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Substitutions [B-Reductions

(Ax-xyx)Az-z — (Az-2)y(Az-2z2)

(Ax-x)((Ay - y)x) = (Ax-x)(x)

[A\z-zz/x]\y -xy = Ay-(Az-zz)y (A ) ((Ay - y)x) = (A y)x)

y/2l(Ay - 2zy) = Axu-yyu Ay - y)x) = x
(Axx0)((x - x)y) = yy(yy)
(A xx)((x - x)y) = yy
(A x)((Ax-xx)y) = yy
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Simply Typed A-calculus Simply Typed A-calculus

Q )-calculus Type derivations are trees built from the following nodes.
@ Simply Typed A-calculus [x: 0]
M:oco—1 N:o :
MN : 1 M7

AX-M:o— T
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Type Statements

Type Statements

Type Afx - f(fx)

FXx-f(fx): (0 w0)—>0—0

[f:o0—0]® [x:0]®
[f:0—0]® fx:o
f(fx):o

M- f(fx):0—0

(1)

(2)
Mx-f(x): (0 20)—>0—0
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Type Axy - x

A Demaille

FXxy-x:0—=>7—0

[x : U](l)

Ay - X:T =0

(1)

AXY X .0 —=T—0
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Deduction Systems Natural Deduction

© Deduction Systems
@ Natural Deduction
@ Sequent Calculus
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Intuitionistic Natural Deduction Prove AAB= BAA

[A]
. A A=B 1L
B =& — 1& —A=A= 1
=7 & 4
A= B
A B ANB ANB
— NI — Al — Ar€
AANB A
(Al [B]
A I T :
—V — Vr
AV B AV B AvEB € €
VE
C v
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Prove AAN(BVC)F(AAB)V(AAC)
AN (BVC) AN (BVC)
— N — NIE
A [B]* A [cr*
AL VA
AN (BV Q) AAB ANC
— Ar€ VIZ Vrl
BvC (AANB)V(AAC) (AAB)V (AACQC) s
\241

(ANB)V(AACQ)
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[AA B]! [AA B]*
NZ
B A
BAA
AANB=BAA

NIE

=1
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Prove (A= A) = A = A (LOF0O-2005)

Remember, = is right-associative.

2 1
AP A=A o

A
A=A =T
(A:>A):>A:>A$Il A=A)=A=A

=1

[A= Al
A=A =A=A

=T
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Prove A= B,B= CF A= (BA C) (LOFO-2005) Prove AV B, =B I~ A (Intuitionistic) (LOFO-2005)

A A= B Recall that =B := B = 1.
E—— 1
A A= B B B=C [B]" B=1 .
— =£ = T =
B C
NL 1 — 1&
BrcC AVE (A A
. :>_'Z'1 \/81
A= (BAC) A
A. Demaille Exercises on A-calculus and Deduction Systems 17 / 27 A. Demaille Exercises on A-calculus and Deduction Systems 18 / 27
Sequent Calculus Classical Sequent Calculus
reA r-A r-A reA T-AAA MAAEA
X XkE FW WHE FC CH
M () o(NF A FEAA MLAFA A A MAFA
rEAA T AEA
P Id Cut
. rr-aA
© Deduction Systems

rAFA A A

- -
@ Sequent Calculus M- —A A F-Ak A

r-AA TFBA T AFA rLBFA
FA —————— INF —————— Ak
Fr-AAB,A AABE A AABE A
r-A A r-B,A LAFA T,BFA
AV Frv Vi
Fr-AVB,A r-AVB,A LAVBEA
Fr-AA [, BFA rAFB,A
= =
' A= BFA,A r-A= B,A
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Prove ANABFAAB Prove ANBF- AV B

AFA B+-B AFA
— INF — rAF — INF
ANBEA ANBEFB ANBEA
FA —Frv
ANBEFAANB ANBEFAVB
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Prove AV B AV B Prove (FA G) = HF (F = H)V (G = H)

F-F GHG

— Wk ——— WF
F,.GFF F,.GFG
FA ——
F.GFFAG HEH
Ak A BFB
iy oy F,.G,(FAG)= HFH

AFAVE BrAVE F,G,(FAG)= HF H,H
AVBEFAVEB F.(FANG)=HFH G=H
(FAG)=HFF=H,G=H

(FANG)=HF(F=H)V(G=H),G=H .

(F/\G):>HI—(F:>H)v(G:>H),(F:>H)v(G:>H)|_

(FAG)= HF (F= H)V (G = H)

Frv

C
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Prove (A= A) = A= A (LOFO-2005)

A. Demaille

AFA AFA

AA=AFA

A= AFA=A
FA=A)= A=A
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Prove AV B, =B I+ A (Classical) (LOFO-2005)
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R -
A-BF A B,-BF A

B+-B
AFA BFB,A

AV B,-BF A
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Prove A= B,B = C+ A= (B A C) (LOFO-2005)

A-A BFB AFA  CKC
AA:BFB:% AB= CkC
AA¢&B¢CFBWF A A= B B= CFC
AA= B,AB= CFBAC

AA= B B=CFBAC o
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