Exercises on A-calculus and Deduction Systems

Akim Demaille akim@lrde.epita.fr

EPITA — Ecole Pour I'Informatique et les Techniques Avancées

June 10, 2016



Exercises on A-calculus and Deduction Systems

© )\ -calculus

© Deduction Systems

A. Demaille Exercises on \-calculus and Deduction Systems 2/27



A-calculus

© )\-calculus
o Untyped A-calculus
@ Simply Typed A-calculus

A. Demaille Exercises on A-calculus and Deduction Systems



Untyped A-calculus
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Substitutions

[Az-zz/x]\y -xy =
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Substitutions

[Az - zz/x]\y - xy Ay - (Az - zz)y

by /z](Axy - zy)
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Substitutions

[Az - zz/x]\y - xy Ay - (Az - zz)y

by/z)(Axy - zy) = Axu-yyu
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(A - xyx)Az-z —
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(M- xyx)Az-z — (Az-z2)y(Az-2)
(A x)((Ay - y)x) =
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(M- xyx)Az-z — (Az-z2)y(Az-2)
(A= x)((Ay - y)x) = (Ax-x)(x)
(A x)((Ay - y)x) =
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(Ax - xyx)A\z - z
(Ax-x)((Ay - y)x)
(Ax - x)((Ay - y)x)
(Ax - x)((Ay - y)x)
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(M- xyx)Az-z — (Az-z2)y(Az-2)
(A= x)((Ay - y)x) = (Ax-x)(x)
(- - y)x) = (- y)x)
Ax-)((Ay-y)x) 5 x

(x-x)((Ax - xx)y) =
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(Ax - xyx)A\z - z (Az-2)y(Az - 2)
(Ax - x)((Ay - y)x) (Ax - x)(x)
(- x)((y - y)x) ((Ay - y)x)

(
(
(M- x)((Ay - y)x)
(Ax - xx)((Ax - xx)y)
(Ax - ) ((Ax - x)y)
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(M- xyx)Az-z — (Az-z2)y(Az-2)
(A x)((Ay - y)x) = (Ax-x)(x)
(Ax-x)((Ay - y)x) = (- y)x)

A X)((y-y)x) 5 x
(Ax ) ((Ax - xx)y) = yy(yy)
(A x)(x-x)y) = yy
x-x)((Ax - xx)y) =
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(M- xyx)Az-z — (Az-z2)y(Az-2)
(A x)((Ay - y)x) = (Ax-x)(x)
(A ) ((Ay - y)x) = ((Ay - y)x)
Ax ) ((Ay - y)x) 5 x
(- 0)(Ax - xx)y) = yy(yy)
(A x)((Ax - x)y) = yy
(A x)(Ax-x)y) = yy

ises on A-calculus and Deduction Systems



Simply Typed A-calculus

© )\-calculus

@ Simply Typed A-calculus

A. Demaille Exercises on \-calculus and Deduction Systems 7 /27



Simply Typed A-calculus

Type derivations are trees built from the following nodes.

M:oco—-71 N:o
MN : r
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Simply Typed A-calculus

Type derivations are trees built from the following nodes.

X:0
M:oco—-71 N:o
MN : 7 Lk
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Simply Typed A-calculus

Type derivations are trees built from the following nodes.
[x: 0]
M:og—7 N:o
MN : 7 Lk
MXx-M:oc—T1
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Type Statements

Type Afx - f(fx)
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Type Statements

Type Afx - f(fx)

FXMx-f(fx): (0 »20)—>0—0
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Type Statements

Type Afx - f(fx)

FXMx-f(fx): (0 »20)—>0—0

[f:0—0]® [x:0]®
[f:a—>a](2) x:o
f(fx):o

Ax-f(fx):0—0

(1)

(2)
Mx-f(fx):(c —0)—>0—0
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Type Statements

Type Axy - x
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Type Statements

Type Axy - x

FXxy -x:0—=>7—0
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Type Statements

Type Axy - x

FXxy -x:0—=>7—0

[x : a](l)

Ay -X:T =0

(1)

AXy X110 =T —0
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Deduction Systems
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Natural Deduction
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Intuitionistic Natural Deduction

[Al
A A=B 1
B =& — 1 & -A=A= 1
=7 B A
A= B
A B AAB AAB
NL A — Ar€
AAB
[Al - [B]
A iz 77 '
Vv \Vr.
AV B AV B AVEB C ¢
- VE
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Prove ANB= BAA
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Prove ANB= BAA

A. Demaille

[AA B]! [An Bt
NZA
B A
BAA
AANB=BAA

NIE

=T

Exercises on \-calculus and Deduction Systems 14 / 27



Prove AN(BV C)F (AAB)V (AN Q)
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Prove AN(BV C)F (AAB)V (AN Q)

AN(BVC) AN(BVC)
— NIE — AIE
A [B] A [C]*
———— AT ———— AT
AA(BV C) AAB AAC
— Ar€ VIZ vrZl
BvC (AAB)V (ANAC) (AAB)V (AN Q)

V&

(AAB)V (AAC)
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Prove (A= A) = A= A (LOFO-2005)

Remember, = is right-associative.
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Prove (A= A) = A= A (LOFO-2005)

Remember, = is right-associative.

(AP [A= A
=&
A
A=A
(A=A =A=A

=1

=1
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Prove (A= A) = A= A (LOFO-2005)

Remember, = is right-associative.

2 1
AP (A=A g

A
A=A =7
(A:>A):>A:>A:>21 (A=A = A=A

=1
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Prove (A= A) = A= A (LOFO-2005)

Remember, = is right-associative.

2 1
AP (A=A g

A
A=A =7
(A:>A):>A:>A:>21 (A=A = A=A

=1

[A= A}

=T
A=A =A=A
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Prove A= B,B= C+ A= (B A C) (LOFO-2005)
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Prove A= B,B= C+ A= (B A C) (LOFO-2005)

[A* A= B
=&
[A* A= B B B=C
B = =&
v
BAC ,
=
A= (BAC)
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Prove AV B,—B F A (Intuitionistic) (LOFO-2005)
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Prove AV B,—B F A (Intuitionistic) (LOFO-2005)

Recall that =B .= B = 1.
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Prove AV B,—B F A (Intuitionistic) (LOFO-2005)

Recall that =B .= B = 1.
B} B= 1
—=£

AvB A} A

V&
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Sequent Calculus
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Classical Sequent Calculus

r-A reA reA reA THAAA MAAEA
FX Xk FW W FC o]
Mk r(A) oM+ A FTHAA rAFA r-AA rAFA

THFAA T AFA
—ud Cut
FrF rr A, A

rAFA A A
b= =l
M-—AA r-AkFA

r’FAA THBA MLAEA LBFA
B ———_AY INE rank
r'EAAB, A NMAABFEA NMAABFEA

A A r-B,A rMAFA T,BFA
_— kN — b —
F-AvVB,A r-AvB,A rLAVBFA

rFAA ,BFA rAEB,A
=+ =
NI/, A= Bl A,A r’-A= B,A




Prove ANABFAAB
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Prove ANABFAAB

AFA BB
— IAF — rAF
ANBEA AANBEB

EA
ANBEAAB
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Prove ANABF AV B
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Prove ANABF AV B

AFA

— INF
ANBEA
—Frv
ANBEAVB
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Prove AV BF AV B
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Prove AV BF AV B

AFA BB
— IV —Frv
A-AV B B-AVEB

AVBEAVEB

Vi
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Prove (FAG)= HF (F = H)V (G = H)
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Prove (FAG)= HF (F = H)V (G = H)

FEF GG
- Wk -
F,GFF F,.GFG
A —
F,GFFAG HFH
F,G,(FAG)= HFH
F,G,(FAG)= HF H,H
F(FAG)=HFH,G=H
(FAG)=H+FF=H,G=H §
(FAG)=HF(F=H)V(G=H),G=H )
V
(F/\G):>Hl—(F:>H)v(G=>H),(F:>H)\/(G:>H)FC
(FANG)=HF(F= H)V(G=H)

Wi

rv
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Prove (A= A) = A= A (LOFO-2005)
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Prove (A= A) = A= A (LOFO-2005)

AFA AEFA

AA= A A

A=AFA=A
FA=A)=A=A
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Prove A= B,B= C+ A= (B A C) (LOFO-2005)
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Prove A= B,B= C+ A= (B A C) (LOFO-2005)

A A B+ B A A CkHC
AA= BFB = AB=CFC
A,A:>B,B:>CI—BW|_ AA=B B=CkFC
AA= B AB=CFBAC
AA=B B=CFBAC

W
A

CH
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Prove AV B,—B F A (Classical) (LOFO-2005)
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Prove AV B,—B F A (Classical) (LOFO-2005)

BB §
AR A BF B,A
— WF ——
A -BFA B,-BF A
VE
AV B,-BF A
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