of coordinates where f and z
are different is equal to the the number of times when the
dimension of f; is strictly greater than the dimension of z;
when 3 is in [1,n]. O

Property 3. We assume that n > 3 and that there exists
z € M such that dim(z) < (n — 3) and that ’,Bg (z)‘ is not
connected (Hypothesis 1). We assume also that each compo-
nent of ‘5“%(2)‘ is a (n— dim(z) — 2)-surface (Hypothesis 2).
Then, Vi € Z, Ym € [dim(z) + 1,n — 1]:

F; NHy, #0.

Proof. Intuitively, F; being an union of closures of (n — 1)-
faces in SH(z) by Lemma 25, it contains faces of all dimen-
sions between (n — 1) and (dim(z) + 1).

Formally, since Fj is non empty, there exists one face f €
HY_,NF; C BY(2) such that a(f)NBY(z) is included into F;.
Furthermore, a(f) N g (2) is not empty because f € BD(,Z)7
then a(f) N BD(z) is equal to:

{Hn(u) ; wi € {2(fi), Z2(zi)}, Vi € [1,n]} \ {z}.

Let us define 3 = {i € [1,n] ; 2z; # fi} = {j1,---,Jk}
where the sequence (j;); is strictly increasing, and let us de-
fine the sequence (Ul)le[[o,k]] included into Z, (a(f) N B(2))
defined such that:

’Lbofzn( )
uth =l + (2(25,) = Z2(f5)) €,V € [0,k —1].

Since f belongs to B(z) by hypothesis, |Z(fi) — Z(z:)| =
%,Vi € 7. In this way, H, (u!) is of dimension (dim(f)—1) for
any ! € [0,k]. By Lemma 26, k = dim(f) — dim(z), and then
dim(Hn (u')) ranges [dim(z)+1,n—1] when [ ranges [0, k—1].
For these values of I, H, (u') belongs to a(f) N Y (z). This
concludes the proof. O
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Property 4. We assume that n > 3 and that there exists
z € M such that dim(z) < (n — 3) and that ‘,Bg't(z)’ is not
connected (Hypothesis 1). We assume also that each compo-
nent of ’ﬁg (z)‘ is a (n — dim(z) — 2)-surface (Hypothesis 2).
Now, Vi € Z, Yv € F;,

p(v,|F;]) = dim(v) — dim(z) — 1.

Proof. Let u be an element of F; of dimension between dim(2)+
1 and n — 1; this is possible thanks to Property 3. We want
to show by induction that p(u,|F;|) = k is equivalent to
dim(u) = k + dim(z) + 1.

Initialization (k = 0): first, let us assume that u is of di-
mension dim(u) = dim(z) + 1. Since F; C B9(z), aH(u) N
F; € aP(w)nB(2) = 0, then oF (u) = 0, and then p(u, |F;|) =
0. Now, let us assume that p(u, \LF1|) = 0, then u belongs to
F; which is closed in 89(z), and then a(u) N B8P (z) C F;.
In this way, the only faces whose rank is 0 in F; are the
(dim(2) + 1)-faces of 85(z). Finally we have for each u € F;
the equivalence p(u, |F;|) = 0 < dim(u) = dim(z) + 1.

Heredity (k > 1): we can assume that for each I € [0,k —
1], p(u, |F3]) = 1 & dim(u) = dim(z) + 1 + I. Let us show
that for all v € F; and k > 1, we have the equivalence
p(v, |F;|) = k & dim(v) = k + dim(z) + 1.

Let v be in F; such that dim(v) = k + dim(z) + 1. Then,
using the induction hypothesis, we obtain:

p(v, |Fi])
= max { p(u, |F;|) ; u € aB(v) N FZ} +1,

= max{ dim(u) — dim(z) —1; u € a% (’U)} +1,
= max { dim(u) ; u € a%(v)} — dim(z).

Since v € Fy, a(v)NBY(z) C F; and then aH (v)NBH(2) C
O‘E,, (v), which leads to:

max {dim(u) ;ueal (v)} ,
> max {dim(u) ; u € aP(v) N 872},
= dim(v) — 1,
and in the same time,
max{dim(u) ;u € a% (v)} < dim(v) — 1
because u € a(v). This way,
max {dzm(u) ;u € a% (v)} = dim(v) — 1

and then p(v,|F;|) = dim(v) — dim(z) — 1 = k. The direct
implication is then proved.

Let us assume now that v € F; satisfies p(v, |F;|) = k. By
the induction hypothesis, we obtain one more time:

p(v, |F;]) = max {dim(u) ;u€ a% (v)} — dim(z).

In other words, max {dim(u) ;u€ O‘E, (v)} = k+dim(z),
and then:

max {dim(u) ;u € aD(U)} >k + dim(z).

This way, v is of dimension greater than or equal to
(k+ dim(2) + 1).

Let us assume now that dim(v) > k+dim(z)+2. Since v €
Fi, a(v) ﬂﬂ‘:’(z) C F}, and then v covers one or several faces
in F; of dimension(s) greater than or equal to (k+dim(z)+1),
and then

max {dzm(u) ;U € a% (v)} >k + dim(z) + 1,

which implies that p(v,|F;|) > k + 1, which is impossible.
Then dim(v) = k + dim(z) + 1. The reciprocal implication is
then proved. O

Property 5. We assume that n > 3 and that there exists
z € N such that dim(z) < (n—3) and that )ﬁg (z)‘ is mot con-
nected (Hypothesis 1). We assume also that each component
of ‘,B;E (z)’ is a (n—dim(z)—2)-surface (Hypothesis 2). Then,
for alli € I, F; contains at least (n — dim(z)) (dim(z) + 1)-
faces.

Proof. Let i be in Z, then for all m € [dim(z)+1,n—1], F;N
H?, # @ by Property 3. This way, there exists t € H! _, N F;,

BR (#)|isa ((n—
dim(z) — 2) — p(t,|Fi|) — 1) = O-surface by Property 4. Then
there exists v,v’ € H_; N F; such that v ¢ 6(v’). However,
a(w)NBH(z) and a(v’)N B (2) contain both (n— dim(z) —1)
(dim(z) + 1)-faces (cf. Lemma 17), and v # v’ implies that
T(v) # T(v") (cf. Lemma 16), and then there exists at least
one face into 7 (v’) which is not among the (n — dim(z) — 1)
faces of T (v). However, T (v) U T (v') C F; (because F; is

closed into BD(z) by Lemma 20). This way, F; N H’dlim(z)+1

and because F; is a (n—2— dim(z))-surface,

contains at least (n — dim(z)) faces.

Property 7. We assume that n > 3 and that there exists
z € N such that dim(z) < (n — 3) and that ’,B,?t (z)‘ is not
connected (Hypothesis 1). We assume also that each compo-
nent of ‘ﬁg(z)‘ is a (n — dim(z) — 2)-surface (Hypothesis 2).
Then,

Card (7) = 2.

Proof. The non-connectivity of | /Bg (2)| implies obviously that
Card (Z) > 2. Moreover, for each i € Z, F; contains (n —
dim(z)) (dim(z) + 1)-faces by Property 6, while 85 (z) con-
tains 2(n — dim(z)) (dim(z) + 1)-faces, the maximum of com-
ponents of |,8{|;|K (2)| s then equal to two. O

Property 8. We assume that n > 3 and that there exists
z € M such that dim(z) < (n — 3) and that ’ﬁa(z)‘ is not
connected (Hypothesis 1). We assume also that each compo-
nent of ),BWDI(Z)‘ is a (n — dim(z) — 2)-surface (Hypothesis 2).
For alli € Z, T(F3) is equal to:

{Hn(20 ) 4 Amemrime (20},

with each A\, being exactly one value in {—%,% .
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Proof. For each m € % (Z2,(z)), we have that the two faces
Ho(Zn(z) — %em) and H,(Zn(2) + %em) belong to 8H(z).
Then for all m € % (Zn(2)), we have the possible cases:
- Hn(Zn(z)—%em) € T(F;), and then Hn(Zn(z)—l—%em) &
T(F;) (by Property 1), (P1)

— or Hn(Zn(2) + 3e™) € T(Fy), and then Hn(Zn(z) —
%em) & T(F;) (for the same reason as before), (P2)

— or {Hn(Zn(z) — %em),Hn(Zn(z) + %em)} NT(F;) = 0.
(P3)

By (P1) and (P2), we have at most (n— dim(z)) faces into
T(F;) C BY(2). If there exists a coordinate m € 1(2n(2)
such that (P3) is true, we will have less than (n — dim(z))
(dim(z) + 1)-faces into T (F;), what is impossible by Prop-
erty 5, then (P3) is never true. We have then either (P1)
or (P2) for each m € %(Zn(z)) This way, there exists for

each m € %(Zn(z)) exactly one A, € {f%, %} such that
Hn(Zn(2z) + Ame™) € T(F;), then:

{Hn(Z0(2) + Ame™ ) ez, z)) € T

Since these two sets have (n — dim(z)) faces and since they
satisfy an inclusion relationship, they are equal, and then:

{Hn(Zn(2) + )‘mem)}meé(zn(z)) = T(Fy).
O

Property 9. We assume that n > 3 and that there exists
z € M such that dim(z) < (n — 3) and that ‘B;JD? (z)) is not
connected (Hypothesis 1). We assume also that each compo-
nent of ’B% (z)‘ is a (n — dim(z) — 2)-surface (Hypothesis 2).
For alli € Z,

\V ot

teT (F;)

exists in HPNBY(2). We will call this face the characteristical
face of the component F;.

Proof. Let i be a coordinate in Z. It is sufficient to show that:

M B #0.

teT (Fy)

By Property 8, there exists a family of faces
{tm}meé(zn(z)) =T(F)

such that for all m € % (Zn(2)), Zn(t™) = Zn(2) + Ame™
with A, € {%,—1}. This way:

27 2
N 8 N Bsem,
mel(Z,(2))

teT ()
N s X &,

mel(Z,(z) \JEll,n]

N X B,

meL(Z.(2)) 5€l1,n]

® N

JE€lL,n] mel(Z,(2)

B(E5")-

When j belongs to 1 (Z,(z)), we obtain

tm

i =%

because t™ belongs to 8(z). Then

() BET) = B(z) # 0.

meL(Z,(2))

When j belongs to é (Z,(2)),

N B

mel(Z,(2))

N BE) | NAED,
mel(Z,()\ i}
B(z5) N BH(Z(25) + Aj))s
{2(z)+ 3}
{Z(Zj)_%vz(zj)+%}’ ’
{Z(z)+ 5, 2(z) + 3}
N {Z2(z5) + A5, 2(25) + A; +1}},
={Z(z5) + Aj, 2(z5) + A; + 11},
= B(t),
£0.

Then each term ﬂ
me;(Z,(2))

B(t7") is non empty, and then
() B®) #0.
teT (F)

The fact that \/ t belongs to H? is due to the fact

teT (Fy)
that Card (7 (F;)) = (n — dim(z)) by Property 6 and to the
fact that the faces of T(F;) are different two by two. O

Property 10. We assume that n > 3 and that there exists
z € N such that dim(z) < (n — 3) and that ’,BODAI (z)‘ is not
connected (Hypothesis 1). We assume also that each compo-
nent of ‘6“%(2)‘ is a (n— dim(z) — 2)-surface (Hypothesis 2).
For each i € T:

F, Ca Vot

teT (F;)

Proof. Let u be in F;, u € ,BD(z), and then by Lemma 15,

u = \/ t. Since Fy is closed into 89 (z2), a(u)nBU(z) C F;
teT (u)

and then:

O n
T(uw) = a(uw) NB=(2) NHg, )41
g F’L n HZ7n(z)+17
Now, by Property 1, no face of F; is opposite to each other,

and then \/ t exists by Property 9. Since we have 7 (u) C
teT (Fy)
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T(F;), we can then write:

Vo=

teT (F;)

VotV

teT (u)

—V (Vo

teT (F)\T (u)

\V ¢

te€T (F)\T (u)

By definition of the operator V:

\/ t=inf|B(u)Nnp \/ i),

teT (F;) teT (F)\T (u)

which implies that \/ t € B(u) and then

teT (Fy)

Vot

teT (F;)

u €«

from which we can deduce that

O

Property 11. We assume that n > 3 and that there exists
z € M such that dim(z) < (n — 3) and that ‘B%(z)) is not
connected (Hypothesis 1). We assume also that each compo-
nent of ’69[% (z)‘ is a (n — dim(z) — 2)-surface (Hypothesis 2).
Then,

Fi:OéD

\/ t ﬂﬁm(z).

teET (F;)

Proof. Let i be a coordinate in Z. Then F; C BD(z), which

implies by Property 10 that F; C « \/ t|n ﬁD(z)
teT (Fi)

Nevertheless, \/ t | belongs to H by Property 9. Also,

teT (Fi)

F;NH" = (), and then we have F; C al \/ t | npE(2).

teT (F;)
. O s
Since \/ t € B~ (z) (by transitivity of 3), then

teT (F;)
o \/ t ﬂﬁm(z)
teT (F;)

is a (n — dim(z) — 2)-surface by Proposition 7. This is also
the case concerning F; by hypothesis. This way,

\/ t|ns ()

teT (F;)

by Proposition 6. O

Property 12. We assume that n > 3 and that there exists
z € M such that dim(z) < (n — 3) and that ’,BEI(Z)‘ is not
connected (Hypothesis 1). We assume also that each compo-
nent of )Bg(z)‘ s a (n — dim(z) — 2)-surface (Hypothesis 2).
Then, Z,(a) and Z,(b) are (n — dim(z))-antagonist in Z™.

Proof. Since by Property 11, we have Fi = o™ (a) N 85 (2)
and F> = a‘:’(b) npd (2), and since they are disjoint, then we
have:

(@) nal(6) N g (2) = 0.

By Lemma 18, Z,, (a) and Z, (b) are then (n—dim(z))-antago-
nists. O

Property 13. We assume that n > 3 and that there exists
z € M such that dim(z) < (n—3) and that ),Bg‘:‘l(z)‘ is not con-
nected (Hypothesis 1). We assume also that each component
of ‘59'31 (2)| is a (n—dim(z)—2)-surface (Hypothesis 2). Then,

X contains a critical configuration of dimension (n—dim(z)).

Proof. Let assume that Hypothesis 1 is true, that is, |ﬂg (2)]
is not connected. At the same time, we assume that the com-

ponents |F;| of )ﬁq‘;‘((z)‘ are (n — dim(z) — 2)-surfaces. Then
the two characteristical faces a and b exist by Property 12.

Now, let u,v be in S(z) \ {Z,(a), Z,(b)}. Since this set
is 2n-connected for (n — dim(z)) > 3 by Lemma 19, there
exists a 2n-path 7 = (p® = w,...,p! = v) joining v and v
into S(2)\ {Zn(a), Z,(b)} with [ > 1. We can deduce from it
a path 7/ into H™ such that:

Hn(p%),

Hn (p°) A Hn (),

»(ph),
Hn(plil)z
Hn(p' ™) AHn(Ph),
Hn(pl)

For all m into [0,{ — 1], we have
Hn(Pm_l) ANHn(p™) € Hy_y

since p™~1 and p™ are 2n-neighbors into Z™.

Let us assume now that there exists a value m € [0, —
1] such that H,(p™ 1) A Hn(p™) € N, then H,(p™ 1) A
Hn(p™) € B5(2) and then:

— either Hp, (p™ 1) A Hn(p™) € aP(a) N BE(2) and then
BEHn (™) AHR (™)) = {Ha (0™ 1), Ha (™))

contains a, which is impossible by definition of 7,
— or Hp(p™ 1) AHn(p™) € aP(b) N H(2) and then

BEH (™) A Hn (™) = {Ha (p™ ), Hn (™)}

contains b, which is impossible for the same reason.
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This way, Hn (p™ 1) A Hn(p™) & N, and then either all
the points of 7 belong to X or they all belong to Y.

In other words, either S(2)\{Zx(a), Z,(6)} C X or S(2)\
{Zn(a), Z,(0)} C Y.

Now, let v® be a 2n-neighbor of Z, (a) in the set S(z) \
{Zn(a), Z,(b)} and let v® be a 2n-neighbor of Z,(b) into
S(z)\ {Zn(a), Z,(b)}. Then

Ho(®) Aa

and

Hn(v®)Ab

belong to 91 (because they belong to Bg (z)) and then we have
the two possible configurations:

— either Z,(a) € X, then v® € Y, from which we deduce
that v®* € Y, and then Z,(b) € X (and X contains a
primary critical configuration),

— or Z,(a) €Y, then v* € X, from which we deduce that
v® € X, and then Z,(b) € Y (and X contains a secondary
critical configuration).

By Property 12, this critical configuration is of dimension

(n — dim(z)).

In brief, either we have X N S(z) = {Z,(a), Z,(b)} or we
have XNS(z) = S(2)\{Zn(a), Z,(b)} where both are critical
configurations of dimension (n — dim(z)). O
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