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The following slides are implicitly dedicated to classical logic.
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Normalization
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Proofs hard to find

Some elimination rules used formulas coming out of the blue.
A 18]
AVB C C
C

\Z
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Negation is awkward
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Gerhard Karl Erich Gentzen (1909-1945)

German logician and mathematician.
SA (1933)

An assistant of David Hilbert in
Géttingen (1935-1939).

Joined the Nazi Party (1937).
Worked on the V2.

Died of malnutrition in a prison camp
(August 4, 1945).
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© Sequent Calculus
@ Syntax

A. Demaille Sequent Calculus, Cut Elimination 10 / 40



A sequent is an expression I = A, where ', A are (finite) sequences of
formulas.
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A sequent is an expression I = A, where ', A are (finite) sequences of
formulas.

Variants:
Sets I, A can be taken as (finite) sets.

@ Simplifies the structural group
@ Prevents close examination of. .. the structural rules

Single Sided Sequents can be forced to be - T

o Half the number of rules is needed
@ Not for intuitionistic systems
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Reading a Sequent

If all the formulas of I are true,

r=A then one of the formulas of A is true.
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Reading a Sequent

If all the formulas of I are true,

r=A then one of the formulas of A is true.

o Commas on the left hand side stand for “and”
@ Turnstile, -, stands for “implies”

@ Commas on the right hand side stand for “or”
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Some Special Sequents

= A Ais true under the hypotheses I'
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Some Special Sequents

= A Ais true under the hypotheses I'
FA Aistrue

' T isin contradiction

A A

- contradiction
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LK — Classical Sequent Calculus
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LK — Classical Sequent Calculus

LK — Gentzen 1934
logistischer klassischer Kalkiil.

@ There are several possible exposures

o Different sets of inference rules
o We follow [Girard, 2011]
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ldentity Group

! !/
Id Fr=AA THAEA

AFA M EA A cut
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ldentity Group

! !/
Id Fr=AA THAEA

AFA YW cut

Gentzen's Hauptsatz

The cut rule is redundant, i.e., any sequent provable with cuts is provable
without.
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Structural Group

M-A M- A
— X — X}k
IM=7(A) oM FA
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Structural Group

M-A M- A
— X — X}k
IM=7(A) oM FA

r=A r=A
—FFW  — Wk
r=AA MAFA
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Structural Group

r=A Fr=A

— X — X}k

IM=7(A) oM FA

r=A r-A
FW

— — Wk
MEAA LAFA

FFAAAFC LAAEA
F-AA LAEA

Ck
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Logical Group: Negation

r,AFAF MEAA

=
M- -A A r-AF A
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Logical Group: Conjunction

r-AA THB,A
FFAAB,A

EA
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Logical Group: Conjunction

LAEA
—INF
rFAA THEBA NAANBEA

FA
Fr-AAB,A
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Logical Group: Conjunction

MAFA
—INF
FTEAA FF&AF NAANBEA
VAN
rN-AAnB,A rBrA
rAkE

AABF A
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Logical Group: Conjunction

MAFA
—INF
FTEAA FF&AF NAANBEA
VAN
rN-AAnB,A rBrA
—IAF
LAABEA
rEAA T'+B, A A BFA
= AF

/\ -
T -AAB,A, N FAABF A
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Logical Group: Conjunction

LAFA
— INF »

r-AA TEBA MAANBEA Additive

FA
r'=AAB,A rBrFA

— rAF
NAABEFA

r-AA I"I—B,A/l_ A BFA _ Multiplicative

AN — A
T -AAB,A, N FAABF A
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Logical Group: Conjunction

LAFA
— INF »

r-AA TEBA MAANBEA Additive

FA
r'=AAB,A rBrFA &

— rAF
NAABEFA

FrFAA B, A A BFA _ Multiplicative

- —EA A ®
I -AAB,A, A FAABF A
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Logical Group: Disjunction

[-AA

Ry
Fr-AvB,A
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Logical Group: Disjunction

[-AA

Ry
Fr-AvB,A

r-B,A

Y
[FAVB,A
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Logical Group: Disjunction

A A
EE——— V]
r-AvB,A rMAFA T,BFA §
\Y
r-B,A NAVBEA
Frv

[FAVB,A
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Logical Group: Disjunction

A A

EE——— V]

r-AvB,A rMAFA T,BFA §
\Y

r-B,A NAVBEA

— bV

r'EAvVB,A

rAB,A LAFEA [ BEA

— vV v
[FAVB,A MLILAVBEA, A
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Logical Group: Disjunction

M- A A
— KV

FrEAVE,A MAFA TBEA - Additive

V

M B,A AVBFA
—Frv

F-AVB,A

F-A B, A LAFA T,BEFA Multiplicative

— vV v
[FAVB,A MLILAVBEA, A
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Logical Group: Disjunction

MEAA

I Y

Eav B L AFA T,BFA Additive

\Y

rB,A AVBEA D

"

rFAVB,A

MEA B, A LAFA T BFA Multiplicative
- ’ i

— 1 by v
rFAVB,A MLILAVBEA, A
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Logical Group: Implication

r=AA T BEA
NI A=BFA A
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Logical Group: Implication

F-AA F’,BD—A/:H_ MAE B, A
M A= BFA,A r’-A= B,A
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Prove ANABFAAB
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Prove ANABFAAB

AFA BB
— IAF — rAF
ANBEA AANBEB

EA
ANBEAAB
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Prove ANABF AV B
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Prove ANABF AV B

AFA

— INF
ANBEA
—Frv
ANBEAVB
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Prove AV BF AV B
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Prove AV BF AV B

AFA BB
— IV —Frv
A-AV B B-AVEB

AVBEAVEB

Vi
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Prove the equivalence of the two A rules

Additive Multiplicative

r-AA THBA r-AA I'FB,A
A+ F AX
r'-AAB,A rI’EAAB,A AN
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Prove the equivalence of the two A rules

Additive Multiplicative

r’-AA TEB,A r-AA I'-B,A
FA+ = = Ax

r'-AAB,A rI’EAAB,A AN

r'CAA TEB,A
FAX

MTHAAB,AA
_
THAAB,A
= CF
Fr-AAB,A
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Prove the equivalence of the two A rules

Additive Multiplicative
r’-AA TEB,A r-AA I'-B,A
FA+ = = Ax
r'-AAB,A rI’EAAB,A AN
N-AA TEBA r-AA e B,A
F Ax _— Wk _ Wk
NTEAABAA rr'EAA rr'eB,A
—FC FW W
NLr=EAAB A rr'EAA A r,r'-BAA
== C A+

r-AAB,A rr'FAAB,A N
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Logical Group: Quantifiers

MEAA MAt/x] - A
-V v
[FVYx-AA Mx-AkA
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Logical Group: Quantifiers

MFAA LAt/x] F A
-V Vi
M=vx-AA Mvx-AkA
Fl—A[t/x],Al_El NAFA
MN-3x-AA Max-AFA
In-Vand 3+, x €FV(T, A).

Ik
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Single Sided

Defining the Negation

o Alternatively, one can define the negation as a notation instead of
defining it by inference rules.

=(=p) = p
~(AANB) = -AV-B
-(AVB) = -AA-B
-(Vx-A) = Ix--A
—(3x-A) = Vx--A
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defining it by inference rules.

=(=p) = p
~(AANB) = -AV-B
-(AVB) = -AA-B
-(Vx-A) = Ix--A
—(3x-A) = Vx--A

@ Then define the sequents as =T
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Single Sided

Defining the Negation

o Alternatively, one can define the negation as a notation instead of
defining it by inference rules.

=(=p) = p
~(AANB) = -AV-B
-(AVB) = -AA-B
-(Vx-A) = Ix--A
—(3x-A) = Vx--A

@ Then define the sequents as =T
o le, TFA~F-T,A
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Single Sided

The Full Sequent Calculus

FT,A F-AA

Id Cut
==AA T, A
-T - T - A AT
X — W —
- o(I) - AT - AT
- A A - B,A FAA FBA

v rv
FAVB,A FAVB,A FAAB,A

FAL L FAALA
FVx-AA F3x-AA
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Cut Elimination

© Sequent Calculus

@ Cut Elimination
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Subformula Property

What can be told from the last rule of a proof?

o If the last rule is a cut,
FFAA [ AFA

L EA A

Cut
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Subformula Property

What can be told from the last rule of a proof?

o If the last rule is a cut,
FrFAA T AFA

L EA A

Cut

nothing can be said!
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Subformula Property

What can be told from the last rule of a proof?

o If the last rule is a cut,
FrFAA T AFA

Cut
rLr=A A
nothing can be said!
o Otherwise. ..
rNFAA TEBA MnAEA
EA —INF
rEAAB, A NAABEA
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Subformula Property

What can be told from the last rule of a proof?

o If the last rule is a cut,
FrFAA T AFA

Cut
rLr=A A
nothing can be said!
o Otherwise. ..
rNFAA TEBA MnAEA
EA —INF
rEAAB, A NAABEA

premisses can only use subformulas of the conclusion!
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Cut Elimination

o replace “complex” cuts by simpler cuts (smaller formulas)
@ until the cut is on the simplest form, the identity

@ where it is not longer needed!
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Cut Elimination

Logical Rules

rFAA TEB,A AR A
EA — INF
FrN=AAB,A MMAABE A
Cut
rLr=A A
>
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Cut Elimination

Logical Rules

rFAA TEB,A AR A
EA — INF
FrN=AAB,A MMAABE A
Cut
rLr=A A
>

FTEAA T AFA
M EA A

Cut
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Cut Elimination

Logical Rules

rFAA TEB,A AR A
EA — INF
FrN=AAB,A MMAABE A
Cut
rLr=A A
>

FTEAA T AFA
M EA A

Cut

For all the connectives.
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Cut Elimination

Removal of a Cut

— Identity .
AEFA MnAEA

LAFA

Cut
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Cut Elimination

Removal of a Cut

— Identity .
AEFA MnAEA

LAFA

Cut

LAFA
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Cut Elimination

Commutations

BFAA T,CFAA §
V
BV CHAA M AR A
LBVCTFA, N

Cut
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Cut Elimination

Commutations

BFAA T,CFAA §
V
BV CHAA M AR A
LBVCTFA, N

Cut

IBEAA T AFA ICHFAA THAEA
Cut Cut
B IkEA A rC,r'eA A

LBV CTFA, AN

V
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Cut Elimination

Commutations

BFAA T,CFAA §
V
FBVCFAA M AF A

Cut
rBvcCTI+FAA
>
IBEAA T AFA ICHFAA THAEA
Cut Cut
B IkEA A rC,r'eA A .
V

LBV CTFA, AN

Beware of the duplication!
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Cut Elimination

Structural Rules: Weakening

M=A

— W
Fr=AA rMAEA

Cut
rLr=Aa A
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Cut Elimination

Structural Rules: Weakening

M=A

— W
Fr=AA rMAEA

Cut

A A
>

Nr=A

e
Y}
rre=a A

Wi
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Cut Elimination

Structural Rules: Contraction

r=AAA
—FC
r=A A rMAFA
Cut
rr=A A
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Cut Elimination

Structural Rules: Contraction

r=AAA
—FC
r=A A rMAFA
Cut
rr=A A

N>

Fr-AAA THAFA
Cut
rr=AA A AR A
rr.rea AN
rr=A A

Cut
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Cut Elimination

Structural Rules: Contraction

r=AAA
—FC
r=A A rMAFA
Cut Nicel
rr=A A

N>

Fr-AAA THAFA
Cut
rr=AA A AR A
rr.rea AN
rr=A A

Cut
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Cut Elimination

Structural Rules: Contraction

r=AA A
—FC
FrEAA rMAFA
Cut Nice!
rr=A A
but
0 wrong

Fr-AAA THAFA
Cut
rr=AA A AR A
rr.rea AN
rr=A A

Cut
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Cut Elimination

Structural Rules: Contraction

[EAAA
—FC
FEAA M AF A
Cut Nice!
rr=A A
but
0 wrong
Fr-AAA THAFA - might
rr=AA A AR A loop
Cut for ever

[ N A WAN
rLreA A
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Cut Elimination

Structural Rules: Complications with Contractions

[-AAA M AAF A
'+ S
A A M AF A
rrEA A

Cut
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Cut Elimination

Structural Rules: Complications with Contractions

[-AAA M AAF A
e 21—

Fr=AA AR A
Cut
rLr=A A
>
MAAEFA
— CF
Mr=AAA F',AI—A’C M AAEA
ut _
rr=AA A AR A
Cut
N reA A A o
rLr=A A
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Recommended readings

[Girard et al., 1989], Chapters 5 & 13
A short (160p.) book addressing all the concerns of this course, and
more (especially Linear Logic).
Easy and pleasant to read. Available for free.
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