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The following slides are implicitly dedicated to classical logic.
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@ Problems of Natural Deduction
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Some elimination rules used formulas coming out of the blue.
A (8]
AVB C C
C

\Z
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Negation is awkward Sequent Calculus

© Sequent Calculus
@ Syntax
o LK — Classical Sequent Calculus
@ Cut Elimination
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Gerhard Karl Erich Gentzen (1909-1945)

German logician and mathematician.
SA (1933)

An assistant of David Hilbert in
Géttingen (1935-1939).

Joined the Nazi Party (1937).
Worked on the V2.

Died of malnutrition in a prison camp
(August 4, 1945).
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A sequent is an expression [ = A, where I, A are (finite) sequences of
formulas.

Variants:
Sets I, A can be taken as (finite) sets.

@ Simplifies the structural group

@ Prevents close examination of. . . the structural rules

Single Sided Sequents can be forced to be - T’

o Half the number of rules is needed
@ Not for intuitionistic systems
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If all the formulas of I are true,

r=A then one of the formulas of A is true.

@ Commas on the left hand side stand for “and”
@ Turnstile, , stands for “implies”

@ Commas on the right hand side stand for “or”
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Some Special Sequents LK — Classical Sequent Calculus

A Ais true under the hypotheses I

A Ais true @ Sequent Calculus

[ Tisin contradiction @ LK — Classical Sequent Calculus

A —A
= contradiction
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LK — Classical Sequent Calculus |dentity Group

LK — Gentzen 1934 Id r=AA F’,AI—A’C .
logistischer klassischer Kalkiil. AFA LA A U

@ There are several possible exposures

o Different sets of inference rules Gentzen's Hauptsatz
o We follow [Girard, 2011] The cut rule is redundant, i.e., any sequent provable with cuts is provable
without.
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Structural Group Logical Group: Negation

M= A M= A
S - Xt
Me=7(A) ol FA
MAFA FEAA

M- A e A F= B
TN — Wk M--A A M-AkA
FEAA MAEA
FrEAAA NAAEFA

O~
F-AA MAFA
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Logical Group: Conjunction Logical Group: Disjunction
MAEA rFAA
T AR — IV
rFAA THBA NAABEA Additive FEAVB,A LAFA T,BFA Additive

A. Demaille

Sequent Calculus, Cut Elimination

19 / 40

A. Demaille

A VI
rBFA & r=B,A AVEBEA @

[ AAB,A )
T AR R By
rANBED [-AVB.A
[FAA [FB,A MABEA Multiplicative M- A B,A LAFA [ BFA Multiplicative
= —— Al ® S vV
r,r'l—A/\B,A,A’ NAABEA AV B, A I_,I"7A\/B|—A,A’
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Logical Group: Implication Prove ANABFAAB

r-AA M BEA

A= BFA,AN

MAF B,A
A= B,A

AFA

ANBEFA

IN=

B-B

— rAF
ANBEB

FA

ANBFAANB
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Prove ANABF AV B Prove AVBF AV B
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AFA AFA B+-B
—— INF —FV —Frv
ANBEA AFAVB BFAVB

—Frv Vi
ANBEFAVEB AVBEFAVEB
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Prove the equivalence of the two A rules Logical Group: Quantifiers

Additive Multiplicative
r’-AA TEBA r-AA MFB,A
FA+ = E AX
r'-AAB,A rr'=AAB,A AN
N-AA I'kBA r-AA r'eB,A
= AX _—W}H —_— W
ITEFAAB,AA rr'eAA r,r'eB,A
FC FW FW
ITEAAB,A Ir'EAA A r,r'eBA A
== Ur F A+
N=AAB,A IT'FAAB,A A
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Single Sided

Defining the Negation

o Alternatively, one can define the negation as a notation instead of
defining it by inference rules.

~(-p) = p
~(AAB) = —-AV-B
—|(A V B) = -AA-B
—(Vx-A) = 3Ix--A
—(3Ix-A) = ¥x--A

@ Then define the sequents as =T
ole, TFA~EAT A
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r=AA MA[t/x]F A
M=vx-A A vx-AF A
e At/x], A MnAEA

H Ik
MN=3dx-A A ax-AFA

InFVYand 3+, x €FV(T, A).
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Single Sided

The Full Sequent Calculus

FTLA F-AA
Id Cut
FTLA

- —A A

=T =T
X

Fo(l) FAT

FAAT
AT

A A

B, A
Iv
FAVB,A

rvV
FAVB,A

FAA FB,A
FAAB,A

FA A
FVx-A A

- Alt/x], A :
Fax-AA

A. Demaille Sequent Calculus, Cut Elimination 28 / 40



© Sequent Calculus

@ Cut Elimination
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Cut Elimination

o replace “complex” cuts by simpler cuts (smaller formulas)
@ until the cut is on the simplest form, the identity

@ where it is not longer needed!
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What can be told from the last rule of a proof?

o If the last rule is a cut,
FTFAA T AFA

Cut
NLrEA A
nothing can be said!
o Otherwise. ..
r’FAA TEBA MAEA
FA — INF
r'EAAB, A MMAABEA

premisses can only use subformulas of the conclusion!
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Logical Rules

rFAA THBA
F-AAB,A

AR A

Cut
I, e A, A

[

Fr-AA T AFA
M e A A

Cut

For all the connectives.
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Cut Elimination

Removal of a Cut
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— Identity -
AFA MAEA

LAFA

Cut

LAFA
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Structural Rules: Weakening
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M-A
F-A A M AF A
M e A A

Cut

>

r-A
— Wk
Lr-A
Ly
LA A
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Commutations

MBFAA T,CFAA
MBVCEAA M AR A
BVCTFA A

MBFAA [ AFA

Cut

NCHAA T AFA

Cut

MBI+ A A

FCrA N

V

BVCITFA A

Beware of the duplication!
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Structural Rules: Contraction

F-AA A

— "¢

[-AA AL A
LA A

Cut

>

Fr-EAAA [ AFA
A A, A M A A
AW\
N ¢

Cut

Cut
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Nicel

but
wrong

might

loop
for ever
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Cut Elimination

Structural Rules: Complications with Contractions

I'I—A,A,A|_
F-AA

M AAF A
AR A
A, A

Cut

>

M AAE A
FrFAAA [ AFA M AARA
M EAA A TARA
MM A A, A
N ¢

Cut

Cut
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Recommended readings

[Girard et al., 1989], Chapters 5 & 13
A short (160p.) book addressing all the concerns of this course, and
more (especially Linear Logic).
Easy and pleasant to read. Available for free.
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Natural Deduction in Sequent Calculus

© Natural Deduction in Sequent Calculus
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