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FairnessHypotheses on the system to verify.You may onsider fairness hypothesis anytime you have to dealwith a repeated hoie.Messages sent over a lossy hannel will be delivered after a �nitenumber of retries (the repeated hoie is whether the hannelwill lose the message)Starvation-free resoure alloator: anybody requesting theresoure eventually gets it.Two independent proesses running on the same host get a �runslie� in�nitely often (the repeated hoie is done by thesheduler).Finite wait: a proess bloked until it is granted a resoure willeventually get it.Is there any di�erene between the last three examples?Alexandre Duret-Lutz Fairness 2 / 20



Fairness hypotheses & the Emptiness Chek
These hypotheses an be seen as onstraints for the emptiness hek.If two independent proesses running on the same host should get a�run slie� in�nitely often:We want a ounterexample where both proesses are progressingin�nitely often.We an ignore runs where one proess is stuk.Do we really need to modify the emptiness hek algorithm?
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Expressing Fairness with LTLTo hek proposition prop under hypothesis fairnesswe hek fairness → prop.
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Expressing Fairness with LTLTo hek proposition prop under hypothesis fairnesswe hek fairness → prop.
AM ⊗A¬(fairness→prop)
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Expressing Fairness with LTLTo hek proposition prop under hypothesis fairnesswe hek fairness → prop.
AM ⊗A¬(fairness→prop)

AM ⊗Afairness∧¬prop
AM ⊗Afairness ⊗A¬propAdded omplexity depends on Afairness .Alexandre Duret-Lutz Fairness 4 / 20



Kinds of Fairness Hypothesesunonditional fairness Something will happen in�nitely often.weak fairness If something happens ontinuously, something else willhappen in�nitely often.strong fairness If something happens in�nitely often, something elsewill happen in�nitely often.
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Kinds of Fairness Hypothesesunonditional fairness Something will happen in�nitely often. GF pweak fairness If something happens ontinuously, something else willhappen in�nitely often. FG e → GF e ′strong fairness If something happens in�nitely often, something elsewill happen in�nitely often. GF e → GF e ′We have FG e → GF e ′= ¬FG e ∨GF e ′
= GF¬e ∨ GF e ′
= GF(¬e ∨ e ′)therefore weak fairness an be expressed as unonditional fairness.Alexandre Duret-Lutz Fairness 5 / 20



Size of Afairness (Generalized Bühi)We may want to apply several fairness hypotheses.weak fairness strong fairnessn ∧ni=1GF(¬eni ∨ oi) ∧ni=1GF eni → GF oi1 1 state 4 states2 1 state 10 states3 1 state 28 states4 1 state 82 states... ... ...n 1 state 3n + 1 statesdeterministi non-deterministiAlexandre Duret-Lutz Fairness 6 / 20



Look of AGF(¬en∨o)
¬en ∨ o en ∧ ¬o

Bühi aeptane onditions orrespond to formulæ suh as GF a.
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Look of AGF(¬en∨o)
¬en ∨ o en ∧ ¬o

Bühi aeptane onditions orrespond to formulæ suh as GF a.AM ⊗ Afairness ⊗ A¬propThe system an be labeled with the appropriate aeptaneonditions as the state spae is explored.Therefore weak fairness is trivial if you have a generalized emptinesshek.Alexandre Duret-Lutz Fairness 7 / 20



Look of AGF en→GF o
¬en o

⊤¬en ⊤

⊤o¬o ¬en ¬en ⊤

¬eno¬oNote: I don't know of any LTL translator who is able to reate theleft automaton!With n fairness hypotheses, the left automaton reahes 3n states andthe right automaton reahes 3n + 1 states.Alexandre Duret-Lutz Fairness 8 / 20



Size of Afairness
Weak fairness: ∧ni=1GF(¬eni ∨ oi)
Strong fairness: ∧ni=1GF eni → GF oi
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Size of Afairness
Weak fairness: ∧ni=1GF(¬eni ∨ oi)Generalized Bühi automata always 1 state, deterministi.Weak fairness omes for free if you have a generalized emptinesshek for generalized Bühi automata.Strong fairness: ∧ni=1GF eni → GF oi
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Size of Afairness
Weak fairness: ∧ni=1GF(¬eni ∨ oi)Generalized Bühi automata always 1 state, deterministi.Weak fairness omes for free if you have a generalized emptinesshek for generalized Bühi automata.Strong fairness: ∧ni=1GF eni → GF oiGeneralized Bühi automata with 3n + 1 states,non-deterministi.Streett automata always 1 state, deterministi.
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Streett AutomataDi�er from Bühi automata only in aeptane onditions.Aeptane onditions look like �if a run sees in�nitely often,then it will see in�nitely often� (an be generalized to morepairs of olors)
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Streett AutomataDi�er from Bühi automata only in aeptane onditions.Aeptane onditions look like �if a run sees in�nitely often,then it will see in�nitely often� (an be generalized to morepairs of olors)Exatly what is needed to reognize GF en → GF o:en ∧ ¬oo ¬en ∧ ¬o
(with ⇒ )Alexandre Duret-Lutz Fairness 10 / 20



Emptiness Chek for Streett AutomataFor Bühi, we look for SCCs whose aeptane onditions verify
∧ ∧ ∧ .For Streett they must verify something like ⇒ ∧ ⇒ .
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FinallyTo be orret, has to be ombined with a variant of heuristi H2(ordering suessors SCC-wise)�Barriers� must be rossed only after all normal suessors havebeen visited.Slowdown (w.r.t. generalized Bühi emptiness hek):SCC are revisited at worst m times if m pairs of aeptaneonditions.Compare with the 3m + 1 states of the Bühi automaton for theorresponding LTL formula...This algorithm makes it possible to handle strong fairness with alinear slowdown instead of an exponential slowdown.Alexandre Duret-Lutz Fairness 12 / 20



Bühi and Streett automataConverting (generalized) Bühi automata into Streett automata?
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Bühi and Streett automataConverting (generalized) Bühi automata into Streett automata?Easy!
s1 s2 s3

s4s5
with ⇒ ∧ ⇒ .Converting Streett automata into (generalized) Bühi automata?Exponential onstrution. No polynomial algorithm exist.Alexandre Duret-Lutz Fairness 13 / 20



Bak to the lient/server example1 2srClient C 12 3r1s1 r2s2Server S − ×

adChannel BSynhronization rules for the system 〈C ,C , S ,B,B,B,B〉:
(1) 〈 s , . , . , . , . , a , . 〉
(2) 〈 . , s , . , . , . , . , a 〉
(3) 〈 r , . , . , d , . , . , . 〉
(4) 〈 . , r , . , . , d , . , . 〉
(5) 〈 . , . , r1 , . , . , d , . 〉
(6) 〈 . , . , s1 , a , . , . , . 〉
(7) 〈 . , . , r2 , . , . , . , d 〉
(8) 〈 . , . , s2 , . , a , . , . 〉If a lient sends a request, will it eventually get an answer?Alexandre Duret-Lutz Fairness 14 / 20



(unfair) Kripke struturer̄1r̄2d̄1d̄2r̄1r̄2d1d̄2 r̄1r̄2d̄1d2r̄1r̄2d̄1d̄2 r̄1r̄2d1d2 r̄1r̄2d̄1d̄2r1r̄2d̄1d̄2 r̄1r̄2d̄1d2 r̄1r̄2d1d̄2 r̄1r2d̄1d̄2r1r̄2d̄1d2 r̄1r2d1d̄2r1r̄2d̄1d̄2 r̄1r2d̄1d̄2r1r2d̄1d̄2Alexandre Duret-Lutz Fairness 15 / 20



How to we make it fair?
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(8) 〈 . , . , s2 , . , a , . , . 〉We want the hoie between transition (5) and (6) to be fair.Do we want strong or weak fairness?If both (5) and (7) are enabled (= an our) and we pik (5), thentransition (7) will not be enabled until (6) ours. Therefore if wealways pik (5), (7) will not be enabled ontinuously: it will only beenabled in�nitely often.We need strong fairness!Alexandre Duret-Lutz Fairness 16 / 20
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Another kind of fairnessThe previous example still allows senarios where one lient neverwork. What if we want to disallow this?
(1) 〈 s , . , . , . , . , a , . 〉
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A small LTL formula...
(

(GF p0 → GF p1) ∧ (GF p2 → GF p0) ∧
(GF p3 → GF p2) ∧ (GF p4 → GF p2) ∧
(GF p5 → GF p3) ∧ (GF p6 → GF(p5 ∨ p4)) ∧
(GF p7 → GF p6) ∧ (GF p1 → GF p7)) → GF p8How many states to enode the negation in a Bühi automaton?
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(GF p7 → GF p6) ∧ (GF p1 → GF p7)) → GF p8How many states to enode the negation in a Bühi automaton?Spot's LTL to Bühi translation without optimizations : 7291 states.With optimizations : 1731 states.Sebastiani et al. dediated translation : 1281 states.

Alexandre Duret-Lutz Fairness 20 / 20



A small LTL formula...
(

(GF p0 → GF p1) ∧ (GF p2 → GF p0) ∧
(GF p3 → GF p2) ∧ (GF p4 → GF p2) ∧
(GF p5 → GF p3) ∧ (GF p6 → GF(p5 ∨ p4)) ∧
(GF p7 → GF p6) ∧ (GF p1 → GF p7)) → GF p8How many states to enode the negation in a Streett automaton?

Alexandre Duret-Lutz Fairness 20 / 20



A small LTL formula...
(

(GF p0 → GF p1) ∧ (GF p2 → GF p0) ∧
(GF p3 → GF p2) ∧ (GF p4 → GF p2) ∧
(GF p5 → GF p3) ∧ (GF p6 → GF(p5 ∨ p4)) ∧
(GF p7 → GF p6) ∧ (GF p1 → GF p7)) → GF p8How many states to enode the negation in a Streett automaton?Formula of the form ψ → ϕ where ψ is a strong fairness hypothesis.

A¬(ψ→ϕ) = Aψ ⊗A¬ϕ

Aψ: 1-state deterministi Streett automaton with 8 pairs of a.ond.
A¬ϕ = AFG¬p8 : 2-state Bühi automaton (w/o a.ond.)Therefore A¬(ψ→ϕ) an be represented as a 2-state Streettautomaton with 8 pairs of a.ond.Alexandre Duret-Lutz Fairness 20 / 20
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